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Abstract

This paper studies a class of semiparametric models with mismeasured endogenous regressors.
In particular we allow for infinite-dimensional parameters to depend on endogenous regressors
that are unobservable because of nonclassical measurement errors. For these models we utilize
the existence of control variables that ensure conditional mean independence of endogenous re-
gressors and unobserved causes being conditioned on the variables. We provide a set of sufficient
conditions for identification of structural parameters, which control for both endogeneity and
measurement error using control variables. Based on the identification results we propose a sieve
estimation of the parameters. We derive the asymptotic properties of the proposed estimators;
consistency, convergence rate, and y/n-asymptotic normality of the estimator of the finite di-
mensional parameters. Monte Carlo simulations show that our proposed estimator performs
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1 Introduction

We consider a class of semiparametric models with mismeasured endogenous regressors as below

and its extensions
Y1 =mo(Z1) + G(Ya; 60, ho) + ¢, Yy =g(Ya,e) (1)

where Y = (Y1,Yy) is a vector of endogenous (or dependent) variables, W = (71, V') is a vector
of conditioning variables where Z; is a vector of exogenous regressors and V is a vector of control
variables such that Y5 and e are conditionally mean independent given W. The control variables
V can be exogenous variables or be generated variables. Here G(-) is a known function up to
an unknown parameter vector (6,h) where 6 is finite dimensional parameters and h is infinite-
dimensional functions. The model includes examples of a parametric model G(Y2) = Y30, a partially
linear model G(Ya) = Y5 ,6 + h(Ya2) such that Yo = (Y5 ,Y5,)’, and a nonparametric regression
model G(Y2) = h(Y2). Specifically, the model allows dependence of i(-) on the endogenous variables
Ys. For this model (0, h) is the parameters of interest and we let (6p, ho) denote the true parameters.
Here Y1,Y5,Z; and V denote true variables while Y3 is only measured with error as Y5, which we
refer to the mismeasured regressor(s) where e is the measurement error on Y,. This measurement
problem of Y5 hinders us from using other existing semiparametric approaches and we develop a
new approach to tackle the problem.

Specifically given the conditional mean independence of Y5 and € given W and identification of
relevant density functions, we show that a conditional moment restriction that uniquely determines

the true parameters (6p, ho) is obtained from the model (1) as
E((Ys — E[Y | W])(Yi — G(Ya:6, ho)) | W] = 0. )

Utilizing this moment condition we propose to estimate hg using a sieve approach. One merit of
our sieve approach is that given a sieve approximation of h, the moment condition (2) yields a
closed-form solution and the proposed estimator is obtained as a weighted least squares estimator.
Therefore, our proposed estimator is easy to implement for this class of model.

Note that in our approach (6, ho) is separately estimated from 7y(Z1) and it does not require
estimating mo(Z1) in the moment condition. Given (6, ho), the identification of mo(Z;) is trivial as
m0(Z1) = E[Y1 — G(Ya; 00, ho)| Z1] if we further impose E[e|Z1] = 0 since Z; is exogenous. If 7g is
also a parameter of interest in the model (1), once (g, ho) is estimated from the moment condition
(2), we then go back to (1) and estimate m(Z;) using a regression of Y1 — G(Ya; 0, hy,) on Z; where
(0, hy) denotes a consistent estimator of (6o, ho).

Our identification argument that generates the moment condition (2) is based on the condi-
tional mean independence condition. Conditional mean independence or conditional independence
has been utilized for a basis of identification in various econometric problems including estimation
of treatment effects (see, among many others, Heckman, Ichimura, and Todd (1998), Dehejia and
Wahba (1999), Lechner (2001), Imbens and Newey (2009), and Imbens and Wooldridge (2009)). As



a specific example of the conditional independence, consider the problem of estimating the effect
of family income on children’s health as in Case, Lubotsky, and Paxson (2002), Currie and Stabile
(2003), and Condliffe and Link (2008). In this example family income (Y3) is endogenous because of
the dependence between household earning potential and children’s health determinants. However,
given parental education as a control variable (V'), which acts as a proxy to parental cognitive abil-
ity, family income can be treated as being independent of children’s health determinants. Because
endogeneity problem comes from the common cause (i.e., parental cognitive ability) between house-
hold earning potential and children’s health determinants, a proxy to parental cognitive ability such
as parental education can solve the endogeneity problem.

In estimating the parameters using the moment restriction (2), the difficulty arises because the
endogenous regressor Y3 is not observed but measured with error as Y5". To develop our estimation

strategy in this setting we cast the conditional moment restriction (2) into a more general form

m(W.6, h(-)) = Elp(Y,W,0,h(-)) | W], 3)
m(I/V, 90, ho()) =0.

Here an important feature of the model (3) is that because Ys is not observed, the conditional
moment function m(W, 0, h(-)) is not directly observable from data (given 6 and h). Therefore, in
the specific example above, our setting allows family income to be only measured with error. Under
a set of exclusion restrictions stating that (i) given the true regressors and the control variables,
mismeasured regressors do not provide further information on dependent variables, (ii) given the
true regressors, control variables do not provide further information on dependent variables, and
(iii) given the true regressors, control variables do not provide further information on mismeasured
regressors, we show that the conditional moment function is identified from data on (Y7, Y5, W) by
means of recovering relevant conditional density functions from the observables. Our approach builds
on an operator-based approach for nonclassical measurement errors (e.g. Hu and Schennach 2008).
Given the identified conditional moment function, we propose to estimate the model parameters
(0o, ho) using a sieve Minimum Distance (MD) method.

Another class of model that fits into our framework is a triangular nonparametric simultaneous

equations model (e.g. Newey, Powell, and Vella 1999) with mismeasured endogenous regressor

Y1 =m0(Z1) + ho(Ya) + ¢, (4)
Y2 = T(Z, V),
Y2* :g(Y2’6)7

where e is the measurement error on Y, and Z = (71, Z;) with Z5 being a vector of excluded
instruments. If Y5 is observable, the control variable V' is obtained as the conditional cumulative
distribution function (CDF) of Y2 given Z, Fy,|z(Y2|Z), under the assumption that V' is a scalar,
r(+,-) is strictly monotonic in V', and Z is independent of V' (see e.g. Matzkin 2003 and Imbens and



Newey 2009). Then the conditional mean independence of Y3 and € given W = (Z,V’)" implies
E[(Y2 — E[Yz | W]) (Y1 — ho(Y2)) | W] =0 (5)

which also has the form of (3).

In our setting like (4) the key departure from the usual triangular equations model is that the
endogenous regressor Ys is measured with error. In this setting, besides the regressor Y5 itself
being mismeasured, the measurement error further complicates the problem because, even if the
distribution function Fy,|z(-|-) is known, the control variable obtained by plugging in the error-
laden observation Y5 is also contaminated by the measurement error since we would have V* =
Fy,17(Y5'|Z). This complication makes other existing control function methods — that use the control
variables as additional regressors — not applicable in our setting. Nevertheless, the identification of
the CDF Fy,|z(-|-) in a pre-stage will suffice for implementing our proposed estimator that utilizes
the moment condition (5). In our approach we show that under a set of exclusion restrictions the
conditional moment function (5) is identified by recovering relevant conditional density functions
from observations on (Y1, Y5, Z1, V) where V is a generated variable from other observables. Because
in the construction of the control variable V' = Fy, z(Y2|Z) here the dependent variable Y3 is not
observed, this problem can be understood as the measurement error on the left-side variable. We
propose two alternative approaches to tackle this problem. One is to recover the CDF using repeated
measurements of Y5. The other is to recover the CDF using an instrumental variable for Y5.

Note that our approach is different from other control function methods because V is not used
as an additional regressor but only plays the role of a conditioning variable, so we do not estimate a
nonparametric function of V' in the regression equation. In our setting whether or not V' is observable
is irrelevant as long as we recover required conditional density /distribution functions. Finally, note
that imposing the conditional mean independence of Y2 and € given W may serve as an alternative to
other approaches that are assuming either the sufficiency of control variables Ele | V, Z] = Ele | V]
as in Newey, Powell, and Vella (1999) or assuming the conditional moment condition E[e | Z] =0 as
in Newey and Powell (2003) and Ai and Chen (2003). Note that none of these modeling assumptions
including ours implies the other. For the conditional moment restriction model Ee | Z] = 0 Ai and
Chen (2003) develop a semiparametric sieve estimator and establish its asymptotic properties. Song
(2015) considers measurement errors in their setting. Because our model is based on the conditional
mean independence given control variables, which imposes different forms of moment restrictions,
their methods are not applicable in our setting.

Given our identification results we propose a sieve estimation method to estimate the parameters.
Our estimation proceeds in two stages. In the first stage we estimate the unknown densities to
recover the conditional moment function using a sieve Maximum Likelihood Estimation (MLE),
and in the second stage we estimate the structural parameters using a sieve MD estimation. We
then derive the asymptotic properties of the estimator, such as consistency, convergence rate, and
v/n-asymptotic normality of the estimator of the finite dimensional parameters. We focus on the

case for which the control variables V' are observables and then show how the setting can extend to



the case for which V' are generated variables as in the triangular simultaneous equations model (4).
In the latter case, we obtain the asymptotic variance of the estimator accounting for the generated
control variables by utilizing the approach from Hahn and Ridder (2013), who study the asymptotic
variances of semiparametric estimators with generated regressors.

We run Monte Carlo simulations to illustrate the finite-sample performances of our proposed
estimator. We experiment with a partially linear model and with an additively-separable nonpara-
metric regression model. In particular we consider different structures of measurement errors and
vary their influences in our experiments. Our proposed estimator shows desirable finite-sample
behaviors in correcting for endogeneity as well as measurement errors. On the other hand a conven-
tional sieve instrumental variable estimator which only corrects for endogeneity shows considerably
large biases.

The outline of the paper is as follows. Section 2 discusses issues of identification in the presence
of mismeasured endogenous regressors. Section 3 develops a sieve estimation of the parameters.
Sections 4 and 5 study the asymptotic property of the proposed estimator. We report Monte Carlo
simulations in Section 6 to illustrate finite sample performance of the estimator. We then conclude

in Section 7. Technical details are gathered in the appendix.

2 Identification Using Control Variables

We develop notations and further articulate the nature of endogeneity and measurement error in
the model we consider. We denote the supports of the distributions of the random variables Y7, Y5,
Y, Z1, and V' by Yi,)h,V5, 21, and V, respectively. The joint density of Y7 and (Y2,Y5, Z1,V)
admits a bounded density with respect to the product measure of some dominating measure p on
Y1 and the Lebesgue measure on Yo x V5 x 21 x V. All marginal and conditional densities are also
bounded. For notational ease, let Y = (Y1,Y5) € Y=V x Vo, Y* = (V1,Y) € YV* =), x V5,
W= (Z,V) eW=2ZxV. Let X = (Y, W) € X =Y xW. Suppose that the true observations
{(Y;,W;) : i =1,2,...,n} are independently drawn from the distribution of (Y, W) with support
Y x W, where Y is a subset of R% and W is a compact subset of R%. Let ag = (6, ho) € A =
© x H. We assume that © C R% is compact with nonempty interior, and that H is a space of
continuous functions. We use notations fg, (11), fr,|r,(r1 | 72), and Fg,|g,(r1 | r2) to denote the
marginal density of variable Ry, the conditional density of R; conditional on Ro, and the cumulative

distribution function of R; conditional on Rs, respectively.

2.1 Conditions for Identification

Our identification results utilize the notion of conditional (mean) independence or equivalent exclu-
sion restrictions. Following Dawid (1979a), we will write A L B | C to denote that A is independent
of B being conditioned on C. We first state required conditions for identification of parameters from
the moment condition (3) using control variables when Y3 is measured with error as Y.
Assumption 2.1 (i) E[Yae | W] = E[Ys | W]E[e | W]; (ii) (6o, ho) is the only (0,h) € © x H



satisfying the conditional moment restrictions (3).
Assumption 2.2 Y} L YS | (Yo, W) for all (Y1,Ya, Y5, W) € V1 X Vo X V5 X W.
Assumption 2.3 Y]} L V| (Ys, Zy) for all (Y1,Ys,W) € V1 X Yo x W.
Assumption 2.4 Yy L V| (Y2, Z1) for all (Ya, Y5\ W) € Vo x V5 x W.

Assumption 2.1 ensures identification of the parameters when all true Y are observed and endo-
geneity is properly controlled. In particular the conditional moment condition in equation (3) can
arise from Assumption 2.1 (i), the conditional mean independence between the unobserved cause
of Y7 and the endogenous regressor Y5 conditional on . Assumption 2.1 (ii), the uniqueness of
the true parameters, holds if the set {w € W : m(w, 0, h) # m(w, 6y, ho)} has positive probability
for any (0, h) # (6o, ho) € © x H. Assumptions 2.2 - 2.4 state additional conditional independence
conditions which are equivalent to relevant exclusion restrictions among relationships of variables.
Several variants of these conditions have been widely used in the econometrics literature (e.g., Al-
tonji and Matzkin 2005, Heckman and Vytlacil 2005, Imbens and Newey 2009) and various tests of
these conditions have been studied in other strand of the literature (e.g., Su and White 2007, Song
2009). In our setting these assumptions are utilized for recovering the (conditional) densities of true
variables from the observed ones. Assumption 2.2 can be equivalently stated in terms of density
functions as fY1|Y2Y2*W(yl | y2,¥5,w) = fy;vaw(¥1 | Y2, w), and Assumption 2.3 is equivalent to
Ivivazov (W1 | y2,21,0) = fyivaz, (U1 | Y2, 21). Assumption 2.2 states that given the true regressors
and the control variables, mismeasured regressors do not provide further information on dependent
variables. Assumption 2.3 states that given the true regressors, control variables do not provide
further information on dependent variables. Similarly, Assumption 2.4 can be equivalently written
as fyz1vaziv (Y5 | Y2,21,0) = fyyvaz, (Y3 | Y2, 21), which means that given the true regressors, con-
trol variables do not have further information on mismeasured regressors. We further discuss these
assumptions for a specific model and provide sufficient conditions for the assumptions in Section
2.3.

2.2 Identification of Parameters by Means of Density Functions

Here we show how to obtain identification of parameters using the conditional (mean) independence

conditions by means of density functions. First note that by Assumption 2.1(i), we have
E[Yse | W] = E[Ys | W]E[e | W],
which is followed by

E[Yoe | W] = E[E[Ya | W]e | W].



Then by rearranging both sides, we obtain
E[(Y2 — E[Yz [ W])e | W] = E[(Y2 — E[Y2 | W])(Y1 — G(Y2;0,h)) | W] =0.

Let p(X,0,h) = (Ya— E[Y2 | W])(Y1 —G(Y2;0,h)) be the residual. Let o = (6, h) and let m(W, ) =
E[p(X,0,h) | W] denote the conditional mean function of the residual, p(X, 0, h), given W. Then
we can cast the above conditional moment restriction into the more general form as (3). For a
class of semiparametric models, Ai and Chen (2003) propose a sieve MD estimation which requires
a consistent estimator for the conditional moment function. Because Y5 is not observed in our
model (3), their methods are not directly applicable to our case. We instead estimate a through
recovering conditional density functions associated with the unobserved true variable Y5 from the
observed data. Our main idea is that the conditional mean function (3) can be written as an integral

form
WW@EEMK&MUW—/p@&MHw@MM% (6)
N

so identification of the conditional mean function m(w, «) is obtained, given the identification of the
conditional density fy(y | w) and the residual function p(X,6,h). By utilizing the conditional
independence condition of Assumption 2.3, we note that two densities fy;y,z, (y1 | y2,21) and
Jysjw (y2 | w) are sufficient for the identification of the conditional density fy i (y | w). We further

note that the conditional mean function E[Y3 | W] inside the residual can be written as
B |W =l = [ sntn | w)de (7
2

so that fy,(y2 | w) is also sufficient for the identification of the residual function p(X, 0, h(-)),
given the parameter . Rewriting the conditional mean functions in terms of conditional densities
makes it clear that once fy,|yv,z, (Y1 | y2,21) and fy,jw(y2 | w) are obtained, we then can estimate
o using the conditional moments because «y is the unique solution to the equation m(w,«) = 0.
In Section 3, given identification of m(w, ), we propose a sieve estimator of «g that is obtained by

minimizing a sample analogue of the population criterion function
Q(a) = E [m(Wi, o) [S(W)]~'m(W;, )] (8)

where X(W) denotes a positive-definite weighting matrix.
Therefore our problem boils down to the problem of recovering the two densities fy;|y,z, (1 |
Y2, 21) and fy,w(y2 | w) from observables where Y» is only measured with error. Note that under

Assumptions 2.2-2.4, we can express the conditional density of Y* given W as an integral equation
fy-w (™ | w) _/y vaz, W 1 Y2, 21) fyg vz, (W3 | y2s 21) Frpyw (y2 | w)dys. (9)
2

Therefore, the problem of identifying the densities fy,|yv,z, (¥1 | ¥2,21) and fy,w(y2 | w) becomes



the problem of finding the unique solution to the integral equation (9) where fy.w (y* | w) is
directly observable from data. We now provide additional conditions that ensure the solution to
the integral equation (9) is unique. These conditions are similar to those in Hu and Schennach
(2008). Let Ry, R2, and R3 denote random variables with supports R1,R2, and R3, respectively.
Let Lg,|r,r, denote an integral operator mapping g € G(Ra2) to Lg,|r,rg9 € G(R1) for a given
73, defined by [Lp, |r,r,9](r1) = fR2 fRi|RoRrs (11 | 72,73)g(72)dr2, where G(R;) is the corresponding
function space with domain R; with j = 1, 2.

Assumption 2.5  The operators Lys v,z and Lyy\v., are one-to-one.

Assumption 2.6  For any 21 € Z1 and any §2,¥2 € Vo, the set {y1 € V1 fyi vz, (11 |
U2, 21) # fvi|vazy (W1 | §2,21)} has positive probability whenever ga # 2.

Assumption 2.7  For any given z1 € 21, there exists a known functional M such that
M fyzivaz (| y2,21)] = y2 for all yz € Va.

Assumption 2.5 states completeness of the family of distributions associated with the operators
Ly;|v,z, and Lygy., (see Newey and Powell (2003) and Blundell, Chen, and Kristensen (2007)
for related discussions). This can be regarded as a nonparametric rank condition for identifica-
tion. Assumption 2.6 excludes constant distribution of Y7 at different values of Y. For example,
in the partially linear model of (1) this assumption holds unless kg is a constant function of Y. In
Assumption 2.7, M is a general functional mapping a density to a vector, which allows for nonclas-
sical measurement errors so that the true value Y5 and the measurement error can be dependent.
This assumption places restrictions on some measure of the location of a density, denoted by M]:]
such as the mean, mode, and quantiles of the distribution. For example, it reduces to a familiar
form E[Y;|Y>] = Y in the classical measurement error case as Y5" = Y5 + e where e denotes the
measurement, error.

Given the identifying conditions of Assumptions 2.1-2.4 (conditional (mean) independence con-
ditions) and the conditions for identifying required densities (Assumptions 2.5-2.7), the following

theorem states identifiability of the parameters in the conditional moment restriction (3).

Theorem 2.1. Under Assumptions 2.1-2.7, the parameters ag = (0o, ho) are uniquely identified
from the observables (Y1,Y5, Z1,V).

2.3 Sufficient Conditions for Identification

In order to understand the meaning of the conditional independence assumptions in a specific

context, consider a regression model of the form:
Y1 =n(Z1) 4+ G(Yo;0,h) +¢, Yy =g(Ya,e), V =r(Z1,n), (10)

where G(-) is known up to (0,h), Y1,Z; and V are observed random variables, Y3 is the true

endogenous regressor, Y5 is the observed mismeasured regressor, and g and r denote true structural



functions. ¢, e and 7 are unobserved causes of Y7, Y5" and V, respectively. e can be also interpreted
as the measurement error on Y5. A simple example of the measurement error is an additive error as
Y = Y5 +e. Inclusion of the exogenous variables Z; in r clearly illustrates that the control variable
V does not need to be independent of the exogenous variables in this setting.

Below we provide sufficient conditions for the identifying assumptions (Assumptions 2.1-2.4) in
terms of the model (10). Let £, =, and T be the support of the disturbances ¢, e and 7, respectively.
Assumptions below state underlying conditions for unobservable causes such that a control variable
is sufficient to control for both endogeneity and measurement error on the regressor Ys. Recall

W= (zZ,V').
Assumption 2.1S Yy L e | (Zy,n) for all (Yo, Z1,e,m) € Vo x Z1 X E x Y.
Assumption 2.2S ¢ Le| (Yo, W) for all (Y2, W,e,e) € Yo x W x E X E.
Assumption 2.3S ¢ L n| (Y, Z1) for all (Yo, Z1,e,m) € Yo x Z1 x E x Y.

Assumption 2.4S e L n | (Ys, Z1) for all (Ya,Z1,e,m) € Yo x Z1 x Ex Y.

Theorem 2.2. Assumption 2.1 (i) and Assumptions 2.2 - 2.4 are implied by Assumptions 2.15-2.4S,

respectively.

Assumption 2.1S forms the moment condition E[(Y> — E[Y2 | W])(Y1 — G(Y2;0,h)) | W] =0 as
discussed in Section 2.2.

Figure 1 provides a graphical depiction of a structure that is consistent with Assumptions 2.1S-
2.4S. In the figure dashed circles denote unobservable random variables and complete circles denote
observable random variables. Arrows denote direct causal relationships. Straight lines without
arrows denote dependence between variables (see Pearl (2009) for graphical depictions of other
possible structures). For simplicity, assume there is no exogenous regressor, Zi, for a moment.
Let v be the unobserved cause of Y3, which depends on 7. Then Y5 is endogenous because of the
common cause, 1, between v and €. V', observable proxy to n, controls for endogeneity by ensuring
conditional independence between Y3 and € given V. Moreover, Y5 is a dashed circle because it is
not observed. Instead, error-laden Y5 is observed. Key conditions for the identification of the effect
of Y5 on Y; are: First, v needs to be independent of unobserved drivers of dependent variable e
conditioning on V' (or n); Second, given Y, and V', measurement error e needs to be independent of
e; Third, given Ys, n needs to be independent of ¢; Fourth, given Y5, n needs to be independent of
e. The first condition is required to control for endogeneity, while last three conditions are utilized
to control for measurement error. Note that as in Figure 1, we allow for nonclassical measurement
error since the true regressor and the measurement error can be dependent.

One important literature that utilizes the conditional independence is the problem of estimating
the effect of family income on children’s health (often called the gradient). This has been studied
in Case, Lubotsky, Paxson (2002), Currie and Stabile (2003), and Condliffe and Link (2008) among



others. Figure 2 shows graphical depiction of the relationship between family income and children’s
health. Because endogeneity comes from the common cause (i.e., parental cognitive ability) between
household earning potential and children’s health determinants, an available proxy to parental
cognitive ability such as parental education can solve the endogeneity problem. These studies,
however, do not consider possible measurement error in family income in nonlinear models. In our
framework, although family income is observed with error, we do not require additional measurement
on family income or other excluded instrument. Here, one control variable could be sufficient to
control for both endogeneity and measurement error if the variable and the structure of the model
satisfy our identification conditions.

It is interesting to see that Assumption 2.1S is equivalent to Assumption 2.1S" below since
V =r(Z1,n), and Assumption 2.3S is equivalent to Assumption 2.3S" below by Lemma 4.2 (7) of
Dawid (1979a).

Assumption 2.18" Yy L e | (Z1,V) for all (Yo, W,e) € Yo x W x E.
Assumption 2.38" ¢ LV | (Y, Z1) for all (Yo, W,e) € Yo x W x E.

One may conclude that Assumption 2.1S" and 2.3S" imply ¢ is jointly independent of Y3 and V.
If this is indeed right, then these assumptions exclude endogeneity of Y5 as well as dependence of V'
on €. As a result, the assumptions seem contradictory to the model (10). However, this statement
is one of common fallacious arguments. The following lemma built on Dawid (1979b) clarifies the

implication of Assumptions 2.1 and 2.35' (equivalently Assumptions 2.1S and 2.3S).

Lemma 2.3. Assumptions 2.1S and 2.3S hold if and only if € L (Yo, V) | T where T is the

information in common between (Ya, Z1) and (Z1,V).

Lemma 2.3 implies that as long as (Y2, Z1) and (Z1, V') share common information other than
Z1, € is allowed to depend on Y, and V. See Dawid (1979b, 1980) for general interpretation of
common information and see Appendix A for examples. Therefore, Assumptions 2.15—2.4S are not

mutually contradictory.

2.4 Triangular Simultaneous Equations with Conditional Mean Independence

Here we discuss our identification conditions for the triangular simultaneous equations model (4)
with measurement error. Figure 3 describes a version of the model. Again, assume there is no ex-
ogenous regressor, 2 for ease of notation. Y5 is endogenous because its cause V' and the unobserved
cause of Y7 are interdependent. In addition, the endogenous true Y5 is observed with error e, as Y5'".
Typically, the excluded instrument Z = Z5 is assumed to only affect Y5 where 7 is the underlying
unobserved cause of Z. The first stage of the triangular system allows us to recover the cause V
from Y5 and Z, and we can use this generated V' as the control variable. When this control variable
V' satisfies the required conditions in Sections 2.1-2.2 above, the causal effect of Y5 on Y7 can be
identified.

10



A number of applied studies have considered the standard instrumental variable approach to
control for both endogeneity and measurement error in linear parametric models. Butcher and Case
(1994), for example, consider the effect of women’s education on earnings. As they mention, educa-
tion is endogenous because it is correlated with unobserved ability. Here the completed education
variable may be reported with error. They state that sibling sex composition may be used as an
instrument to estimate returns to education if it is correlated with educational attainment and un-
correlated with measurement error (Butcher and Case 1994, p. 554). Figure 4 depicts the possibility
of using sibling sex composition as a potential instrument. In our setting we would recover the con-
trol variable from the first stage equation that includes the sibling sex composition as the excluded
instrument. As long as the control variable satisfies the identification conditions in Sections 2.1-2.2,
we can identify the causal effect. Thus, our result can be interpreted as a semiparametric analog of
their result in their linear parametric model.

There are several interesting features of our framework with this model. First, the reduced form
equation provides a source from which the control variate V' can be obtained. Second, even though
we know what should be the control variable (the conditional distribution of Y5 given Z, Fy,) 7),
a plug-in method to obtain the control variable such as V' = Fy, (Y2 | Z) is not feasible because
Y5 is only measured with error. Below we show that in the presence of measurement error in Ys,
the CDF Fy,|; can be still obtained from the data (Y5, Z) with additional assumptions. Moreover,
in our setting the identification of Fy, 7 suffices for recovering the structural parameters although
we do not recover individual observations of V. This is because we need only the estimates of the
relevant density functions to approximate the population criterion function (8) in our estimation
(see Section 3 below). Whether or not individual observations are available is not important for our
approach.

Several different approaches can be used to recover Fy,|z under alternative sets of assumptions
(e.g. repeated measurements, existence of additional instruments, or auxiliary data). We consider

two important cases below.

2.4.1 Using Repeated Measurements

Assume we observe two repeated measurements of Y3 as Yy, = Yso+e, and Yy = Yo+¢;, where e, and
ep are measurement errors. Then Fy,|z(y2 | z) can be identified from the repeated measurements,
using a similar argument to (e.g.) Li and Vuong (1998) and Schennach (2004). The following lemma

provides a result.

Lemma 2.4. (i) Suppose that V' is a scalar, r is strictly monotonic in V, and Z is independent
of V' in model (4). Then we have V = Fy, 5 (Y2|Z).

(ii) Suppose further that Ele, | Y5] = 0, ey is independent of (Ya,Z) and Elexp(i(Ys;)] is
nonvanishing for any real (. Then Fy,|z(y2 | 2) is identified from the observables (Yo, Yy, Z). In
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particular we obtain

Fyyz(y2 | 2) (11)
_ 1 I 1 [ Elexp(—i(Y2) | Z = 2] exp(iCy2) — Elexp(i(Y2) | Z = £] eXp(—iCZﬂ)dC
2 271' 0 IC
where
: _ Elexp(iYy,) | Z] CiB[Y5, exp(i€Yy)]
Blew(V) 1 2] = =gt o0 (/ Floxpli€T3)] ic).

Note that in Lemma 2.4 the assumption Ele, | Ys;] = 0 states the first measurement error has
conditional mean zero given Y;. The assumption e, L (Y2,Z7) implies the independence of the
second measurement error and the true value. Here the second measurement error does not need to
have mean zero. It allows for systematic drift term in the second measurement Y, which may be
a useful property when panel data is used for estimation. Lemma 2.4 (or other equivalent results)
allows us to recover values of the control variable for any given values of (y2,z) when Y5 is only
measured with error. In particular we can estimate Fy,|;(y2 | z) as a sample analogue to (11) by

approximating the (conditional) expectations with corresponding sample (conditional) means.

2.4.2 Using Instrumental Variables

Suppose we observe instrumental variables U for the unobservable Y5. Then using a similar argument
in Theorem 2.1, Fy,| can be identified from the observables (Y5, Z,U). To see this we rewrite the
CDF as

Y2 B N
A RIS

—00

FY2|Z(y2 | Z)

where

fyaz(y2, 2)

fYQ‘Z(yQ ‘ Z) = fZ(Z)

Then since fz(z) is identified from the data, the identification of Fy,|;(y2 | 2) rests on the identi-
fication of fy,z(y2,2). We state conditions similar to Assumptions 2.2-2.7 for the identification of

fraz(y2, 2).
Assumption 2.8 Z LY | (Ya,U) for all (U, Ye,Ys,Z) €U X Yo x Vi X Z.
Assumption 2.9 Z LU |Ys for all (U,Y2,Z) €U x Yo X Z.
Assumption 2.10 YS LU |Y; for all (Y2,Y5,U) € Yo x V5 X U.

Assumption 2.11  The operators Lysyy, and Ly are one-to-one.

12



Assumption 2.12  For any §2,52 € V2, the set {z € Z : fz1v,(2 | §2) # fz1vo(2 | 92)} has
positive probability whenever ga # yo.

Assumption 2.13  There exists a known functional M such that ./\;l[fy;%(- | y2)] = y2 for
all ys € Vs.

The following lemma provides identification of fy;,z(y2, z) which is sufficient for the identification
of the CDF Fy,|z(y2 | 2) given that fz(z) is observable from the data.

Lemma 2.5. Under Assumptions 2.8-2.13, the density functions (fy,z, fy2*|y2, fU‘y2) are uniquely
identified from the observables (Y5, Z,U).

3 Estimation

Based on our identification results in Section 2 we propose a sieve-based estimator of ag = (g, ho)
for the model of (3). First we focus on the case for which the control variables V' are observables
and then show how the setting can extend to the case for which V are generated variables as the
triangular simultaneous equations model (4).

In our approach, from observations on Y7, Y5, Z1, and V', we first estimate the unknown densities
Syivazi (1 | 2, 21) and fy,w(y2 | w) in the conditional moment function (6) using a sieve MLE,
and in the second stage we estimate parameters of interest (6y, hg) using a sieve MD estimation.

We introduce additional notation. Let
Fyew (Y™ | w; Bo) Z/y ivazy (W 1 Y2, 21) fygvaz, (W3 | Y2, 21) Frayw (Y2 | w)dys
2

and let By = (f1, fa2, f3) € B = F1 x Fa x F3 denote the first stage parameters such that f; =

Mivaz, W | y2:21), f2 = fypvaz, (U5 | Y2, 21), and f3 = fy,w(y2 | w) = fyyvz, (Y2 | v, 21). Define
a weighted Holder ball of radius ¢ by AJ“(V) = {g € A*(V) : |g|larw < ¢ < 0o}, where AT+ (V)
is the weighted Holder space of order v > 0 with a weight function w (see Ai and Chen (2003) and
Chen, Hong, and Tamer (2005) for more details and examples).

Following assumptions impose restrictions on the parameter spaces Fi, Fs, and F3.

Assumption 3.1  f; € A" (V1 x Vo x Z1) where y1 > 1 and f)h filyr | yo,21)dy1 = 1 for
all yo € Vo, 21 € Z1.

Assumption 3.2 fy € AV (V5 x Vo x Z1) where 1 > 1 and fy; fo(ys | y2,21)dys = 1 for
all yo € Va,21 € Z1.

Assumption 3.3 f3 € A" (D XV x Z1) where v1 > 1 and ny f3(y2 | v,21)dy2 =1 for all
vEV, 21 € 2.
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Then the parameter spaces for the density functions can be defined respectively as:

Fr=A{fi(-|--) : Assumption 3.1 holds},
Fo={fo(-|-,-) : Assumptions 2.5, 2.7, and 3.2 hold},
Fzs={fs(-|-,-) : Assumptions 2.5 and 3.3 hold}.

Let p; denote a sequence of known basis functions (such as power series, splines, Fourier series,
etc.). A tensor-product multivariate linear sieve basis, denoted by p(-,-,-) = (p1(-, )y ., 2i(-, -, -))’
is used to approximate functions of three variables. Suppose we have n observations of the sample
{y14,Y5;, 214, vi}. Then based on the identification results of Section 2.2, we estimate [y using the
sieve MLE as

Bn = (flnaonyf?m) (12)

1
=arg max —
(f1.f2,f3)€Bn T

n
Zln/ Jr(yui [ y2, 210) f2 (2 | Y2, 210) f3(y2 | vi, 210)dys,
i=1 Vo

where B,, = Fi, X Fon X F3, 18 a sieve space approximating B with the sample size n, and where
Fin, Fon and F3,, are defined as:

Fin = {f1(y1 | y2, 21) = P (y1,y2, 21)' 7 for all w' s.t. Assumption 3.1 holds},
Fon = {Lo(y | y2,21) = p2 (5, y2, 1)/ 7% for all 72 s.t. Assumptions 2.5, 2.7, and 3.2 hold},
Fan = {fs(y2 | v, 21) = p'"* (ya, v, 21)'w> for all 7 s.t. Assumptions 2.5 and 3.3 hold}.

Using these sieve approximations, in the first stage, we estimate fy,|y,z, (y1 | ¥2,21) and
Jyajvz, (y2 | v, 21) from (12). Using these estimated densities we construct m(w;, ) as the plug-in

estimator of m(w;, a):

m(w;, @) (13)

:/y [/y P(Y1, Y25 2105 Vi 0, B) fyv [vaz, (U1 | W25 210)dyn | frav iz, (v | vi, 210)dye
2 1

where fi, = fyl%zl (y1 | Y2, z1;) and fan = szIVZ1 (y2 | vi, z1;) are obtained from (12). Let H be a
space of smooth functions (e.g. Holder ball) that contains the true hy and let H,, be some finite-
dimensional approximation space that becomes dense in H as the sample size n tends to infinity
(e.g., Fourier series, power series, splines, wavelets, etc.). Then in the second stage, we obtain the

(penalized) sieve MD estimator of ag = (0o, ho) as

~ ~

O, b)) = inf nla), 14
(0, ) arga:(eﬁleean (a) (14)

m
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where

Qu(a) {;Zm(Wi,a)’[i(Wi)}—lm(Wi,a) + Anﬁn(h)}

i=1

and where (W) is a consistent estimator of 2(W) (a positive-definite weighting matrix), A, > 0 is
a penalization tuning parameter such that A\, = o(1), and Pn(h) > 0 is a possibly random penalty
function as in Chen and Pouzo (2012).

Our estimation method can accommodate the case when V' are generated variables. For example,

in the case of the triangular model (4) we can estimate the densities using a sieve MLE as

Bn = (f1n7f2naf3n) (15)

1 & /
= ar max — » In i | y2, 214 5 | y2, 214 0i(Yy2), 214 )dy2,
A I ; . (i | w2, 210) f2 (3 | y2, 2140) f3(y2 | 0i(y2), 214)dye

where we define 0;(y2) EFY2‘Z(y2]zi) and Fy2|Z(y2]zi) is an estimator of Fy,|z(yz2|2;) based on (e.g.)
the identification results in Section 2.4.1 and Section 2.4.2.

Similarly, for the triangular model case we can estimate the conditional mean function as
Th(’lf}i, a)

E/y {/y p(y1, Y2, 210, 0 (2), 0, 1) fyy1vazs (U1 | 2, 200) Ayt | Frapv 2, (w2 | 9i(y2), 210)dys
2 1

where fin = fyijvaz, (1 | y2,211) and fan = fyy vz, (y2 | 9i(y2), 215) are obtained from (15). The
sieve MD estimator is then obtained by replacing 7 (w;, ) with m(w;, o) in the construction of the

sample criterion function Q,(a) in (14).

4 Consistency

We obtain consistency of our estimator &, = (fp,hy,) defined in the equation (14) allowing for
a penalty function. Let (Y™, W’)" be a vector of observed variables for Y* € Y* W € W. We
denote the smoothing parameter in the first-stage estimation by I, which is the total number of
sieve coefficients, l,, = ly1 + lno + lp3. We also denote another smoothing parameter in the sieve
5.8 = [[filloow + [[f2lloow + [[f3llo0w where
[9lloow = supg [g(§)w(§)] with a weight function w(§) = (1 + [€]12)75/2,¢ > 71 > 0. Note that the
generic variable £ depends on the domain of g (e.g., when g = f1, & = (y1, 92, 21)). We also denote

approximation for h by k, = dim(H,). Define ||3]

llalls.a = 10]|E + ||h]ls,e. For any vector- or matrix-valued A, sometimes we use |[A| = [|Al|p =
\/tr(A’A) for ease of notation. We make the following assumptions. A subset of the assumptions
are from Newey and Powell (2003) and Chen and Pouzo (2012).

Assumption 4.1 (i) The data {(Y;*, W;)_,} are i.i.d. (ii) The density of (Y, W'Y, fy-w, sat-
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isfies [w(y*, w) fy-w(y*, w)d(y*, w) < co. (ili) E[|In fy«\w (Y* | W)|?] is bounded. (iv) There exists
a measurable function C1(y*, w) with E[|C1(Y*, W)|?] < 0o such that for any 3 = (f1, fa, f3)' € B,

Sy lw;B) |~

Ci(y*,w),

1

where the path-wise first derivative f‘ *|W(y* | w; B, @) as well as the term @ is defined in the proof

of Theorem 4.1.

Assumption 4.2 (i) A =0 x H, O is a compact subset of R%, and H C H, H is a separable
Banach space under a metric || - ||sq. (ii) B = Fi x F2 x F3 is compact under a metric || - ||s,g and
Assumptions 3.1-3.3 hold for (fi, fa2, f3) in a neighborhood of By. (iil) E[p(X,ap) | W] = 0, and
160 — 0|l + [|ho — h|s,a =0 for any a = (6, h) € A with E[p(X,«a) | W] =0.

Assumption 4.3 (i) A, = © X H,,n > 1, are the sieve space which is a nonempty closed
subset of (A, | - ||s,a) satisfying Hp, C Hpy1 C H, and there exists a function I hg € Hy, such that
ITL,ho — holls,a = o(1) with ky/n — 0. (i) Elm(W, )’S(W)~tm(W, a)] is continuous at o under
| s, (i) By = Fin X Fon X Fan,n > 1, are the sieve space which is a nonempty closed subset of
(B, |l - |Is,8) satisfying Fin € Fint1 € Fi, @ € {1,2,3}, and there exists a function 11,5y € B, such
that |11, 80 — Bolls,s = o(1) with l,/n — 0.

Assumption 4.4 One of the following conditions holds: (i) Ap = 0. (ii) A, suppey, | P, (R) —
P(h)| = Op(An) and A\ | P(I1,ho) —P(ho)| = O(Ap), with Ay, > 0, A, = 0(1) and P(-) a non-negative
real-valued measurable function of h € H, P(hg) < oo.

Assumption 4.1 (i) is about the data. Assumption 4.1 (ii) imposes a tail-behavior restriction
on fy«w. Assumptions 4.1 (iii)-(iv) impose an envelop condition on the first derivative of the log
likelihood function, In fy«w (y* | w). Assumptions 4.2 (i)-(ii) impose restrictions on the parameter
spaces, A and B. Assumption 4.2 (iii) is an identification condition of the parameter ag. Assump-
tions 4.3 (i) and (iii) are the definitions of sieve spaces, stating the sieves can approximate the true ag
and By arbitrarily well. Assumption 4.3 (ii) is a sufficient condition for E[||m(W, I a0)||%] = o(1) for
I, a0 = (00, I,hp) € A,,. Assumption 4.4 (i) allows for no penalty case and Assumption 4.4 (ii) si-
multaneously states a property of the tuning parameter and penalty function when A, > 0. It states
that P, (h) is a consistent estimator of P(h) and |P(II,ho) — P(hg)| = O(1) is satisfied if P(-) is con-
tinuous at hg. Let {0, n}n be real-valued positive sequence decreasing to zero as n — oo, denoting
the convergence rate of m(w, a) to m(w, a), namely, sup, ¢ 4 E[||[i(W, o) —m(W, a)||3] = O(62, ).
We denote Son = SUP(g, &,¢5)e((0 X Vo x Z1)U(V5 x Va2 X Z1)U(V2x VX Z1)) Ip" (1, €2,€3) || 2, which is nonde-
creasing in I, and denote II,8 = (IL, f1, I, f2,II,, f3) € By, = Fip X Fap X F3pn. Let {by, }n be
a real-valued positive sequence decreasing to zero as I, — 0o, denoting the approximation bias of

m(-, &) using the sieve ML estimator as (13).
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Assumption 4.5 (i) 3(w) = S(w) + 0,(1) uniformly over w € W. (i) L(w) is positive definite,
and its smallest and largest eigenvalues are finite positive uniformly in w € W with probability
approaching one. (iii) X(w) is positive definite, and its smallest and largest eigenvalues are finite

positive uniformly in w € W.

Assumption 4.6 (i) There is a finite constant ¢ such that sup,e 4, sup,, Var[p;(X,a) | W =
w| < ¢ < oo forallj=1,...,d, (i) For any g € {m(-, o) : a € A}, there exists g(W) =
fp(y,W',a)fy‘W(y\W;B)dy for some B € B, such that, uniformly over o € Ay, E[lg(W) —
g2 = O(b?n’ln) for the p(£1,69,&3) sieve with €2, = O(l,). (ili) There are finite con-

stants c1,co > 0 such that uniformly over a € Ay, c1E[|m(W,a)||%] < n 1 Y0 Im(Wi, a)||% <
coE[||(W, a)||%] with probability approaching one as n — oo.

Assumptions 4.5 is about the weighting matrix X(w) and its consistent estimator 3(w). As-
sumption 4.6 (i) requires a finite conditional variance of the residual function p. Assumption 4.6 (ii)
quantifies the bias of the estimator g(w) and is satisfied by the class of typical smooth functions. The
conditional mean function estimator m(W, a) defined in (13) using the first stage sieve ML estimator
can be shown to satisfy sup,c 4, E[||l(W, ) — m(W, a)||3] = O(67,,,) with 62, ,, = max{%, bgn,ln}
under Assumptions 4.1 and 4.6.

It is worth noting that if the original parameter space B is too large, it is useful to introduce
another penalty function for the first-stage parameter, 8, and estimate it via a penalized sieve
MLE as in Shen (1997). For the sake of concise results, we maintain the assumption that B is a
compact space. Define AM0 = {a € A, : \,P(h) < A\, My} for a finite My = My(e) > 0 such that
a0 € AM0 and Pr(a, ¢ AMo) < ¢ for all € > 0 and all sufficiently large n. Then we obtain the

following consistency results.

Theorem 4.1. Let Gy, be the PSMD estimator defined in (14) with A, > 0, A\, = o(1). Suppose
Assumptions 2.1-2.7, 8.1-3.8, and 4.1-4.6 hold, E[|m(W, «)|?] is lower semicontinuous in || - ||s,a on
An, and max{67, ., E [|m(VV7 Hnao)ﬂ ’)\n}/ianEAMO:Hafao” S B [[m(VV, a)ﬂ = o(1) is satisfied

for any € > 0. Then ||&yn — aolls,a = 0p(1).

See Appendix F for the proof.

5 Convergence Rate and Asymptotic Normality

To obtain the convergence rate of the second-stage sieve estimator &,, = (én, Bn) and the asymptotic
normality of the finite-dimensional plug-in estimators as functionals of « such as the asymptotic
normality of the finite-dimensional parameter én, we extend the asymptotic results in Chen and
Pouzo (2012) to the case with mismeasured endogenous regressors. Chen and Pouzo use the series
least-squares estimator for the conditional mean function m(w, «), which is infeasible in the presence
of measurement error. Nevertheless, their asymptotic results are applicable to our case because
they establish the asymptotic properties of their proposed estimators, which can accommodate any

consistent estimators for the conditional mean function. Therefore, we can derive the asymptotic
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properties of the second-stage estimator &, and its plug-in estimators as functionals of &, using

Chen and Pouzo’s framework.

5.1 Convergence Rate

To derive the convergence rates, we introduce additional notations and weaker metrics for which
we derive the rate results, and make a few additional assumptions. Denote B,s = {8 € B :
|8 — Bollsp = o0(1)} and By, = Bos N By,. For any § € B,s, denote the first path-wise derivative of
In fy«w (y* | w; Bo) at the direction [3 — Bp] evaluated at By by:

dln fy«jw(y* [ w; Bo)
dg

dIn fy«w(y* | w; (1 —7)Bo + 78)
dr 7=0

(B — Bo]

almost everywhere (under the probability measure of (Y*, W)) and for 1, 52 € B,s denote

dln fy«w(y* | w; Bo)
dp

Specifically, the path-wise derivative is denoted by:

dIn fy«jw(y* [ w; Bo)
dp

_dIn fyqw (y* [ w; Bo)
dp

[B2 — Bol.

[B1 — Bol

[B1 — Ba]

d1n fyw(y* | w; Bo)

ap
1

= Frmw (o [ w; Bo) {/y [f1(vily2.z1) = fyvapvazs (uilvzo)] fyg vazy (U3 | Y2, 21) Frajvz, (V2 | 0, 21)dy2
? 2

18 — Bol

+/y Mivaz (1 | y2, 20f2(y3 | v2,21) = Fypvaz (U3 | Y2, 20)] frajvz, (2 | 0, 21)dy2

2

+/y fY1|Y2Z1 (1 | y2721)fY2*|Y2Z1(y; | Y2, 21)[f3(y2 | v, 21) — ng|VZl (y2 | ’0721)]dy2}-
2

For any B, B2 € B,s, the metric is defined as

d1n fyeip (Y5 | W 2
18— alls = E{< n fy«w (Y | 50)[51_520 }

dp

Denote Aps = {a € A: [Ja—aglls,o = 0(1), P(h) < ¢} for a constant ¢ > 0 and Apysp, = ApsNA,,. For
any a € A,s, we define the first path-wise derivative of p(X, «) at the direction [ — ap] evaluated

at ag by:

dp(X, (1 —1)apg + Tax)
dr

dp(X, ag)
do

[Oé — 040] =

=0

18



almost everywhere (under the probability measure of X) and for any a;, ay € Ays denote

dp(X7 Oéo) dp(Xa Oéo) dp(X7 Oéo)

o [ —ag] = T[al — ap] — Ia [ag — ay),

dm(W, dp(X,

m(dao‘o)[al —as] = E{p(daao)[m — )] W}.
Also, for any aq, g € A,s, the metric || - || is defined as

dm (W, ag ! dm (W, aq
HOq — chHa = \/E { <V[a1 - Ozz]) E(W)_ISJO()[OQ — ch] .

The metrics || -||g and || - ||o are weaker than the norms || - ||s g and || - ||s,«, respectively, in the sense
that || - |l < || - |ls,p and || - la < || - |ls,a. The convergence rates of 3 and & are analyzed under the
weaker metrics || - |3 and || - [|o, respectively. Therefore, given the consistency results, now we can

treat B,s and A,s as the new parameter spaces, while B, and A,s, are considered as their sieve

spaces, respectively. We make the following assumptions.

Assumption 5.1 (i) In fy«w(y* | w;B) satisfies an envelope condition in 3 € Boygy. (ii)
In fy«w (y* | w; B) € AL*(V* x W) for some constant ¢ > 0 with v > diy= w)/2, for all f € Bosn,
where dy«ywy is the dimension of (Y*,W). (iii) There is a constant y1 such that for any B € Bos,
there exists 11,8 € Bosn satisfying ||I1,8 — B||g = O(l;vl/g), and I, = o(n=17%).

Assumption 5.1 (i) imposes a dominance condition on the log likelihood function and Assump-
tion 5.1 (ii) imposes a smoothness condition on the function. Assumption 5.1 (iii) quantifies the
approximation error of 3 by II,,8 € B,s,. This condition is usually satisfied by the commonly used
sieve approximations (e.g., power series, Fourier series, splines, wavelet, etc). Let N (e, Bosn, || - ||s,5)

denote the minimal number of radius € covering balls of B,s, under the metric || - |5 3.

Assumption 5.2 (i) I, x Inn x &, x n=Y2 = o(1). (ii) For a constant ¢ > 0, In[N (¢, Bosn, || -
ls.8)] < ¢ x 1, xIn(l,/e).

Assumption 5.3 (i) A,s and A,s, are convex in ag and m(W,a) is continuously path-wise
differentiable with respect to o € Aps. (il) Bos and By, are convex in Sy and fy*lw(y* | w;B) is
continuously path-wise differentiable with respect to B € Bys.

Assumption 5.4 (i) There are finite constants c1,ca > 0 such that c; E[[[m(W,a)||%] < ||a —
a2 < c2E[|lm(W, a)||%] for all a € Aps. (ii) There are finite constants c1,co > 0 such that

fyew (Y™ | w; Bo)
fy=w (y* | w; B)

Fyew (y* | w;ﬁo)}

EAl
“ { ! Tyew (y* | w; B)

} <[8-Bollz < B {m

holds for all 8 € Bys.
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Assumption 5.2 (i) imposes a restriction on the divergence rate of [,, and Assumption 5.2 (ii)
imposes a restriction on the size of the sieve space B,s, such that it does not grow too fast in
terms of the covering number. Assumption 5.3 ensures that the weak metrics || - |3 and || - ||o are
well-defined, respectively. Assumption 5.4 imposes that the population criterion function and the
log likelihood function can be approximated locally by the weak metrics.

Let B denote the closure of the linear span of A,s—{g} under the metric |||, (i.e., B = R% x &
with @ = H — {ho}). Then (B, || - ||o) is a Hilbert space with the inner product:

trta = B{ (L) sov) (0RO )]

The path-wise derivative at «q is defined as

[ — ] = W(@ 6o) +

dm(W, a)
da

dm(W, ag)

an b hol.

For each component ¢; of 0, j = 1,2,...,dy, we define (b; €das

P (T M) sy (An0ie) _dmiWecn), ),

Jj= 6,€® db; db; dh
Define
o* = (91,03, -, b,

dm(W,a0) ., [ dm(W,ag) dm(W, ap) . .

ey = (T )
and let

dm(W,9)  dm(W, ap)
We impose the following assumptions.
2
Assumption 5.5 ( {HE {LVQV,O‘O)}H } is finite. (ii) [HE 2G¢*(W,ao)HE]

exists, is bounded, and is positive-definite.

Assumption 5.5 is related to a local identification condition for §. Define s(a) = N6 for A € R%
and A # 0. Since s(a) = X6 is bounded if and only if E[Gy(W, ) S(W) LG g+ (W, ap)] is finite

positive-definite, we have, by Assumption 5.5,
s(a) —s(ag) = N(O—0y) =", a—ag)a
for all a € A where b* = (b}, b}) € B, b} = J '\ with J = E[Gy (W, ag)' Z(W) ™ Gy (W, )], and

b, = —¢* x by,
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Let Hos = {h € H : [|h — holls,a = 0(1), P(h) < c} and Hosp = Hos N Hp. For any hy, ho € Hos,
we define

| = holl = E [(W[hl - h2]>IE(X)1 <W[’h - hQ]ﬂ :

Assumption 5.6 (i) X C H,(H, || - |[s,o) s a Hilbert space with (-,-)s o the inner product and
{gj}32, a Riesz basis. (i) Hy = clsp{q1, ..., qn}-

Assumption 5.7 There are finite constants c1,co > 0 and a non-increasing positive sequence
{bj}32, such that (i) |R)|2 > e > 521 bjl(h, qi)sal? for all h € Hosn and (ii) c2 > i1 bjl(ho —
th07Qj>s,oc|2 > HhO - thoHi

Assumption 5.6 suggests that H,, = clsp{qi,...,q,} is a natural sieve space for the estimation
of ho where clsp {-} is the closure of the linear span under the metric || - [|so. Assumption 5.7 (i)
links the weak metric to its corresponding strong metric and (ii) is the so-called stability condition
(see Chen and Pouzo (2012) for further discussions on these conditions). The following theorem

states a convergence rate result for the estimator in (14).

Theorem 5.1. (i) Let all the Assumptions of Theorem 4.1 hold. Let Assumptions 5.1 - 5.5 hold,
and Suppeqy, |P(h) — P(R)| = op(1). Then ||é@n — aolla = Op(max{dmn, [ho — nhollas vV An})-
(ii) Further, let Assumptions 5.6- 5.7 hold, ||ho — I, holle = o(n~Y%), and max{Sm.n, VIn} = dmn-

Then ||é&, — aplla = op(n*1/4).

See Appendix G for the proof.

5.2 Asymptotic Normality

Based on the asymptotic results in the previous sections, we now establish the \/n-normality of the
PSMD estimator 6, by extending the results in Ai and Chen (2003). Under Assumption 5.5, for
A € R% and X # 0, there exists a Riesz representer b* = (b}, b5) € B of N (0 — 6y) = (b*, o — ap)a
where b = J7I\ with J = E[Gg (W, ) (W) 1Gy (W, )], and bf = —¢* x b. Define Ny =
{a € Aps : ||a — aplla = o(n™ %), |la — aglsa = o(1)} and Ny, = No N A,. We denote

dp(X, a) o = dp(X,a + 1b) as. X,
da dr =0
and
dm(W, ) W = dm(W, o+ 7b) as W
do dr =0

for any b € B. We make the following assumptions.

21



Assumption 5.8 (i) There exists a measurable function Co(W) with E[|Co(W)|] < oo and
constants k € (0,1],7 > 1 such that for all 6 > 0 and o € Ny,

z,0) — p(x,a0)|” ,
sp [ (AR LE0 apyy ) < cw)
la—aolls,a<é

and ||o — aol|5 , = o(n=1/2). (ii) There exists a measurable function C3(X) with a constant ¢ > 0
such that sup,ep; [p(X, )| < C3(X) and E[C3(X) | W] < ¢ < oo.

Assumption 5.9 (i) 6y € nt(0). (ii) Xo(W) = Var[p(X, ) | W] is positive-definite for all
W e W. (iii) There is a b} = (b}, —I1,¢* x b)) € A, — {ao} such that ||bf, — b*||o = o(n~1/4).

Assumption 5.10 (i) 3(w) = Z(w) + op(n~Y*) uniformly over w € W. (ii) There exists a
positive sequence €, = o(n~/2) such that A, Supgen, |Po(h £ €,05b5) — Pu(h)| = op(n1).

Assumption 5.8 is satisfied by typical smooth classes of the residual function. Assumption 5.9
(iii) requires no asymptotic bias of b). Assumptions 5.10 (i)-(ii) quantify the estimation error of
the weighting matrix and the approxnnation error of the sieve in the penalty function, respectively.
Define g(W,b*) = (M[b*D Y (W)~! and its projection onto the integral function using the
estimated densities as g(W,b*) = [[[ g(W, b*)fyl‘yézl(yl ] y2,2’1)dy1]fy2|vzl (y2 | v,21)dy2. Simi-
larly define the projection of m(W, ) as m(W, a) f f m(W, Oé)fy1|y2Z1 (y1 | yo, zl)dyl]fYQ‘vzl (y2 |
v, 21)dyo.

Assumption 5.11 (i) m(W, «) is path-wise differentiable in oo € Noy, and uniformly over « €
dm(W,a) r7.x dm(W,a) 17.% 2 _ .. ~ * * _
Non, E [H (W) ] — Lmie) e E] = 0p(n~Y/2). (i1) E |§(W,b%) = g(W,0)[13,| = 0,(n "),

Assumption 5.12 { (M[b*]) LW Im(W, ) : a € Nou,m € Azw(W)} is a Donsker
class for some constant ¢ > 0 with v > dy /2, where dyy is the dimension of W.

Assumption 5.13 (i) m(W, «) is twice path-wise differentiable in o € Noy,, and there exists a

measurable function Cy(W) with E[C4(W)?] < oo such that %[b;,bm is bounded by Cq(W)

E] = o(n~1?). (i) Uni-

‘ dm(Wa) [b*] (Wao) [b*]

uniformly over a € Nyy,. (ii) E [SUPaeNOn
formly over o € Ny, & € N,

(‘IW(W’O‘O)[()*]) »(w)~! (dm(W’a)[a — o] — M[a - ao])] = o(n”'?).

FE
da da da

Assumptions 5.11 and 5.12 are required to control the asymptotic bias when the parameter «
enters the residual p(-) nonlinearly. Assumption 5.13 is required to control the higher order terms

in a mean value expansion to derive the influence function representation result below.
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Under these assumptions, we can obtain the influence function representation of \/ﬁ(én —0o) as

Vi, —0y) = Vol én — ap)a (16)

— _L - W * / 1 e o
— ﬁz;{ o [b]} S(Ws) ™' p(Xs, 0) + 0p(1)

- Z{ Gy ( Wz,ao)}/E(Wi)_lp(XiyaO)+Op(1)

where J = E[G g (W, ag)'S(W) G g (W, ap)], which yields the following /n-asymptotic normality
of én

Theorem 5.2. Let 0, be the PSMD estimator of the finite dimensional parameters with A, >
0, A\, = o(1). Suppose that all the Assumptions of Theorem 5.1 and Assumptions 5.8 - 5.13 hold.
Then /n(6, — 60) 4, N(0,J71), where

J = E[Gg(W,00)S(W) Gy (W, 0)]
X (E[G g (W, a0) S(W) ™ Zo(W)Z(W) ™ Gy (W, ag)])
E[G g (W, 00) (W) LG g (W, 0)].

See Appendix H for the proof.
Note that by taking the weighting matrix (1) in (14) as a consistent estimator of Xo(WW), the
asymptotic variance can be reduced to J ! = {E[Gy (W, ) So(W) LG g« (W, )]} L.

5.3 Correcting Asymptotic Variance for Generated Control Variable

Next, by building on the approach from Hahn and Ridder (2013), we obtain the asymptotic variance
of the estimator 6, that uses the generated control variable as in the triangular model (4) for which
the first stage equation yields the control variable (e.g.) V = Fy,; (Imbens and Newey 2009)
or V. =Yy — E[Y3]Z] (Newey, Powell, and Vella 1999). For generic notation, below we write
V = ¢(Ye,Z) and let Vi = ¢.(Y2, Z) denote the true value. To use the framework of Hahn and
Ridder (2013) and obtain the potential influence of the first stage to the asymptotic expansion of
én, define
p(X, ao(Vi; V2)) = p(Y, Z1,0(Y2, Z) = Vi, a0(p(Ya, Z) = V13 V2))

where Vo = (Y2, Z). In this definition the two roles of V' are made explicit. First, it enters in the
variables at which both p(-,V1,-) and ag(V1;-) are evaluated. Second, it determines the functional
form of the parameter ag, ag(+;V2). Note that Vi = V5 = V| so the notation Vi, Vs is just an
expositional device to distinguish two roles of V. In the view of Hahn and Ridder (2013), the
influence function in (16) already accounts for the estimation of « in the second step as a pre-step
to obtain the plug-in estimator 6, in the final step. Therefore, we have only to account for the

contribution of the sampling variation in V while taking the function aq(Vi; Va) is known.
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To account for the first stage estimation of V', now we can make the adjustment to the influence

function following standard arguments as
. 1 <«
Vb, —00) = —=) Hi{p(X; a0)} (17)
o>
+L En: H; {p(Xi, ao(Vais Vai)) — p(Xi, ao(Vai Vm))}
vn i=1

1< .
7 B { (i, 214, Vi, @0) = p(Xi, @0) | + 0,(1)

~

/ N A
where By = — - S0 {0 e L s (w;)~t and V5 = V3 = V7.

Define
ap(Xa aO)

k(z1,v) = FE [ o

21, (p*(y% Z) = 1):|

and then, following similar arguments to Hahn and Ridder (2013) (Section 2.3, Theorem 5 and

Remark 4), we obtain the approximation of the second term in the right-hand side of (17) as

1 & N
— > H;0(Ys, Z;)V;
\/ﬁ; (Yas, Z;)

with V; = E [1(Y2z < Yy;) — FYZ‘Z(Y2j|Zi)\Y2i,Zi] (nonseparable first stage) or Vi=V;, = Yo —
E[Y2;|Z;] (separable first stage) and

ms) = B[ (L0 (2101, 7)) ) PE LRI A, (19
v | PRI (0, (0 2)) 220,02, 2) B (X 00) V2,2 2]

Note that when the modeling assumptions of the triangular model (4) hold, V' is known given (Y2, Z),
so (Z1,V) becomes a subset of (Ya, Z). Therefore, in this case, the first term in the right-hand side
of (18) can be dropped using the law of iterated expectation by the definition of k(z1,v). The second
term in the right-hand side of (18) can be also dropped if the moment condition E [p(X, ag)|Y2, Z] =
0 holds, which is stronger than the original moment condition E [p(X, ag)|Z1,V] = 0.

Finally, the third term in the influence function can be approximated using a standard approach
(e.g. Newey 1994) as

1 « [ 9p(X, ap)
\/ﬁ;HE{ 5

Combining these results we obtain the asymptotic variance of 0, in the triangular model as

)]

}/2i7Zi:| Vi.

8P(Xi7 ao)

AVar[\/ﬁ(én —0p)] = Var [HZ {p(XZ-, o) +6(Yos, Z)Vi + E [ G
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We now summarize the result.

Corollary 5.3. Suppose that all the Assumptions of Theorem 5.1 and Assumptions 5.8 - 5.13
hold. Then for the triangular model (4) we obtain the asymptotic variance of the estimator 6, as
Op(X; ~
M Y%ZZ} Vz}] '

AVarly/n(B, — 60)) = Var [H {pm, o)+ 6(Yor, Z) Vi 4 B [ X

6 Simulations

This section conducts Monte Carlo simulations to assess the finite sample performance of the pro-
posed estimator in a few different settings. First we study a partially linear model and investigate
the performance of the proposed estimator of a finite dimensional parameter associated with an
endogenous and mismeasured regressor. Next, we consider an additively-separable nonparamet-
ric regression model and investigate the performance of the estimator for an infinite dimensional

parameter.

6.1 Partially Linear Model

We consider a data generating process from the following partially linear model:

Y1 = 7T(Z1)+9Y2+5,
Yo = ¢1Z1+ ¢V + v,
e = 0V +w,

where Y7 is the dependent variable, Z; is an exogenous covariate drawn from N(0,0.5%), and V is a
control variable drawn from N(0,0.5%), and where v and w are mutually independent innovations
drawn from N(0,0.25%) and N(0,0.5%), respectively. The nonparametric function is specified as
m(-) = exp(-). Ya2 is an endogenous and unobserved covariate and researchers observe only its
mismeasured counterpart Y5* = Y2 + 0. exp(—Y2) - e where e is an measurement error and o is its
standard deviation. We consider three different structures of measurement error as follows. Design
A is a non-additive error with zero mode such that e = In(—1In(1 — U)) where U is a uniformly
distributed random variable over [0, 1] support, Design B is a heteroskedastic measurement error
with zero mean as e = N(0,1), and lastly Design C is a non-additive error with zero median such
that e = In(w+ vw? + 2) where w = —0.5+tan(7U —0.5)/ exp(—Y3). Coefficients in this model are
set to be 0 = 1.5, ¢1 = 1, ¢po = 1.5, and d = 0.5. For each design we also vary the size of standard
deviation o, by 0.5,1, and 1.5.

We compare the finite-sample performances of the proposed estimator with two other sieve IV
estimators; infeasible estimator using the true Ys as a benchmark and inconsistent estimator using
mismeasured Y5". These two sieve IV estimators control for endogeneity of Y using a set of instru-

ments which is a tensor product polynomial sieve of order 3: P; = (1, Zy;, Vi, Z%,, Z1;Vi, V2, ..., V3).

25



For instance, in order to construct the infeasible estimator, the term R = Yo— E[Y5 | W] is estimated
as the regression residual of Y5 on P. Then the estimator of  is obtained by taking the weighted
regression of Y] on Y3 treating R as the weight:

Oinfeasivie = (Enj \IuP;(an PP i P! Z \IuP;(an PP Z PY1;
=1 =1 1=1 =1 =1 =1
where
}712 = Rz X Y117
\Ilz = Rz X }/217

The inconsistent estimator is constructed in a similar fashion by replacing the true Y5 with mismea-
sured Y5

To implement the proposed estimator, approximating sieves for functions of three variables using
tensor product bases of univariate trigonometric series are employed to approximate the densities

Ivi|vez, and fy2*|y2 z,- For instance, the sieve approximations are given by

jln j2n j3n

DD Vivjeis i (1 — y2)ug, (y2)ugy (1),

Jj1=032=0 j3=0

Q

Tyivaz, (U1 | y2, 21)

Jin  Jon  J3n

SN igaieui, (v — y2)ug, (y2)ug, (1)

Jj1=032=0 j3=0

Q

fypvaz (2 | y2, 21)

where uj, (-) is a sine or cosine function, and where wuj,(-) and wuj,(-) are cosine functions. By
utilizing desirable properties of the trigonometric series, the identification restriction on fy;% 7, in
Assumption 2.7 can be easily imposed (see e.g. Hu and Schennach 2008). In addition, it can be
guaranteed that integral of each density over its support is indeed equal to one. The density fy, vz,
is specified as a normal density to ease high dimensionality of the nonparametric specification. In
the first stage, we estimate fy,|y,z, and fy,|y 7z, using the sieve maximum likelihood estimation as in
the equation (12). In the second stage, the estimate of the weight R = Y5 — E[Y> | W] is constructed
by

R(Ys,V,Z1) = Yz—/ v fyaivz, (2 | Vi Z1)dys.
Va2

Then, the estimator of 6 is obtained by taking the weighted least squares regression of Y7 on Y5
through the equation (14) ! such that

'We take = ¥ =T (identity) and A, = 0 for our experiments.
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n n
Hproposed = (Z Y2i}/gi)_1 Z YQiYIi
=1 =1
where

}711'

/ R(y2, Vi, Zvi)y1 Fvapyazs 0 | Y2, 200) Frajv i (92 | Vi, Zai)diyrdys,
Y2 JI1

Yo = /yR(yQ,W,Zu)meQWZl(Z/z|Vz‘,Zu)dy2-
2

In both stages, we adopt a Gauss-Hermite quadrature method for numerical integrals because the
supports of Y7 and Y, are potentially unbounded. As discussed before, the proposed estimator
does not require numerical optimization in the second stage since it has a closed-form solution. In
addition, it is not necessary to estimate the function m(-) associated with exogenous covariates Z;
when researchers are primarily interested in estimating the effect of endogenous regressor Y5 on Y7.

We investigate the finite-sample performances of the three estimators described above by calcu-
lating the squared bias (SB), variance (VAR), and mean squared error (MSE). We consider several
levels of standard deviation of the measurement error, o, € {0.5,1.0,1.5}. By doing so, we can in-
vestigate how the degree of severeness of the measurement error affects behaviors of the estimators.
The number of observations is 1000 and the number of repetitions for each experiment is 200.

Table 1 reports the estimation results. It mainly shows the proposed estimator outperforms
the inconsistent estimator. For example, when the measurement error is non-additive with zero
mode and o, = 0.5, SB of the proposed estimator is 0.0188 which is close to that of the infeasible
estimator, 0.0034. However, SB from the inconsistent estimator is significantly larger as it becomes
2.1440. For this MC study, because the proposed estimator is a semiparametric two-step estimator
that requires more flexible approximation in the first stage while the other two estimators are based
on least squares, the proposed estimator tends to produce larger variances.? Nevertheless, MSE of
the proposed estimator, 0.4813, is much smaller than the one from the inconsistent estimator, which
is 2.1457.

The finite sample behaviors of the three estimators are similar in other structures of the measure-
ment errors such as heteroskedastic measurement error with zero mean and non-additive error with
zero median. The results show similar patterns across larger standard deviations of the measurement

€error.

6.2 Additively-separable Nonparametric Model

We consider the following additively-separable nonparametric model for our experiments:

2For our proposed estimator we also experimented with different numbers of sieve approximation terms in the first
stage. We find the usual trade-off between bias and variance. Using more sieve terms generally reduces biases while
increasing variances.
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Yi = h(Y2)+n(Z1) +¢,

Yo = $1Z1+ ¢V +v,
e = V4w,
where h(-) = — 1_?:’(;'2.) and 7(-) = 2sin(+). All other random variables and parameters are the same

as those given in Section 6.1. The function & is the primary parameter of interest. As a sieve basis
for the function h, we use a power series of fourth order multiplied by the standard normal CDF.
We report performances of the three estimators over different structures of measurement error as
described in Section 6.1: Design A, Design B, and Design C. We also vary standard deviation of
the measurement error o, by 0.5,1, and 1.5. The finite-sample performances are also evaluated over
several numbers of observations, n € {500,1000}. The number of repetitions for each experiment is
200.

Table 2 and Table 3 report the integrated squared bias (ISB), integrated variance (IVAR), and
integrated mean squared error (IMSE) of the estimate of h(-), which are computed using numerical
integral over a grid ranging from —2 to 2.

From the estimation results we find that in all designs the proposed estimator outperforms the
inconsistent estimator. For example, when the measurement error is non-additive with zero mode
(Design A) and 0. = 0.5 and when the sample size is n = 1,000, ISB from the proposed estimator
is 0.0299 which is close to that of the infeasible estimator, 0.0102 while ISB of the inconsistent
estimator is significantly larger as 2.93. In terms of IMSE our proposed estimator clearly dominates
the inconsistent estimator. For the same setting above, IMSE of the proposed estimator is 0.1202
while that of the inconsistent estimator is 47.42. From other designs we observe that the finite
sample behaviors of the estimators are all similar and the results are stable across larger standard
deviation of the measurement error. Finally, the performance of the proposed estimator improves
as the sample size increases from 500 to 1, 000.

We also report graphs of three estimated functions (infeasible, proposed, and inconsistent) along

with the true function in Figure G1-G12 for all three designs of measurement errors.

7 Concluding Remarks

We study identification and estimation of regression functions for a class of semiparametric models
for which the endogenous regressors are measured with errors. For these models we utilize the exis-
tence of control variables - that ensure the conditional mean independence of endogenous regressors
and unobservable causes given the control variables. Our framework extends to the triangular si-
multaneous equations models for which the control variable can be recovered from the first stage
reduced form equation. Given our identification results we propose a sieve method to estimate the
parameters. Finally we derive the asymptotic properties of the proposed estimator. Monte Carlo

simulations illustrate that our proposed estimator performs well in the finite samples.
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Appendix

A Examples of Lemma 2.3

In order to understand Lemma 2.3, consider the following examples. Two of them satisfy the
conditional independence condition in Lemma 2.3 while the other two do not satisfy the condition.

Let ¢,Ys,V,U,, Uy, Ue, Uy,, Uy be random variables. Assume U, Uy,, Uy are mutually inde-
pendent. For measurable functions p,q,r, assume that ¢, Y5,V are determined by the structural

equations in each example.

Ezample 1)
€= p(Uav Ub7 Ua)
Y2 = q(Uaa Ub) UYQ)
V =r(U,, Uy, Uy).

The information in common between Y2 and V' is T = {U,,Uy}. Since both Yo L ¢ | V and
V 1 e|Y; are satisfied, e L (Y3, V) | T is satisfied as in Lemma 2.3.
Ezxample 2)

€= p(Um Ue)
Y2 = q(Uaa Ub) UYQ)
V =r(Ug, Uy, Uy).

The information in common between Y3 and V is T = {U,,Uy}. Since both Y5 L ¢ | V and
V 1 e|Y; are satisfied, e L (Y2, V) | T is satisfied as in Lemma 2.3.

Ezxample 3)
£ = p(Um Uln Ue)
Y2 = q(Ua, Up, Uy,)
V= T‘(Ua, Uv).
The information in common between Yo and V is T' = {U,}. Since Yo L e | V is violated,
e L (Yo, V)| T is not satisfied.
Ezample 4)
€= p(Uav Ub7 Ua)
Y2 = q(Ua, Uy,)
V =r(Ug, Uy, Uy).
The information in common between Yo and V is T = {U,}. Since V' L e | Y3 is violated,
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e L (Ys, V)| T is not satisfied.
These examples clearly illustrate that common information between ¢ and Y3 and between € and

V must be included in 7" in order to satisfy the conditional independence condition € L (Ya, V) | T

B Proof of Theorem 2.1

By the definition of conditional expectation, we obtain

m@ﬁmwaAmLamnW@w@

= /y(yz — EYa | W =w])(y1 — G(y2; 0, h)) fyyw (y | w)dy.

From Assumption 2.1, ag = (6p, ho) € © x H is the unique solution for the equation m(w, 6, h) = 0.
Thus the identification of fy | (y | w) and the identification of p(z,0,h) given a are sufficient for
the identification of the parameter o through the moment equation m(w, @, h) = 0. First, for the
identification of p(z,0,h) = (y2 — E[Ya | W = w])(y1 — G(y2; 0, h)) we need to recover E[Ys | W]
from the observables. We note that this conditional mean function inside the residual can be written
as

1WHW=M=AWMW@MMM
2

so that fy,(y2 | w) is sufficient for the identification of E[Y2 | W]. Second, for the identification

of fyw(y | w), we use the fact that fyw(y | w) = frvyjvaw (W1 | v2,0) frw (2 | ©) = friyaz (V1 |
Y2,21) fyojw (y2 | w) where the first equality holds by Bayes rule and the second equality holds by
Assumption 2.3. Thus the identification of m(w,#0,h) is obtained by identifying the two density
functions fy,|v,z, (Y1 | y2,21) and fy,w(y2 | w). For the identification of the density functions, we
use a similar argument to Hu and Schennach (2008). By Assumptions 2.2-2.4, we have the following

integral equation
fyraw ™ Jw) = /y2 fyvaw (v y2 | w)dys
= /3}2 fY1|Y2*,Y2,W(y1 | y%‘,yz,w)fy;y2|w(y§,y2 | w)dya
= [ v | ) o 03 | ) | )
= /y fY1|Y2Z1 (1 | y2aZ1)fY2*|Y221(Z/§ | y2721)fY2\W(Z/2 | w)dys,
2

where the last equality holds by Assumptions 2.2-2.4. Recall that R;, R2, and R3 denote random
variables with supports R1, Rg, and R, respectively, and Lg,|r,,, denote an integral operator map-
ping g € G(R2) to Lg,|ryrsg € G(R1) for a given r3 defined by [Lgy gy, 9](r1) = [, fry|RoRs (11 |
r9,73)g(r2)dra, where G(R;) is the corresponding function space with domain R; with j = 1,2.
Similarly, let A, |g,,, denote a diagonal operator mapping g € G(Ra) to A, |ryrg € G(Ra) for
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a given (r1,73) such as Ay |r,rs9 = fRry|RoRs(T1 | T2,73)9(72). We now show that the densities
(fvi1vaz1s fyg|Yazis frow) are uniquely identified from the joint density fy«w(y* | w) where we

observe Y* instead of Y, by Assumptions 2.5-2.7. Using operator notation, we get

Ly | Vels) = [ fowa | o.2)g(o)ds
= /v/y Mivaz, (W 1 Y2, 21) fyg1vaz, (U5 | Y2, 21) Fropw (Y2 | w)dy2g(v)do
2

= /y Mivazy (W [ Y2, 21) fyg vaz, (V2 |y2721)/vfy2|w(y2 | w)g(v)dvdys
2

= [Ly; Yoz Dy oz Lya v, 9)(92)-

By substituting Ly, into the equation, which is obtained from an integration of the above

equation over all y1, we have

—1 o -1
LY* |Vz1 Lyz* Vzr LYQ* [Y2z1 Ayl|Y22‘1 LYQ* |Yaz1

where the inverses of Lys v, and Ly;\v, -, are guaranteed by Assumption 2.5. Then by Assumptions
2.6-2.7 and a similar argument to the proof of Theorem 1 of Hu and Schennach (2008), the spectral
decomposition is unique.

This result is an extension of Hu and Schennach (2008) to the identification of unobservable
densities in the model with additional observable exogenous regressors, Z;, where the unobserved
regressors Yo are endogenous. Given the identification of the required conditional density functions,
we obtain the conditional moment function m(w,@,h). Then because the conditional moment
restrictions have the unique solution as (6, hg) (Assumption 2.1), the true parameter is identified.

This completes the proof.

C Proof of Theorem 2.2

Let Uj(-) be a generic function, for j =1,2.

(a) Because Assumption 2.1S implies Y2 L e | W, the conditional mean independence in As-
sumption 2.1 (i) is trivially satisfied.

(b) From Assumption 2.2S, we have ¢ L e | (Y2,W). By Lemma 4.1 of Dawid (1979a), ¢ L e |
(Ya, W) is equivalent to (Y2, Z1,¢) L (Ya,€) | (Ya, W). Then by Lemma 4.2 (i) of Dawid (1979a), it
follows that Uy (Y2, Z1,¢)) L Ua(Ya,e) | (Yo, W). Then, Assumption 2.2 immediately follows.

(c) From Assumption 2.3S, we have ¢ L n | (Y2, Z1). By Lemma 4.1 of Dawid (1979a), e L 7 |
(Ya, Z1) implies (Y2, Z1,¢) L n| (Y2, Z1). Then by Lemma 4.2 (i) of Dawid (1979a), it follows that
Ui(Ya, Z1,¢)) L Ua(n) | (Ya, Z1). Then, Assumption 2.3 immediately follows.

(d) From Assumption 2.4S, we have e L 7 | (Y2, Z1). By Lemma 4.1 of Dawid (1979a), e L 7 |
(Ys, Z1) is equivalent to (Ya,e) L n | (Ya, Z1). Then by Lemma 4.2 (i) of Dawid (1979a), it follows
that Ui(Ya,e) L Ua(n) | (Ya, Z1). Then, Assumption 2.4 immediately follows.
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D Proof of Lemma 2.4

(i) By a similar argument to Matzkin (2003), we have
Fy(v) = Fvr N zup) =PV <r Y Zy) | Z=2)=Pr(Z,V) <y | Z=2) = Fyz(y2 | 2)

from the monotonicity of 7(Z, V) in V and the independence of Z and V. Then by normalizing V'
such that it follows a uniform distribution over [0,1] as V' = Fy/(V), we obtain the result.

(ii) Denoting the support of Z by Z, we note that

Elexp(iCYs) | Z = 2] = /fnz(yz | 2) exp(iCy2)dyo

is the Fourier transform of fy,|z(y2 | 2) and that

- / Elexp(i(Y2) | Z = 2] exp(~iCy2)d¢

is the inverse Fourier transform of Elexp(i(Y2) | Z = z| for (y2,2) € Vo x Z. As a result, we get

Pzt 12) = o [ Blexplic¥a) | Z = 2] exp(-iCum)dc.

Then the inversion theorem (e.g., Gurland 1948) provides the conditional CDF of Y5 given Z = z

Fy,1z(y2 | 2) (19)
11 ® Elexp(—iCY2) | Z = z] exp(iCy2) — Elexp(i(Y2) | Z = 7] exp(—iCyg)dC
2 21 o i '

We now show the identification of E[exp(i(Y2) | Z = z]. From (19) it is clear that identification of
Elexp(i(Y2) | Z = 2] suffices to recover the CDF, Fy, (2 | 2).
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First observe that

/< B[V, exp(i€Yy)] o _ /< iB[(Ys + ea) exp(i€Ys;)]
o Elexp(i€Ys,)] o Elexp(ig(Yz +ep))]
/C iE

B /ClEYgeXpngg—i—eb
Elexp(i&(Ya + €p))]

(
(
(

Elexp(i§(Y2 + ep))]
_ /C iE (
[Yoexp(i§(Ya + ep))

(
(
.(

d§

[

[Ya exp(i€(Ya + )] + iBeq exp(i€Yy; )]
[

[

d§

=]

leq
Elexp(i€(Ya + ep))]
)] +1E[E(eq exp(ilYs;) | Yay)]

dg

=]

dg

o

dg

&

(i
B /0 [exp(i§(Ya + ep))]
_ /C 1E[Y, exp(i{Y2)| Elexp(ifep)]
o Elexp(i§Ya)] Elexp(ifey)]
_ /C iE[Y; exp(i€Ys)] q
0 ]

d§

)
(
( ]
(
Yo exp(i§(Ya + ep))] +1E[E(eq | Yyy) exp(iEY5,)]
(i
( l4
)
) §
b

¢
_ / O 1 Blexp(ieYa)))de

_ Cal €Y In1)d
_ /0 (5 M(Elexp(€Y2))) — In 1)de

= In(Elexp(i¢Y2)])

where the law of iterated expectation is used in the third equality, Ele, | Y5;] = 0 is used in the
fifth equality, e; L Y5 is used in the sixth equality, and In1 = 0 is used in the ninth equality. Thus

we get

CiE[Yy exp(i€Yy,
Elexp(i(Ya)] = exp ( /0 Egilp(i(yi;ﬁb)] §>

Further observe that from e, L Y5 | Z (which is implied by e, L (Y2, 2))

Elexp(i¢Ys) | Z]Elexp(i¢Ya)] Elexp(ices)]
 Blexp(icYs)] Efexp(ices)]
_ E[exp(ICY;)[elxﬂigli(lceb) | Z] ElexplicY)]

Elexp(iCYa) | 2] =

where the right-hand side is a function of all observables, which implies the identification of
Elexp(i¢Y2) | Z]. This completes the identification result for Fy, z(y2 | 2) through (19).
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E Proof of Lemma 2.5

For the identification of fy,z(y2,z), we use a similar argument to Theorem 2.1. By Assumptions

2.8-2.10, we have the integral equation

favyiv(zys | u) = /y fzva (2 1 92) g v (V2 | v2) frapo (y2 | w)dys. (20)

Then from the proof of Theorem 1 of Hu and Schennach (2008), we note that the densities
(f2Ya» fygYas frojv) are uniquely identified from the observable joint density fzys (2,45 | u) by
Assumptions 2.11-2.13. Then because fy,(y2) = ffy2|U(y2 | w) fu(u)du, fupy, (| ye) = fru(yz |

uw) fu(uw)/ vy (v2), froz(y2,2) = fZ‘YQ(z | y2) fy, (y2), and fy(u) is directly observable from data, we
conclude the densities (fy,z, Ty 1vas fuly,) are uniquely identified from the observables (Y3, Z,U).

F Proof of Theorem 4.1

We first prove the consistency of the sieve MLE 3, in the norm || - |ls,3 by checking conditions of
Theorem 4.1 in Newey and Powell (2003). Their Condition 1 on the identification of fy is implied
by Assumptions 2.2-2.7. Condition 2 is satisfied by Assumption 4.3(i). Let 8 = (fi1, f2, f3)’ be a

mean value between 87 and 2. The bound for the path-wise derivative is given by

‘jt In fy«w (Y | w; B+ t(B1 — B2))

t=0
1

|y (y* | w; B)]

+/y | Fu(yr | y2s 20w (5, y2, 21) f3(y2 | 0, 21)| dye
2

{ , W™ Y1, y2, 20) f2 (3 | w2, 21) fa(ya | 0, 21)| dya
2

+/y |Fi(yr [ y2,21) fa (v !y2721)w1(y27v,21)}dy2}\\ﬂ1 — Balls,8
|1| * 2
= e i) [0 Rl

where fll*“w(y* | w;B,@) is defined as %fy*‘w(y* | w; B + tw)|i=0 with &(y1,3,v0,v,21) =
(W™ (y1,92, 21), W (Y5, y2, 21),w  (y2, v, 1))’ and with fi, f2, and f3 being replaced by their abso-
lute values, respectively. Thus, Assumption 4.1 (iv) implies In fy+y (y* | w; 3) is Holder continuous
in f € B so that their Condition 3 holds with Assumption 4.1 (iii). Condition 4 is satisfied by
Assumption 4.2 (ii). Condition 5 is also satisfied by Assumption 4.3 (iii).
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To derive the consistency of &, let

=
B
£
I

/ {/ p(2,0, 1) fyijvaz, (1 | y2,z1)dy1} Frapv i (2 | v, 21)dys

Vo LI

m(w,a) = /y { . m(w, 0, h) fy vy 2, (11 !y2721)dy1] Fralvz (g2 | v, 21)dys,
2 1

where 3, = (fyl%zl, fy2*|Y2Z1, fy2|VZ1)’ is the sieve ML estimator in (12) and m(w, «) denotes the

projection of m(w, ) on the estimated densities f,. By Lemma 4 of Huang (1998), we have

n
sup n~' Y (Wi, a) — (Wi, a)|[3 < sup E
aGAn i=1 aG.An

nt Y (Wi, @) — m(Wi, o) |5
i=1

We also note that for some 5 = (fi = fyijyoz, (1 | 2,21), fo, f3 = Frapvz, (42 | v,21)) € By that
satisfies Assumptions 4.3 (iii) and 4.6 (ii), we have

E

S (Wi, @) — (W, a)ll%]
=1

1 [ A A
< nE{Z //P(%Wi,@) (fylmzl(yl | Y2, Z1i) fyav 2, (W2 | Vi, Z1i)
i=1
B B 2
—fviyaz (W1 | v2s Z1i) fyapv z, (92 | W,Zu))dyldm ]
1 [ S (AP
< -E 5 a)dyrd . — B2
< 2B\ X[ et wcmnan 15,512
= |1Bn = Bl2 5 = Op(ln/n),
by Assumptions 4.3 (iii) and 4.6 (i). Then
Sup E[||im(W, a) — m(W, a)||%] (21)
< 2 sup B(m(W,a) —m(W,a)|5] +2 sup Ellli(W,a) —m(W,a)|]
acA, acAnp
= §2

with 62, ,, = max{%, b2, 1, } by Assumptions 4.6 (ii)-(iii). Assumption 4.5 (ii) implies that there are

finite constants ¢1, co such that
B [Im(W,a)[E] < E[ISW) " 2mW,a)|}] < B [Im(W,a)|3]

uniformly over @ € A,,. Then applying the above results, for A, P(h) > 0, ¢ > 0 and n sufficiently
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large, we have

Pr(||an — 040”8@ >¢)
(

< Pr Hdn_aOHS,aZg,éénEA%O)‘FPT(OA‘ngéA%O)
1 = e 5
< Pr< inf ISV 2m(Wi, ) |3 4 A Pa(R)
aEA,I;/IO:Ha—aoHS’aZe { n Zz;
1 e A
< 2 YISOV (W )+ Aua(Tal) ) + Price, ¢ AY)
=1
< o, ot B 00) " m(W,0) [3] + M P(h)
aEAi\L/IO:Ha—a()HS’aZE
< E[|2(W) 2 m(W, TLao) ] + Op(67,) + AnP(ho) + Op(An)> + Pr(ay ¢ A))
< Pr< inf  {aBlmW, )R] + APk}
aeA,JyO:Ha—aoHS,aZa
< e B[|m(W. Iya0) [ 5] + Op(67,.1) + AnP(ho) + Op(/\n)> + Pr(an ¢ AY)
< Pr(Op(maX{(Sfmn,E[m(W,Hnao)’m(W,Hnao)],)\n})
> inf Em(W, a)'m(W, a)}) + Pr(é, ¢ AMo)
aEAﬁ/IO:Ha—aOHS,aZE
— 0,

where the third inequality holds by Assumptions 4.4, 4.5, and 4.6 and by (21) and where the last
result holds since max{47, ,,, E [[m(VV, Hnao)ﬂ ’)‘”}/infozeAﬁf‘):Ha—aous,azaE [\m(VV, a)ﬂ = o(1)
for any e > 0 and we can take &, € AMo with probability approaching one. So the consistency

result [|&, — apls,a = op(1) follows.

G Proof of Theorem 5.1

To show the first part of the theorem, define s2 = max {42, ,,, [l — |2, An|P(IL ko) — P(R)|} =

m,n’

0p(1). Note that Assumption 4.5 (ii) implies that there are finite constants ¢;, ¢z such that

A 1 e = o A
q;ZHm(Wua)H% < EZHE(WO 1/2m(Wzsa)H2ES@gZHm(Wua)H%
=1 =1 =1

36



uniformly over a € A,. Also note that supycq,, |P,.(h) — P(h)| = 0,(1) by the assumption in the
statement of the theorem. Since &, € Ay, with probability approaching one, we get, for all M > 1,

Pr(||6m — aolla = Msy)

< Pr in S(W3) V25 (Wy, @)% + AP (h
SR %”&%n{ Zu (Wi @)%+ An Bah)
1 . A )

< LS £ W) (W, o) + Anannho))
< Pr inf c1— m(W;, « + MLy (h

(A”M{ ;H I <>}

I R
< cp— n(W;, o) |3 4 An P (I,
< ey DI o)+ MPuTa))
1 n
< P inf = W(Wi, a)||% + A P(h
< r(aerm:;Ea(JHOZMsn {qn;Hm( o)+ ( )}
N
< ot Y IV )+ AuP(IT0) + 0,0
=1

< P inf E[||m(W, a)]||%
< et faBlmva)l)

< B {Im(V. 0[] + 0y(6%,0) + MnP(Iafc) = AuP(R) + (1)
< Pr<M252 < Op( max{émn,Hag—HnaOH An|P(IT, o) — |}>
— 0,

where the last inequality follows by Assumptions 4.6 and 5.5. As a result, we get ||, — aplla =
Op(max {8 n, [|ao — o |las VAR }).

To show the second part, we note that d,, ,, = max{ %, bm,ln} = \/% = const. X \/% =o(1)
by Assumptions 5.6-5.7 where k,, = dim(#,,). Then under the conditions ||hg — IL,ho||a = o(n"'/%)
and max{ém,n,\/x} = Om,n, we have [|&, — aolla = Op(dm.n). We now show dp,,, = o(n_1/4).
First, we show that ||3, — Gol| 5 = 0p(n~'/%) by checking conditions of Theorem 3.1 in Ai and Chen
(2003). Their Conditions 3.5 (iii)-3.6 (iii) are satisfied by Assumption 5.1. Their Conditions 3.7
and 3.8 are satisfied by Assumption 5.2. Assumption 5.4 (ii) implies Condition 3.9 in Ai and Chen
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(2003). Thus the n~1/4 convergence rate of 3, in | - || g follows. Second, since

dIn fy«w(y* | w; Bo)

g
1

= Frew (v [w; Bo) {/y [f1(vily2.21) = fyi|vazs (uilvz)] fygvazy (U3 | Y2, 21) Fravz, (Y2 | 0, 21)dy2
) 2

1B — Bol

+/y fY1|Y2Z1 (1 | y2,21)[f2(y3 | y2,21) — fY2*|YQZl(y; | y272’1)]fY2\Vzl(y2 | v, 21)dy2

2

+/y avazy (W [ Y2, 21) fygivazy (U3 | y2, 210) [f3(y2 | 0. 21) — frajvz, (V2 | Uvzl)]dyZ}
2

and

R dIn fy« (Y* | W3 Bo) . - 2
10— ol = JE{( ). }

we have that for a constant ¢ > 0,
[Il’fn(W a) —m(W,a)ll3]

2
= 7ZE / y,Wl,a)(fy\W(y’W) fyw(yle))dy]

1
= ZEH/ / (0, Wi, &) (Fyavaz 1 | v2, Z00) Fyapvz (2 | Vi, Z13)
n RZTVN)

—Ivivaz, (W1 | y2, Z1i) fravz, (92 | Vi,Zu))dwdyz‘ }

n

1 ) 1
< - sup 1p(y1, Y2, w, )7 fyw (y1, 2 stﬁo)dylEK .
IR w33 Py (77 Wi o)
X{/y [F1(Yi | y2, Z2i) = Fripvazy (Yai | Y2, Z1i)l Fvyivaz, (Yai | Y2, Z10) frapv iz, (Y2 | Vis Z1i)dys
2
+/y Fratves Y1 | y2, Z0)[f2 (Y55 | ya, Z1i) — vy vam (Yai | y2. Z0)l fravz, (2 | Vi Z1i)dye
2
A 2
+/y Mivaz, Vilye,20) fyy 1vazy (Vailve 200) [F3 (v | Vis Z0) — Fravz, (y2 | %Zu)]dyzb }
1< 2
S c— Z sup |P(yl,?/27w7 a)|2 fY*H/V(ylay;< ’ w; ﬂ())dylnﬁn - /BOH%
n i=1 yg,yg,w V1
= Op(n_1/2)7

by Assumptions 4.1 and 4.6 (i), and |3, — Bolls = 0p(n~/*). Thus we get 6. = o(n"/4) so that

& — aolla = Op(nil/zl)-
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H Proof of Theorem 5.2

Recall rn(w, @) = [y, [fy, o) fraivazs (1 | 922 20)dun] vz (v2 | v, 21)dys and the projection of
m(w,a) on the estimated densities as m(w,a) = [[[ m(w, @) fyyvoz, (1 | Y2, 20)dy1] vz, (2 |

v, z1)dys.

Lemma H.1. (i) Assumptions 4.1 (i)-(ii), 4.2 (i), 4.2 (iii), 4.3 (i), 4.5, 5.3 (i), 5.4 (i), 5.8 and
5.13 (i) imply that uniformly over & € Nyp,

2 a / )
Z<d do}fl/; )[bz,b;o S(Wi) (Wi, a) = op(n 4.

(i1) Assumptions 4.1 (i)-(ii), 4.5, 5.5 (i1), 5.8, 5.9 (i), 5.9 (iii), 5.11 (i) and 5.13 (ii) imply that

uniformly over & € Ny,

;§<Ww>/i(%)_l <W[bm> _ 0,0

Proof: (i) For a generic constant ¢ > 0, uniformly over & € N, we have

205 o "
Z(d e ) SO%) (Wi

. d2m(W;, &) S
< AL (S - SRS b b = (Wi, &) |13
< sup min (5(w)) n; Tode 00 bn] ; H;Hm( )|l
< o/ Elllm(W, @)}
= Op(n_1/4)7

where Apin(A) denotes the smallest eigenvalue of a matrix A and where the first inequality holds
by Cauchy-Schwarz inequality, the second inequality holds by Assumptions 4.5 and 5.13 (i), and
the last equality holds by Assumptions 5.4 (i), 5.8 and m(w, ag) = 0.
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(ii) Uniformly over & € Ny,
Z( do [bn}> X(Wi) < don [bn]>

- (e - I 0Won) ) sy (200

do do
by (0 ) sw (W[bZJ—W[”ZD

1 dm(Wi,ao) " _ dm(Wi7a0) *
ey () o) (o))
= 0p(n?) + 0,(1)
= OP(1)7

by Assumptions 4.5, 5.5 (ii) and 5.13 (ii).

Lemma H.2. Assumptions 4.1 (i)-(ii), 4.2 (i), 4.2 (iii), 4.3 (i), 4.5, 5.3 (i), 5.4 (i), 5.5 (i), 5.8,
5.9, 5.10 (i) and 5.11-5.13 imply that uniformly over & € Nyp,

1 zn: (dm(:;;i, @) [b;;]>l S(W;) (Wi, &)
_ 72 (dm Wi, o) })/ S p(X:. 00)

VB <W[b*]>/ S(W)~! <dm(W’ %) (5 — ao]>

Proof: Uniformly over & € Ny,

3 (PR ) swy e - -3 (U s tan.a)
i=1 i=1

29 (W[bm - W[bm) (W)~ (Wi, &)
=1

Ho > () Sow - som) v

=1

N EZ (dm(WW[b _b*}) S(W3) (Wi, &)

do
=1

I+ 11, +111,.
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Then by triangle inequality and Cauchy-Schwarz inequality, we have

din(Wi, &)

I, < sup)\minfl J ZHW i E(J Z

wew i—1

i )

=1

dﬁL(Wl, Oéo)
do

[b3] =

= Op(n_1/4) X (Op(”_l/4) + Op("_1/4))

= Op(n71/2)7

where the first equality holds by Assumptions 4.5 (ii), 5.11 (i) and 5.13 (ii) and E[||m(W,&)||%] =
0p(n~1/?) by Assumptions 5.4 (i), 5.8 and 7 (w, ap) = 0. Note that by Cauchy-Schwarz inequality,

we have

dm(W;, ao)
da

=1

II, <supyey [S(w)™" - E(w)1J - Z \l Z I (Wi, &)1%;
B

= 0p(n1) x 0p(n~ 1)

= 07?(”_1/2);

where the first equality holds by Assumptions 5.5 (i), 5.10 (i) and E[||[m(W,a)||2] = op(n~'/?).
Also note that by Cauchy-Schwarz inequality, we have

dm(W;, ap)
da

A

b —

weW i—1

II1, < sup /\min( (w))JnZ \l Z”m (Wi, a)l%

= oy ) x 0y (n 1Y)
- Op(n_1/2)7

where the first equality holds by Assumptions 4.5 (iii), 5.9 (iii) and E[||[m(W,a)||%] = op(n~'/?).

As a result, we obtain

_ %Z <‘Wm[b*]> S(Wi) Y (Wi, @) 4 0,(n/?) (22)

/
Recall that g(W,b*) = <W[l)*]) S(W)~! and its projection onto the integral function
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GV, 6%) = [ (W) fys1vazs (1 | 920 20)dy1] fyav 2, (y2 | v, 21)dy2 and note that
1 < o N
=1

— l 4 g(Wi’b*)(m(WivO‘U)+77~1(Wi,5é))+0p(n_1/2)

= G(W3, b)(p(Xi, a0) + m(Wi, &) + op(n~1/?) (23)

1

= ﬁ Zg(Wi, b*)(p(X“ 050) + m(I/VZ’ d)) + Op(n—l/2)7
=1

where the first, second, third equalities hold by a similar argument to the proof of Theorem 4.1,

definitions of g(W, b*) and m(W, a), and Assumption 5.11 (ii), respectively.
Since {g(W, b )m(W, a) : a € Non,m € A;’w(W)} is a Donsker class by Assumption 5.12, we

have by a first-order Taylor expansion, for & between & and «y,

%Ehmammmw®—mm%%»
i=1

= Blg(W,b")(m(W, &) - m(W,a0))] + op(n"/?)

= |ower) (6 - o)) (24)
+E [g(W, b) (W[@ ~ag] - ‘M(Z’O‘O)[& - ad)] + op(n1/2)

- E [g(I/V, b*) (‘m(Z’O‘O)[& - ad)] +op(n~1/?),

where the third equality holds by Assumption 5.13 (iii). Thus, by combining the equations (22)-(24),

we obtain the result.

Proof of Theorem 5.2: We follow similar steps in the proof of Theorem 4.1 in Ai and Chen
(2003). Recall

Qula) = {:LZm(Wi,a)’[i(Wi)]—lm(Wi,a)+)\n15n(h)}.
i=1

Let &, = o(n~/?) be a positive sequence and v = +b%. Take a continuous path {a(t) € N, : t €
[0,1]} such that a(0) = &, and a(1) = &, +e,u’. By Assumptions 5.11 (i) and 5.13 (i), Q,(a(t)) is

twice continuously differentiable. By definition of &, and a second-order Taylor expansion around
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t =0, we have

with s € [0, 1]. Since
*ZHE )T PR a)|E = *ZHE (Wi a)|[E + op(n )
by Assumption 4.5 (ii) and a similar argument to the proof of Theorem 4.1, we get for s € [0, 1]

’

2 Z": <CWW[5”U;]> SV (Wi )

0 = n da

i—1
1SS (PRWi,a(s)) . v ) e

ni 1< e enti ] ) SOV AW 0(5)

+:L ( Wua ))[571“:,}) i](Wi)—l (W[Enum)—i—%(n_l)
2, o [ d(Wi, 40) | 1) « 1 A 2

< = ———[uy,] | B(W5) " (Wi, &) + Opley,),

n i1< da ) ©

n~12) > 0 and v = £b*, we thus

where the last inequality holds by Lemma H.1. Since &, = o(

obtain

(W[bﬁ) ST (Wi dn) = op(n2).

Then by Lemma H.2 and definition of (b*, &, — a)a, we get

%Z <W[b*]> S(Wi) ' p(Xiy o) +(b*,6n — ag)a = op(n”'/?),

=1

so that
’ s 1 &AW a0) o\ et
Vb G — G0)e = —ﬁ;jlj <da0[b 1) S(Wi) L p(Xi, a0) + 0,(1).

Thus, we obtain the result by applying a standard central limit theorem for i.i.d. data
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Figure G1: Design A, n=1,000 and s.d. = 0.5
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Figure G7: Design A, n=1,000 and s.d. = 1.5
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Table 1

Estimation of 6y in the partially linear model

Estimator ME Structure Design A Design B Design C
Zero Mode Zero Mean Zero Median
Infeasible Squared Bias 0.0034 0.0034 0.0034
Variance 0.0055 0.0055 0.0055
MSE 0.0089 0.0089 0.0089
Proposed Squared Bias 0.0188 0.0262 0.0093
Variance 0.4625 0.4499 0.4899
MSE 0.4813 0.4761 0.4992
Inconsistent | Squared Bias 2.1440 2.1920 2.2200
Variance 0.0017 0.0042 0.0022
MSE 2.1457 2.1962 2.2222

s.d. of ME | 0.5
Design A Design B Design C
Infeasible Squared Bias 0.0034 0.0034 0.0034
Variance 0.0055 0.0055 0.0055
MSE 0.0089 0.0089 0.0089
Proposed Squared Bias 0.0050 0.0246 0.0076
Variance 0.4875 0.4588 0.5857
MSE 0.4925 0.4834 0.5933
Inconsistent | Squared Bias 2.2050 2.2350 2.2460
Variance 0.0005 0.0011 0.0006
MSE 2.2055 2.2361 2.2466

s.d. of ME | 1.0
Design A Design B Design C
Infeasible Squared Bias 0.0034 0.0034 0.0034
Variance 0.0055 0.0055 0.0055
MSE 0.0089 0.0089 0.0089
Proposed Squared Bias 0.0002 0.0234 0.0290
Variance 0.5155 0.4878 0.5413
MSE 0.5157 0.5112 0.5703
Inconsistent | Squared Bias 2.2220 2.2430 2.2490
Variance 0.0002 0.0005 0.0002
MSE 2.2222 2.2435 2.2492

s.d. of ME | 1.5
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Table 2

Estimation of hg in the additively-separable model (n = 500)

Estimator ME Structure Design A Design B Design C
Zero Mode Zero Mean Zero Median
Infeasible ISB 0.0034 0.0034 0.0034
IVAR 0.0881 0.0881 0.0881
IMSE 0.0915 0.0915 0.0915
Proposed ISB 0.0346 0.0434 0.0346
IVAR 0.1499 0.1822 0.1354
IMSE 0.1845 0.2256 0.1700
Inconsistent | ISB 2.07 0.8595 0.0732
IVAR 53.13 10.93 6.51
IMSE 55.20 11.79 6.58

s.d. of ME | 0.5
Design A Design B Design C
Infeasible ISB 0.0034 0.0034 0.0034
IVAR 0.0881 0.0881 0.0881
IMSE 0.0915 0.0915 0.0915
Proposed ISB 0.0326 0.0355 0.0340
IVAR 0.1690 0.1552 0.1372
IMSE 0.2016 0.1907 0.1712
Inconsistent | ISB 1.76 0.3273 0.2002
IVAR 112.30 12.50 9.59
IMSE 114.06 12.83 9.79

s.d. f ME | 1.0
Design A Design B Design C
Infeasible ISB 0.0034 0.0034 0.0034
IVAR 0.0881 0.0881 0.0881
IMSE 0.0915 0.0915 0.0915
Proposed ISB 0.0356 0.0369 0.0342
IVAR 0.2160 0.1491 0.1244
IMSE 0.2516 0.1860 0.1587
Inconsistent | ISB 4.08 0.7860 0.1974
IVAR 146.30 22.85 13.85
IMSE 150.38 23.64 14.05

s.d. of ME 1.5
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Table 3

Estimation of hg in the additively-separable model (n = 1,000)

Estimator ME Structure Design A Design B Design C
Zero Mode Zero Mean Zero Median
Infeasible ISB 0.0102 0.0102 0.0102
IVAR 0.0459 0.0459 0.0459
IMSE 0.0561 0.0561 0.0561
Proposed ISB 0.0299 0.0300 0.0300
IVAR 0.0903 0.0909 0.0859
IMSE 0.1202 0.1209 0.1159
Inconsistent | ISB 2.93 0.4569 0.0441
IVAR 44.50 6.64 2.73
IMSE 47.43 7.10 2.77

s.d. of ME | 0.5
Design A Design B Design C
Infeasible ISB 0.0102 0.0102 0.0102
IVAR 0.0459 0.0459 0.0459
IMSE 0.0561 0.0561 0.0561
Proposed ISB 0.0304 0.0288 0.0304
IVAR 0.0890 0.0914 0.0858
IMSE 0.1193 0.1202 0.1162
Inconsistent | ISB 0.7639 0.1311 0.1386
IVAR 28.97 3.60 2.82
IMSE 29.73 3.73 2.96

s.d. of ME | 1.0
Design A Design B Design C
Infeasible ISB 0.0102 0.0102 0.0102
IVAR 0.0459 0.0459 0.0459
IMSE 0.0561 0.0561 0.0561
Proposed ISB 0.0299 0.0300 0.0300
IVAR 0.0856 0.0852 0.0860
IMSE 0.1155 0.1152 0.1160
Inconsistent | ISB 0.9545 0.3625 0.2290
IVAR 26.86 5.85 6.29
IMSE 27.81 6.21 6.52

s.d. of ME 1.5
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