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ASYMMETRIC FLUCTUATIONS WITH A STOCHASTIC GROWTH

CHANG KON CHOI

Assuming a stochastic trend, the asymmetric structure of business cycles is ex-
amined whether downturns are less frequent and more severe than upturns. The
results indicate that the old observation about asymmetric fluctuations is empiri-
cally true while for some variables, asymmetric frequency is found to be weak.
We examine the possibility that an equilibrium business cycle model subject to a
Stochastic growth assumption can generate the observed third moments. The
results are not satisfactory in matching the third moments and suggest a direction
Jor future research of real business cyde theory.

JEL Classification: E32
Keywords: Third Moments, Asymmetric Fluctuations, Stochastic Growth.

I. INTRODUCTION

This paper aims to discover the asymmetric structure of cyclical fluctuations
under the assumption of stochastic growth, and explain it in the equilibrium busi-
ness cycle model. The basic view is that downturns are brief and severe while up-
turns are longer and gradual, or contractions are more violent, but tend to last for
a shorter period.” “Being more severe” means large decreases during the downturn

+ Department of Economics, Chonbuk National University, Chonju, Chonbuk, 561-756, Korea. ¢-
mail; ckchoi @moak. chonbuk.ackr. This paper has been presented at the winter meeting of the Korean
Economic Association, February 1997. 1 appreciate Prof. Kim, Yong Jin and two anonymous referees for
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' Probably, under some conditions, “more severe” may mean “brief” or “"short”, for which a formal
proof requires a substantial work, but an intuitive explanation 1s possible. Other authors looks at
different asymmetric structure:Turning point asymmetry (Keynes)=the sudden and violent substitu-
tion of a downward for an upward tendency, but no such sharp turning point when a upward is
substituted for an downward tendency (Keynes), Dynarski and Sheffrin (1986)=Gradual upward
slopes during expansions and steep downward slopes during recessions, deepness asymmetry (Sichel
(1989)) = Relatively deep troughs and low peaks, the asymmetry of duration (Keynes) and Falk
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and small increases during the upturn (for a pro-cyclical variable)” The above
statement implies that business cycles are asymmetric in two aspects of frequency
(less frequent downturns than upturns) and amplitude (more severe downturns than
upturns). The asymmetric fluctuations imply asymmetric distribution of the varia-
ble, which is measured by a nonzero third moment. While the notion of
asymmetric fluctuations is a very old one, the topic has not been fully discussed so
far, especially, in the context of equilibrium business cycle theory. Recently, econo-
mists have given more attention to the asymmetric fluctuations of economic varia-
bles over business cycles. For examples among others, see Neftci (1984), Falk (1986),
Brock and Sayer (1988), Dynarski and Sheffrin (1986), Pfann (1991) and McQueen
and Thorley (1993). One finding common to those studies is that there are sort of
asymmetric and nonlinear movements in the business cycles.

The contribution of this paper is to discover the asymmetric structure (and its
significance) and explain it in the real business cycle model. Importantly, we as-
sume no deterministic trend, but a stochastic trend. It means that we need a model
implying a stochastic growth. To begin, in an effort to provide the empirical evi-
dence of the asymmetric fluctuations, this paper looks at the major cyclical varia-
bles to assess the above observation about the asymmetry of business cycles. The
variables examined are output, consumption, investment, total hours worked, real
wage and capital stock. First, in examining whether downturns are more frequent
or not, the sample frequencies of upturns and downturns of variables are estimated.
Secondly, in measeasuring the asymmetric frequency. transition probabilities over
economic fluctuations are estimated. Thirdly, the question of whether downturns
are more severe or not is examined by estimating the sample amplitudes of all var-
iables during the expansion and contraction. The asymmetric amplitude is mea-
sured by ratio of the estimated means of the negative to the positive movements (1.
e, in terms of the first moments) and by the ratio of the estimated variances of the
negative to the positive movements (i€, in terms of the second moments). They are
supposed to be greater than 1. Finally, one statistics useful for measurement of
asymmetric business cycles is the third moment, more precisely, the coefficient of
skewness which is supposed to reflect the asymmetric frequency and amplitude Lo-
gether (In this paper, the third moment and skewness coefficient are used equiva-
lently). We estimate skewness coefficient and interpret it in terms of asymmetric
business cycles. After measuring the asymmetry using third moments, we address
the question of whether a business cycle (RBC) model can mimic the observed
third moments. For this experiment, we choose the real business cycle model with
a stochastic growth. The finite sampling distribution of the population third mo-
ments is also provided by a simulation experiment.

(1986))=shorter contraction than the expansion. This paper concentrates on the asymmetric frequen-
cy and amplitude.

* Such a movement may be called an upward rigidity in this paper. If a variable is countercycli-
cal, then, it means the inverse asymmetry of small decreases and large increases. In this paper, dis-
cussions are based on the pro-cyclical variables unless otherwise specified.
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The empirical results do show the asymmetry of more frequent upturns than
downturns. They also show that downturns are more severe, ie, there are
asymmetries of large decreases and small increases in the fluctuations of all varia-
bles. And the estimated skewness are always negative, as predicted. We find, how-
ever, that the population third moments implied by the model do not match the
actually observed third moment. And a simulation experiment shows that the dif-
ference between the population and actual moments may not be attributed to the
finite sampling error. In sum, a real business cycle model subject to a stochastic
growth is not successful in matching the third moments.

The remainder of the paper is organized as follows. Section II explains different
components in the asymmetric business cycles and methodology for the empirical
verification works. In section IIl, the sample frequencies and amplitudes of major
variables are estimated and interpreted. In section V. a business cycle model with
a stochastic growth is introduced, solved and calibrated to calculate the population
third moments. In section V, the calculated population third moments are provided
and compared with the actually observed ones. We also report the result of simula-
tion experiment, establishing the finite sampling distribution property of third mo-
ments. In section VI, concluding remarks close the study.

II. THE STRUCTURE OF ASYMMETRICAL FLUCTUATIONS: METHODS

As explained above, the hypothesized observation about asymmetric cycles im-
plies two different things. These asymmetries can be written in terms of probability
structure as follows. First, the observation that downturns are less frequent than up-
turns means

P[AH - At—1)<0]< P[AH — At~ 1) 20], or (1)
m(+/=)=P[AN - At—- D =20)/P[ADH~ At—1D<0]=1. (D

where Pis a probability measure, ¢ denotes time. Z({) is logged value of a pro-cy-
clical variable. Thus, an upturn (downturn) is the period when Z(f)— Z(t— )=
(<)0. (Note that it is the first difference in logarithm).

Empirically, 7(+/-) is the relative frequency of good and bad times. As a more
statistically rigorous method for the estimation of the sample frequency, the method
developed by Neftci (1984) can be also used to examine the asymmetry of relative
frequency. This method is basically a refinement of the above simple method esti-
mating the relative frequency. He writes the asymmetry of relative frequency using
the theory of finite Markov process. To begin, define another variable as
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Kty =1or —1if AH—At—1)=20 or <0. (2)

Then, assume that the sequence {X(#)} is a stationary stochastic process representa-
ble as a second-order Markov process. And define the transition probabilities as
follows:

Fn:HKt):l ! Rt"l)ZKf—Z):l] and
F'v=HKH=—-1| Kt—=D=Kt—-2)=—1] 3

The asymmetric business cycle means that [, is not equal to I%. Specifically, the
above hypothesized asymmetry of more frequent upswings can be written as [y <
I {for a procyclical variable). Note that the interpretation by Neftci (1984) about
the asymmetric business cycles is a little different from that chosen by this paper.
Neftci (1984) does not distinguish two different asymmetries of frequency and am-
plitude. He uses a different word like “persistent . So, the asymmetric business cy-
cles means that a procyclical variable tends to show persistent positive runs. As
proven in table 1, however, once we distinguish two different asymmetries, the
Neftci (1984)s method is to measure the asymmetric frequency (thus, maybe the
asymmetric duration, but not the asymmetric amplitude). /v and ['; are estimated
maximizing the log-likelihood function corresponding to a given realization of {/
Gl

I(Sy, Iy, m)= logz,+ Tulogfu + SnlOg( 1=1")+ T()OIOgFoo"" Suulog( 1= 1)
+ Tmlogﬂﬁ- Sv()log( 1- [ju‘) -+ ’]ﬁmlogruz + Smlog( 1— F(ll) (4)

where St is the realization of {A#)}, I'n=P[At)=11 Kt—1)=1, Kt—2)=
=11, Fa=P[At)=—1| Ki—1)=—1, Kit—=2)=1], nyis the probability of the
initial state, and T, -, Syare the numbers of occurrences associated with the cor-
responding transition probabilities respectively. So, | —w=P[A)=11 Kt—1)=1
(t=2)=—1] and 1= =P[A)=—~11 Kt~ 1)=Kt-2)=1]. Ignoring the in-
formation in the initial condition 7,* the maximum likelihood estimates of transi-
tion probabilities are as follow

Tw= Too/[Sun+ Tuo:] and [, = T‘l//[ Su+T, ] (5)

The (approximate) variance and covariance matrix of the above estimates are the

* Falk (1986) shows that the estimates are the same withoul regard to the consideration of 7. One
justification for this ignorance of the initial state can be the large number of sample observations.
See Neftci (1984) and its reference for this argument and the derivation of the first and second
order conditions of maximizing the likelihood functions.
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values of the second partial derivative of the likelihood function with respect to /'
and I, evaluated at the estimated values of I's(z/=Ql).® The second asymmetry
about the relative strength of “more severe downturns” may be quantified by the
relative sizes of variations of each variable during upswings and downswings. The
large decreases during downturns and small increases during upturns mean that

D ZAt+i+ 1) = At+D]I< D [ At+ j+ )= At+5)] for i,j=1, 2, 3. (7

where D[ ]is difference between Z({+i+1) and Z(t+7) when Z(t+i+1)<Z(t+7)
and D[ ]is that when Z(t+ /4 1)< Z(t+ ). Note that D'[ jand D ] are random
variables with different density functions. The expectation corresponding to (7)
means

p(=/H)=ED[]| At+j+ D<A+ )/ E DT ] Z_t+i+1)22(t+z')}2l.(8)

The asymmetric amplitudes over the cycles can be also examined in terms of sec-
ond moments. (7) may be written as (see Dynarski and Sheffrin (1986))

ol=/+)=c{D[ Wol{D[ 9

where o{X} denotes the variance of X In the next section, two different
asymmetries are examined by estimating (1), (8) and (9). Finally, the asymmetric
business cycles may be summarized by the third moments, called the coefficient of
skewness. Applied on a time-series of asymmetric movements explained above, the
coefficients of skewness are supposed to be non—zero, specially to be negative.”

H D AH]}<0. (10)

where ¢ denotes skewness coefficient and If ZAt)]= ZAt)— ZAt—1).

So far, several statistics have been defined in this section. One may be interested
in question whether third moments, (10) can summarize all information in other
statistics. While the definition of each statistics is clear and simple, it is not so to

* Thus, another way of testing the hypothesis is to look at the likelihood ratio test to test the
restriction that I'o=I".. Under the null hypothesis that, £o=1I":, 2| L | — | L. | ) may have a X*
(1) distribution, where L denotesthe log-likelihood function, r and « denote the restricted and unre-
stricted cases respectively.

* DeLong and Summers(1986), for example, measures skewness to estimate the asymmetric business
cycles. They presume that skewness coefficient measures the asymmetric structure of business cycles,
which is “brief and severe” downturn.
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relate them each other. So, this question is addressed empirically in next section.
III. EMPIRICAL EVIDENCES OF ASYMMETRICAL FLUCTUATIONS

This section reports the empirical results following the definitions in section 2”
With the data, we estimate the statistics on both the original series(=the first dif-
ference in logarithm) and its transformed series. The latter series means the trans-
formed series of the first differenced data so that they are serially independent.
The serially independent series is necessary to apply test statistics (See Dynarski
and Sheffrin(1986) for this procedure). For transformation, we specify and estimate
AR(T) for each series where I is chosen so that the residual is White noise. AR
(2), AR(1), AR(2), AR(2), AR(1) and AR(3) are specified and estimated for output
(=y), consumption(=c), investment(=i), hours(=n), real wages(=w) and capital
stock(=k) respectively. Durbin-Watson for the regression of generating the serially
independent series were 198 206 200, 202 200 and 203 for y, ¢, i, n, w and k
respectively.

31. Empirical Results: Asymmetric Frequency

The estimation results about the asymmetric frequency are in Table 1. Overall, the
results in Table 1 show the asymmetry of more frequent upturns and less frequent
downturns for all variables. For all variables.

7(+/=)=1and 7' (+/—)=1"and (except real wages) I > 'y,

In the above discussion, two methods for the estimation of the asymmetric fre-
quency have been introduced. Note that two methods are basically the same. They
make the same results empirically, as seen in Table 1. One can see that (except
real wage) 7(+/=)=21if ' = '

3.2, Empirical Results: Asymmetric Amplitude
The ratios of the negative to the positive movement measured in terms of the

first and second moments are in Tables 2 The results are consistent with the ine-
qualities of (8) and (9). They show that all variables experience the asymmetric am-

 The data examined are US.A. data which are quarterly and seasonally adjusted for the sample
period of 1953-1984, which are collected from Citibase data set. Thee observational period is chosen
for a convenience of data collection. For output, gross national product (GNP82; code number in
Citibase tape) is used and personal consumption expenditure (GC82) are consumption data. Hours
are total employee hours worked in non-agricultural establishment (LPMHU). The total private in-
vestment (GPI82) is used for the investment, from which the capital stock is measured. Hourly
compensation for all employees on nonagricultural payrolls (LPCNAG) is chosen for the wage.

" Hereafter, supscript T denotes the transformed series.



CHANG KON CHOI: ASYMMETRIC FLUCTUATIONS WITH A STOCHASTIC ¥l

plitude of large decreases and small increases, or upward rigidity: /{—/+) and
F(—/+)=1. Thus, the asymmetry hypothesis about amplitude is consistent with

data. Among the variables, the asymmetry is stronger in investment, consumption,
total hours worked and employment than other variables like real wages and out-

put. The test statistics of the ratios of second moments is F, (—/-) which is the

ratio of negative movement to positive movement of transformed series.” With F_

(—/+), we reject the null at 5 percent level for all variables (except for real wages)
and reject it at 1 percent level for consumption, investment, hours and capital.

3.3. Empirical Results: Third Moments

Table 3 reports the skewness measurement. They show the negative value for all
variables, meaning the left skewness of the variable: $and ¢'<0. Empirically, the
interpretation of skewness in terms of two asymmetries seems clear because of con-
sistent relationship among skewness, asymmetric amplitude and asymmetric fre-
quency. One can see that

Pp<Qwith A—/+)=>1, 0(—/+)2land 1(+. =)= (1)

To examine the significance of estimated third moments, we apply three test pro-
cedures. First one is to compare the estimated third moments to the null distribu-
tion of third moments. The latter is constructed using the samples from the normal
population. This procedure has been well developed in statistics literature. (See
Sach (1982), D’Agostino and Tietjen (1973), Dynarski and Sheffrin (1986).) According
to the null distribution, the 10 percentage point is 027 and S percentage point is 0.
35. The estimated third moments (from transformed series) of all variables are
greater than 027 (except for real wages). They are greater than 035 for consump-
tion, investment, hours and capital stock. Certainly, we reject the null of symmetric
distribution based on this procedure. Now consider t and t. They are the same as
the usual t statistics, applied on the third moments.” The difference between t and
t is that the former assumes the normal population and the latter does not assume
it. Based on them, we can reject the null of symmetric distribution at 10 percent
level (with the critical value of 128 from standard normal distribution) except for
real wages. The null is also rejected at 5 percent (1.65) for consumption, investment,
hours and capital stock.

* There is no good test statistics for the ratio of the first moments because of the well known
problem in testing the equality of means with unknown and unequal variances (This is known as
the Behrens isher problem).

* Based on this observation, we can focus on the third moment characteristics of economic fluctu-
ations in the simulation experiment of RBC model in sections 4 and 3.

" See Kendall and Stuart (1963) and D'Agostiano and Tietjen (1973).
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V. THE REAL BUSINESS CYCLES WITH A STOCHASTIC GROWTH

Here, we address the question of whether real business cycle model can mimic
the above summarized asymmetry. Since we are looking at the asymmetry of the
first difference in logarithm, we choose the real business cycle model with a sto-
chastic growth. According to King et al. (1988), the neoclassical business cycle
model with a stochastic growth implies that the first difference is relevant in exam-
ining the business cycles. In this section, the model is introduced with the equilib-
rium features.

4.1. Economic Environment

It is assumed that the household has a following utility function defined over
two goods of consumption and leisure.

U(C, L)=logC(tH+ av(L(t)) (12)

where (#) is consumption and {f) is leisure. The utility function is increasing and
concave with respect to (Xf) and L(#))" The production technology is Cobb-

Douglass
Y=KN, X, K)=K({)

(1-a)

{MBHX(H" (13)

where M(#) is the labor input at time ¢ K{?) is the capital stock available at time ¢
which is predetermined at ¢—/. And 0<o<|. Note that there is no temporary
change in productivity. X(/) makes the permanent changes in the production tech-
nology. X(#) is not deterministic, but stochastic, the growth of which is governed
by

log(r )=1logX{H)— logX(t—1)— & ¢) (14

where e(t) is iid. and 7. is the gross growth rate of X(#). Both inputs of labor and
physical goods have following constraints and transition path. They are written as
following, In (17), A#) is gross investment accumulating the capital stock and is the
constant rate of capital depreciation.

" See the empirical section for the more concrete specification of «((#)). We specify the elastici-
ty of leisure with respect to real wage in section 5. Here, the general representation in (12) is

enough.
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LH+MyH<l1, (D=0, MH)=0 (15)
C(H+I(H<Y (), C(H=0, I(1)>0 (16)
K(t+D=(1-0 DK+ I(1), K(H)=0 17

Equilibrium Paths

The equilibrium of this model economy can be characterized by a dynamic pro-
graming problem, the solution of which is the equilibrium paths of endogenous var-
iables. KPR (1988) shows that the approximate solutions are following.

AD=nk(t), 2=y, ¢, i, N and w. (18)

(D =muk(t—1)—«f) (19

where lower case denotes the percentage deviations from the stationary values (ex-
cept N): eg, (0 =lod(Y(d/X(9)/y] where y is stationary value. The coefficients 7.
and i are the functions of preference, technology and budget constraint parameters.
Returning to the original variables with a stochastic growth, they look like follow-

ing.
logZAt)=logX()+ lo Z)+ A1), for Z=Y, C, [ W and K (20)

where /of7) is stationary value. With (14) and (20), it is easy to show that remov-
ing a deterministic trend does not make a variable stationary.

4.2. Measurement of Third Moments of the Equilibrium Paths

With the stochastic growth specification, one way of rendering the variables sta-
tionary is taking the first difference in logarithm.

DiogZt)=logr )+(1—n.0d D+ 7.{7— DAt —1), (2
Z=Y,C, Iand W.
DiogK(H) = lod7,)+(mu— DE(t—1). )

DM)=—rn med )+ 7 nk o= D1~ 1) (23)
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To calculate third moments, we write each of them as a Moving Average (MA)
model. (In the below, B is a backshift operator and constant term is ignored).

DiogZH=(1-rn.)dH—x dx, —Dil/(1-7.B}dt~1) (1)
DliogKt)=(1—z HJ1/(1-H1/(1=7 B A1) (22
DMH=—rved)+r (1=-x. 1/ (1-x. Bdt—1). (23)

The third moments of these variables can be calculated easily as,

O =[(1=7n.)~{n Nz, = 1)/(1=nr. N H )] (24)
@Tm:["(ﬂu—l)j/(l‘”ﬂ'wi),}]f‘ldf) s]. (25)
O'm=[rn.Ar ,—D/(1—n, )=} 1HAD '] (26)

The skewness coefficient is calculated by normalizing (24), (25) and (26) using the
standard deviation of each variable. Thus, the skewness coefficient of each variable
is defined as

¢=0'/(c’) =Dy, D¢, Di, CN, DW and Dk. (27)

V. CALIBRATION, THE POPULATION MOMENT AND ITS FINITE
SAMPLE DISTRIBUTION

In this section, we calibrate the model, and measure the population third mo-
ments which are compared to the sample third moments. And a simulation experi-
men: examines the finite sample characteristics of the population moments.

51 Model Calibration

Before calculating the population third moments, we calibrate the model. For the
preferences, the elasticity of marginal utility of leisure with respect to leisure, the
steady state fraction of hours worked (N) and discount rate are specified. For the
technology and budget structures, the capital depreciation rate, the growth rate of
labor-augmenting technical progress and the labor’s share in the output are speci-
fied!” After we get through the base line specification of model (is called Long-

" See King et al (1988) for parameter values used to calibrate the model.



CHANG KON CHOI: ASYMMETRIC FLUCTUATIONS WITH A STOCHASTIC 35

Plosser with a realistic depreciation in KPR (1988)), to compare the implications of
different model specifications, the model is calibrated in other different specifica-
tions depending on different labor supply elasticities. That is, we look at the differ-
ence in the simulation result of small and large values of labor supply elasticity,
which are 04 and infinity. They are denoted ¢'; and &' respectively in Table 4.

5.2. The Population Moment and Its Finite Sample Distribution

The calculated population skewness are reported in Table 4 For a comparison, it
also includes the skewness coefficient estimated from the actual data and the
model simulated data (see below). Note that to make the empirical work consistent
with the model, the skewness are estimated from per capita series. (For this pur-
pose, each aggregate series has been divided by the population 16 years and older
(p16)). However, empirical results are identical in both cases of aggregate and per
capita series, which is explained from the definition of first difference in logarithm
of per capita series (See Tables 3 and 4).

In matching the observed third moments, apparently, it seems that they are not
so successful in explaining the actual observation. The actual asymmetry is stronger
in consumption, investment and hours than output, capital stock and real wages. All
variables, however, have almost the same population skewness, while consumption
and capital stock have a little weaker asymmetry than other variables. Comparing
the result in Choi (1993), however, it seems that the model with a stochastic growth
is better than the one with a deterministic trend. Relative to the case of determinis-
tic trend, here, the population third moments are closer to those of the actually ob-
served third moments, and specially, the smaller asymmetry of input is required to
generate the observed asymmetry of the output.

Next we establish finite sampling distribution of the population moments through
a simple experiment.” For this simulation, the specification of Long-Plosser with a
realistic capital depreciation has been used. The experiment results are in table 4
The moments are computed with 100 simulations, each of which is consisted of 128
periods. The standard errors of skewness for all variables are small. Certainly, for
example, the 95 percent confidence intervals constructed for those sampling distri-
butions of third moments would not be large enough. So, it seems not correct to
argue that the difference between the population and the actually observed skew-
ness may be ascribed to the finite sampling distribution.

Finally. we look at the population third moments for alternative specifications of

" In generating the finite samples for this purpose, one problem is the lack of the control on the
third moments of the driving force. Generally, there is no random number generating function
which can control the third moment of generated series. The choice of first and second moments
determines the third moments. Due to this problem, the sample means of the third moments esti-
mated from the generated sample can not be made equal to the population third moments. What we
can do is, therefore, to generate the finite sample and presume that the sample means of the third
moments has shifted from the population moment by a constant.



86 THE KOREAN ECONOMIC REVIEW Volume 13, Number 2, Winter 1997.

labor supply elasticity. The results are reported in table 4 They show that the
three different specifications make no significant difference in the asymmetries of
variables, for a given asymmetry of the input.* So, alternative specification does not
improve the model in matching the third moments.

VI. CONCLUSION

This paper examined the asymmetry of business cycles without assuming any de-
terministic trend. It attempts to verify the “stylized fact” about the asymmetry of
business cycles by identifying two different components which are asymmetric fre-
quency and amplitude. The results are consistent with the “fact” for the asymmetric
fluctuations. And based on the estimated third moments, one interesting question
addressed is whether any full aggregate business cycle model can generate the ob-
served asymmetry of business cycles, or whether any special condition is required
for any model to generate the asymmetry. It is found that the RBC model with a
stochastic growth is not so successful in generating the observed asymmetry in the
context of third moment. An implication delivered by this paper is that one should
also look at third moment as well as second moments.”’

Another future work worthwhile may be to assess the loss caused by the igno-
rance of the asymmetry in the practical matters like the forecasting, policy making
and model building etc. It may be important because most above cited studies find
the evidence of asymmetry, but some of them conclude that the asymmetry is not
significant enough to be considered in the practical matters. In that case, the inter-
esting question is how the insignificant asymmetric structure of the business cycles
can have a significant loss and inefficiency when it is ignored.

" This is also true for the second moment. That is, the four specifications have the same fluctua-
tion in the growth rate of variables. This may be a restriction on this business cycle model.

 The discussion in this paper is based on the presumption that the main determinant of
asymmetric cycles is the asymmetric input to the system. Another possibility is the case that the
system is nonlinear so that the symmetric input is transformed into asymmetric output variables.
This possibility is very interesting, but can not be answered easily since it needs a non-linear busi-
ness cycle model which is not available currently. Choi (1995) suggests the convex structure of the
economy as a possibility for nonlinear system.
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APPENDIX A.

This appendix explains the derivation of the third moments in (21), (22) and (23).
For a convenience, the expressions (21), (22)" and (23)" are written here.

DlogZ(t)z(l—-;r zk)e(f)_ﬂ'zk(ﬂ'm_ D1/ (1—7..B)}ei— 1) (21
DiogK()=(1—r . ){1/(1 -7 .. B}l t— 1) (2
DMH= —rmd)+n Nk(l_ﬂu){l/(l“ﬂ'«kB)}e(f”— 1 (23)

They can be rewritten as following,

DiogZAt)=(1—n.) e(d—n {mu—D{1/(1=7B} elt— D=(1—1 ) e (71— 1)
{(1+7uB+as’B+- Y e(t—1) (1)

DZOgK(t):(l_”H){l/(l——ﬂ'HE} e(t"l)z(l*ﬂu)
{147 B+’ B+ e(t—1)} ()

DMt)z“7T,w.-e(t)+7[,\,’k(l—ﬂ'u){l//(l_ﬂMB)} e(t—1)=
-—7[.’H-e(t)+7[.\'k(l‘ﬁﬁk){l+7r,kkB+7rH-ZB+“'} e(t‘ 1) (3

Then the third moment of each series is defined as follows

E[Dlogﬂt) 3:|=[(1_7f zk) 3__7[(*3(” 1) 3{1+7TA~k-$+7fkkb+"'}]E[€(t)3]
=[(1—=7.0 =7 (7 o= DHV/A—7 NE[ e (D ]

H DiogK(H *1=[(1—7) {1 +7 '+ 1.+ }]E[ e() ]
=(1—7 ) 3{1/(1_7““)}E[ e(d’]

E]:DMt) 3]=_7TNI:3+7[IH'3(1"'7[H)3{rl*]rkkﬁ+”kkj+"'}E[ e(t) 5]
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APPENDIX B.

Table L. The Asymmetry of Upturns and Downturns: Frequency

Varlable 7T( +/=) T+ ) I I

y 1.23 .02 0.70(0.08) 0.61(0.06)
¢ 1.05 110 0.69(0.08) 0.62(0.07)
i 1.08 .12 0.63(0.08) 0.63(0.07)
n 1.35 1.16 0.81(0.07) 0.72(0.05)
w 1.08 1.07 {.50(0.08) 0.59(0.08)
k 1.22 177 0.84(0.05) 0.82(0.04)

Note. 71(+/—)=the ratio of sample relative frequency of positive to negative movements, /. and /",
are transition probabilities, T means transformed series

Table 2. The Asymmetry of Upturns and Downturns: First and Second Moments

Variable =+ d =) =) Fip-value)
y 1.23 1.02 187 1.63(0.02)
c 1.0S 1.10 2.13 1.89(0.00)
i 1.08 .11 1.87 2.15(0.00)
n 1.35 .15 2.54 1.63(0.00)
w 1.08 1.06 1.23 1.40(0.08)
k 1.22 1.25 1.86 2.81(0.00)

#(—/+) and 6 (—/+)=the ratio of sample relative means and variances of negative to positive
movements respectively, T means transformed series

Table 3. The Asymmetry of Upturns and Downturns. Third Moment

. #t, 1)
y - 049 ~030 (135 137
c — Q7 - 064 (292, 169)
1 — 068 ~079 (362 141)
n - 069 (39 (177, 202)
w ~ (18 -026 (119, 10D
k - 048 - 111 (506, 168)

Note: ¢i=the third moments actually observed from data. T denotes transformed (serially indepen-
dent) series. £, and £, are #-statistics.
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Table 4 The Population Moments and lts Finite Sampling Distribution

_ : ¢’ @ ¢« . R Y
y - 049 -~ 0.49 ~ 0.90(0.03) — 0.49 ~ 0.49
c —0.76 - 0.45 - (.85(0.03) ~ (.45 — 0.45
i — 0.68 - 0.49 ~ 0.90(0.03) - 0.49 - 0.49
n - 0.69 - 0.47 ~ 0.87(0.02) - 0.48 - 0.47
w - 0.18 - 0.47 - 0.87(0.02) — 0.48 ‘ - 0.45
k — 048 —0.10 — 0.12(0.03) - 0.10 - 0.10
e \ — 049 = 0.90(0.03) —049 - 0.49

$°=the third moments actually observed, ¢ ’s=the population third moments of the base model,
¢ “s=third moments estimated in the finite sample simulated of the base model. Standard errors
are in (). ¢’ =the population third moments when the model is calibrated with low value of
labor supply elasticity. ¢ +=the population third moments when the model is with high value of
labor supply elasticity.
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