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Abstract

This study identifies a set of interim self-stable decision rules. In our model,
individual voters encounter two separate decisions sequentially: (1) a decision on
the change of a voting rule they are going to use later and (2) a decision on the
final voting outcome under the voting rule which has been decided from the prior
procedure. A given decision rule is self-stable if any other possible rule does not get
enough votes to replace the given rule under the given rule itself. We fully charac-
terize the set of interim self-stable decision rules among qualified majority rules. We
also characterize the set of interim self-stable constitution among weighted majority

rules.
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1 Introduction

Since different voting rules may result in different voting outcomes, the welfare of an
individual voter may depend on a voting rule they are using as well as her preference
over possible voting outcomes. A voter with a particular preference over possible voting
outcomes may also form preferences over different voting rules. So, when the change on
voting rule is possible in a certain way, one individual may want to change the voting rule
according to her interest, but another may not. A rule change in a society is, therefore,
closely tied up with the individuals’ preferences over voting outcomes and voting rules in
the society.

This study identifies a set of interim self-stable decision rules. In our model, individual
voters encounter two separate decisions sequentially: (1) a decision on the change of a
voting rule they are going to use later and (2) a ordinary decision on the final economic
outcome under the voting rule which has been decided from the prior procedure. A given
decision rule is self-stable if any other possible rule does not get enough votes to replace
the given rule under the given rule itself. Unlike the previous studies on self-stability
(Barbera and Jackson, 2004; Azrieli and Kim, 2016), which assume that the decision on
the change of a voting rule takes place before the individuals’ preferences over possible
outcomes have been realized, we assume that individuals’ preferences have been realized

' So, we can demonstrate the direct effect of realized

even before making any decision.
preferences of individuals on the self-stability of decision rules.

On many occasions, voters are aware of their own preferences over economic outcomes
even before they decide on a voting rule to use. For example, a legislature, who are aware
of the characteristics of an upcoming bill on which they are going to vote, may have
a chance to change their decision rule beforehand. In this situation, the voting body
may make a decision on the rule change strategically based on their preferences. This

strategical component at the “interim” stage makes the analysis more complicated but

provide interesting implications.

In this sense, our study is an obvious generalization of Holmstrém and Myerson (1983), which
assumes individuals with realized preferences over possible voting outcomes make decisions on changing
the decision rule not under the given decision rule, but only under unanimity.



This study helps us to explore the implications by comparing the set of interim self-
stable decision rules with the set of ex-ante self stable decision rules, which has been
identified by previous studies. A voting rule may be interim self-stable, but not ex-ante,
or possibly vice versa. So, the stability of a particular voting rule may depend on the
timing of the rule change; before(ex-ante) or after(ex-post) the preference realization.
The comparison, therefore, allows us to examine the impact of the timing of the rule
change on the stability of decision rules, and also the feasible set of economic outcomes.

In analysis, by following Barbera and Jackson (2004), we first start with the simplest
possible case where the society uses the same voting rule for the rule change at the first
stage and the ordinary decision at the second stage. We show that, in the set of the
set of qualified majority rules, where all voters have the same voting power, the simple
and super majority rule is interim self-stable. Note that this result does not depend on
the environmental features of the society, such as the number of voters and the prior
distribution of the voters’ preferences.

We then move on to more general form of constitutions, which consists of a pair of
voting rules, one of which is for the rule change and the other is for the ordinary decision.
We show that a constitution is interim self-stable if and only if 1) the voting rule for the
ordinary decision is not stronger than the voting rule for the change of the rule, and 2) the
combining toughness of those two rules should be higher then a certain level.” Intuitively,
the first condition prevents the liberal voters from forming a coalition to change the given
rule to a weaker voting rule: If there are enough number of liberal voters so that they
can change the given rule to a weaker one, they don’t have to change it since the given
rule is weak enough for them to achieve the liberal outcome. On the other hand, the
second condition prevents the conservative voters from forming a coalition to change the
given rule to a stronger voting rule: If there are enough number of conservative voters so
that they can change the given rule to a stronger rule, they don’t have to change the rule
since the given rule is strong enough to prevent the others from implementing the liberal

outcome.

2Similar to the previous result, this one also does not depend on the societal environment.



We generalize our analysis further by considering a set of weighted majority rules
where individual voters may have different voting powers. Notwithstanding the asym-
metry of voters under a general weighted majority rule makes the analysis considerably
complicated, we can still obtain meaningful conditions that characterize the set of self-

stable weighted majority rules.

1.1 Related Literature

The two papers, Barbera and Jackson (2004) and Holmstrom and Myerson (1983) mo-
tivate this project. Barbera and Jackson (2004) introduce the ex-ante self-stability of
voting rules and focus on the qualified majority rules. Unlike them, we define the in-
terim self-stability of voting rules and study not only the qualified majority rules but
also general voting rules. The interim self-stability is similar to the durability of decision
rules defined by Holmstrém and Myerson (1983) in that an agent utilizes the preferences
information in the interim stage. While they use the unanimous rule to choose between
rules, we start with the given rule itself and try to extend the argument with the various
rules. It can show the effects of those variations on the set of stable rules.

In our model, agents’ preferences over voting rules are endogenously determined from
their assessments regarding their preferences over alternatives. Such a model was first
suggested in early papers by Rae (1969), Badger (1972), and Curtis (1972). While these
papers only consider anonymous voting rules with the same weight to all agents, we study
weighted majority rules which allow the heterogenous weights for agents.

The seminal book of Neumann and Morgenstern (1953, Section 5) theoretically in-
vestigates weighted majority rules. The main interest of the book is the measures of
the voting power of agents under the rule. A common scenario leading to heterogeneous
voting weights is that of a representative democracy with heterogenous district sizes. An
early paper on this topic is Penrose (1946). Recently, Barbera and Jackson (2006) and
Fleurbaey (2008) point out the advantage of weighted majority rules from a utilitarian
point of view. Also, Azrieli and Kim (2014) show that, in a standard mechanism design

setup, weighted majority rules naturally arise from considerations of efficiency and incen-



tive compatibility. We investigate another property, the stability of weighted majority
rules.

The idea that the same voting rule used to choose between alternatives is also used
to choose between voting rules can be found in the social choice literature. Koray (2000)
introduces the concept of self-selection for social choice functions. See also Barbera and

Bevia (2002) and Koray and Slinko (2008).

2 Definitions

2.1 Environment

A society faces a binary decision whether to implement the Reform (R) or to keep the
Status-quo (.5), so the set of alternatives is A = {R, S}. In the society, there are n > 2
agents (voters), N = {1,2,...,n}. Each agent can either prefer R or S, which indicates
the type of the agent, t; € T; = {r, s}. The probability of agent i being a type t; is p; (¢;)
and p; (t; =7r) + p; (t; =s) = 1. We assume that there is no agent who is indifferent
between R and S, p;(r) # pi(s), and that p; (t;) > 0 for any ¢t; € T;. Let T =T} x--- x T,
be the set of type profiles. We assume that types are independent across agents, so we
write P (t) = Zg[ $2 (t;) for the probability of a type profile ¢ € T. For the technical
p(

convenience, we abuse the notation, P (t_;) = -, (?) for the probability of a type profile

of other agents excluding agent .
An agent’s utility depends on the chosen alternative and on his own type, u; : AXT; —
R. We normalize the utility such that v (R,r) = a, u (R,s) = —1,and u (S,r) = u (S, s) =

0. Thus a society can be characterized by the pair (p,, a), where p, = (p1 (r), ..., pn (1)).

2.2 Voting Rules and Constitutions

A strategy for an agent i is a function v; : T; — V; = {0, 1} that associates her own type t;
to a voting decision. A voting rule is any mapping f : V' — [0, 1], with the interpretation
that, f (v) is the probability that the change or the reform R is chosen when the voting

profile of agents is v = (v;)ien € V = [[;cy Vi- We mainly focus on weighted majority



rules which can be formally defined as follows.

Definition 1 (Weighted Majority Rule).
The voting rule f is a Weighted Majority Rule if there are non-negative weights w/ =

<w{, ...,w{i) and a quota 0 < ¢/ < Y ieN wzf such that

I Z{mi:l} wzf > qf

0 Zf Z{i:vizl} w'Lf S qf

flv) =

We denote a weighted majority rule f by f = (wf,qf). We also denote the set of
weighted majority rules by G and the set of weighted majority rules with a certain weights
w by G(W).

We define a constitution as a pair of weighted majority rules.

Definition 2 (Constitution).
A Constitution is a pair of decision rules (f, F') where F' is for the rule change and f is

for the final outcome S or R.

To economize on notation, for F = (w! ¢"), we drop the superscripts, so write

F=(w,q).

2.3 Definition of Interim Self-stability

We now define the concept of interim self-stability of a constitution ( f, F') with a two-stage
voting game, I'. Timing of the game I' is as follows. In the first stage, individual voters
observe their own type ¢;. Then under a rule F' = (w, ¢), which is for the decision on the
rule change, agents play a simultaneous voting game whether to keep the incumbent rule
f or to choose the alternative rule g: The rules f and g are for the decision on the final
outcome S or R. The alternative rule g would be implemented if Y w; > ¢, where the
sum is taken over all voters who vote for g, and f would be maintained otherwise. In
the second stage, agents make a decision on A = {R, S} by the rule chosen in the first
stage, either f or g. To restrict our focus on the decision on rule changes, we assume that

voters act sincerely in the second stage: r-type votes for R and s-type for S.
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Roughly, we would like to say a constitution (f, F) is interim self-stable, if, for any
alternative voting rule g, there is a Nash equilibrium of a voting game in which the
alternative ¢ is defeated by f for any type profile t € T when the decision is made by the
rule F'. The rest of this section formally defines the interim self-stability.

Let o;(t;) be the probability that individual i would vote for g in the first stage when
her type is t;.° To reject the alternative rule g all the time, the probability that g gets
sufficient support should be zero for all ¢ € T'. In other words, the alternative g is always

rejected if and only if

Y wj<q WeT (C.1)

{j:0;(t;)>0}

If Condition (C.1) holds, then the voting strategies in the first stage, o = (o1, ...,0,),

together with honest behavior under f and g, form a Nash equilibrium if and only if

tZ Pt u(t—s) (wa(F(t), 1) — ui(g(t),£:) > 0 Vi, ¥t € T, (C.2)
where
0= SN\ g < S <o)
and

ilt—i) = > (H Uj(%’)) I[I (-0
JEN/

H;e®; \jeH; (H;U{i})

Voter i is pivotal if the voters in H; € ®; vote for the alternative rule g and all others
j & H; vote for the given rule f." We can interpret that ~;(¢_;) is the voter i’s probability
of being pivotal given the strategy profile ¢ and the others’ type profile ¢t_;. Therefore,

Condition (C.2) implies that either voter i is never pivotal, or she is weakly better off

3Conceptually, a mixed strategy o, is a probability distribution over the set of pure strategy V;.
4Also denote U/ the set of minimal winning coalitions under a decision rule f. Note that, when f is
a qualified majority rule, ®; = {C'\ {i} : C € ¥f and i € C}.



under f than g.

Note that, in a simultaneous voting game, there generally exists a trivial Nash equi-
librium in which no agent votes for the alternative g, unless an agent has the dictatorial
power under F'. In such an equilibrium, where the condition (C.1) and (C.2) are satis-
fied, any alternative rule g is defeated by the given rule f. Therefore, in order to define
a reasonable concept of interim self-stability, we need to refine the equilibria of the game
I'. We require a type of sequential rationality for agents’ voting strategy profile o given
that they share a consistent ‘posterior’ belief. To be consistent with Holmstrom and
Myerson (1983), we assume that agents may have some apprehensions for being pivotal
coincidentally due to others’ mistakes in voting.

We first characterize a posterior distribution given that individual ¢ is pivotal as

follows.”
i(t_;) = lim P(t-i) X nes, p(Hijt_i, 0") (C.3)
hroo Zi,ieT,i P (t—i) ZHiecbi P(Hi§ l_i, Uk)
Vi, Vt; € T;,Vt_; € T,
where

A5t = (H a;wm) I -de)

jEH, FEN\(H;U{i})
of(t;)) >0 Vk,Vj,Vt; € T;
o;(t;) = lim of(t;) V5V, €Ty

k—oo 7

So, agent ¢ believe that, when she is coincidentally pivotal, the others’ type profile is t_;

with the probability p;(f_;) given their mistakes af . Given this distribution or belief,

5The posterior distribution p;(t_;) is not exactly the posterior beliefs in a concept of sequential
equilibrium. However, an agent ¢’s decision on the changing rules is only relevant when she is pivotal.
Hence, we characterize an agent’s posterior distribution given that she is pivotal, and then require a
rational behavior at the first stage given the posterior distribution.

6Since the limit of denominator of Condition (C.3), which represents i’s probability of being pivotal
given o, could be zero, we characterize the distribution in the style of the trembling hand model.



we require that, for any type ¢; of any individual 4,

then Z,uz —i Ul > Z,uz —1 uz Z)

Condition (C.4) imposes that, conditional on that the agent i is pivotal, if she is
expected to be better off under the alternative rule g than under the rule f, then she
should vote for ¢ with positive probability.”

With the conditions above, we define the concepts of equilibrium rejection and en-

durance.

Definition 3 (Equilibrium rejection).
Consider a constitution (f, F'). A strategy profile and a belief (o, ) consists an equi-
librium rejection of g under F if and only if the conditions (C.1) through (C.4) are all

satisfied.

Definition 4 (Endurance).
Consider a constitution (f, F). The voting rule f endures an alternative g under F' if

and only if there exists some equilibrium rejection of g under F.

Now, in a set of voting rules G, we formally define the interim self-stability of a

constitution (f, F') by using the above definitions.

Definition 5 (Interim Self-stability).
Consider a constitution (f, F). The constitution (f, F) is interim self-stable in G if and

only if f endures every alternative rule g € G under F.

3 Self-stability of “One Person, One vote”

In this section, as in the previous studies (Holmstrém and Myerson, 1983; Barbera and

Jackson, 2004), we focus on anonymous weighted majority rules, which treats each voter

"This condition may prevent an individual who strongly prefers the alternative g from voting against
it just because she is never be pivotal given the others’ voting strategy.

10



identically.” An anonymous weighted majority rule (or an anonymous voting rule) can
be represented by the special type of weighted majority rules where all voters have the
same voting power w = (1,...,1) and ¢ € {0,1,...,n — 1}. They are classified according

to the quota: a simple majority rule (¢ = ¢* = 2 if n is even and ”T_l if n is odd), a sub

2
majority rule (¢ < ¢°), and a super majority rule (¢ > ¢°). We denote by G(1) the set of

anonymous weighted majority rules where w =1=(1,...,1).

3.1 Self-stable Voting Rules

First, we focus on a special type of constitution where the society uses the same voting
rule on the decisions of the rule change and the final outcome, so F' = f. The following
proposition characterizes the set of interim self-stable anonymous voting rule. It argues

that a voting rule is interim self-stable if and only if it is not a sub majority rule.

Proposition 1 (Interim Self-stable Voting Rules).
For any given environment (p,,a), a voting rule f € G(1) is interim self-stable in G(1)

if and only if it is a simple or super majority rule.

" The basic intuition is

The complete proof of this proposition is in the appendix.’
as follows. Suppose the given rule f is a simple or super majority rule. Denote by
Ns(t) = {i € N|t; = sforagivent € T} the set of s-type agents given a type profile
t. Similarly, define N,(¢)."” An s-type may support a change to a more conservative
alternative rule with a higher quota, g with ¢¢ > ¢/. But if there are enough s-type
voters to accomplish the change, |N,(t)| > ¢/, the final outcome under the given rule
f would already be S, |N.(t)] = n — |[Ny(t)] <n—¢' < ¢/ +1. So, s-types do not
have to vote for the stronger alternative. Similarly, an r-type may support a change to
a less conservative alternative rule with a lower quota, g with ¢¢ < ¢/. But if there are

enough 7-type voters to make the change, |N,(t)| > ¢/, the final outcome under the given

rule f would already be R. So, r-types do not have to vote for the less conservative

8See May (1952) for the formal definition of an anonymous voting rule.
9This proposition is a corollary of Proposition 2.
0By construction, |Ny(t)| + |N,.(t)| = |N| = n.
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alternative.'

Therefore, under a simple or super majority rule, when a group of agent
can make a change in a certain way, so they form a winning coalition, they don’t need to
since they can obtain their desirable outcome under the given rule.

On the other hand, if the given rule f is a sub-majority, s-type agents in a minimal
winning coalition may be worried about the possible reform R supported from another
exclusive minimal winning coalition. So, the s-types would vote for a change to a more
conservative alternative. Here, under a sub-majority rule, even a group of agent can make
a change in a certain way, so they form a winning coalition, they may not always get
their way especially when they prefer the status-quo S. So they would vote for a more
conservative rule. Thus, the sub-majority rule f cannot be interim self-stable.

Note that the result in Proposition | is environment independent. That is, for any
society with the characterization (p,,a) and the number of voters n, a simple and super
majority is interim self-stable. In the characterization of Barbera and Jackson (2004)
or Azrieli and Kim (2016), on the other hand, the ex-ante self-stability depends on the
environment: A rule which is ex-ante self-stable in one environment could not be ex-ante
self-stable in another environment. They induce the agents’ preferences based on the
ex-ante expected utilities calculated with the ex-ante probabilities p,.'* By construction,
therefore, the decision on the rule change would highly depend on the environment. How-
ever, in our concept, one’s main concern at the interim stage is not the ex-ante probability
pr itself, but the (perceived) posterior belief p;(t_;), which depends on the strategy profile
of the other agents and the given voting rule.'? As a result, the agents’ voting decisions
would naturally be strategically interdependent. This strategic voting behavior allows us

to explore the agents’ incentive in strategic situations under any majority rules from sub

UFor the super-majority rules, Barbera and Jackson (2004) provide a similar interpretation to explain
why they focus on the ex-ante concept. We further provide an interpretation for the sub-majority rules.

12Conceptually, they suppose that an agent believes she is always pivotal in the first stage voting game,
and, given each voting rule, calculate the agent’s ex-ante expected utility. For a given environment, the
induced preferences based on the calculated expected utilities satisfy certain properties such as single-
peak, single-crossing, and so on. (See Lemma 1 and 2 in Barbera and Jackson (2004)) Consequentially,
agents’ induced preferences over voting rules highly depends on the environment of a society.

13Since agents make decisions at interim, it is natural that the voting strategies are contingent to
the agents’ types. An agent’s (perceived) pivotal probability would highly depend on the other agents’
behavior. Hence, an agent makes a decision focusing mainly on the posterior believes induced by the
other agents’ voting strategies, rather on the ex-ante probability p.

12



to super majority, and under any general constitution later in this section.

Roughly speaking, Barbera and Jackson (2004) show that a simple majority (or sim-
ilar) rule is one of the few ex-ante self-stable voting rules."" (See Theorem 1 and 2
in Barbera and Jackson (2004).) The set of interim self-stable voting rules specified
completely in Proposition 1, which contains super-majority rules, is generically bigger

5

than the set of the ex-ante self-stable voting rules.'” In reality, we can easily observe
super-majority voting rules in use: the unanimity rule under jury conviction systems or
super-majority rules under legislatures. Normative reasons aside, one could argue that
the rule change schemes in reality fit better with the concept of the interim self-stability,
but another may argue that it is not the matter of the timing of the rule change, but
the matter of the different environment. The current study provides a theoretical tool

to examine how the rule change mechanism affects on the societal values such as the

stability of voting rules.

3.2 Self-stable Constitutions

Now, we consider a general constitution (f, F') where different voting rules are used
for the different decisions. (See Definition 2 for the formal definition.) Proposition 2
presents the complete characterization of the interim self-stable constitution. Remind

that f = (w/,q¢’) and F = (w, q).

Proposition 2 (Interim Self-stable Constitutions).

A constitution (f, F) € G(1) x G(1) is interim self-stable in G(1) if and only if
1. ¢>q' and

2.q+1>n—¢.

14Because the concept highly depends on environments, it is hard to specify the necessity condition of
the ex-ante self-stable voting rule.

15With this result, one may argue that a society is more stable with the interim rule change since
more decision rules can be stably used without any change than with the ex-ante rule change. However,
another may say that a society is more conservative with the interim rule change because of the similar
reason. So, we cannot argue assertively that which rule change scheme is better. To examine it, we may
need to priorly discuss the societal cost of the rule change and/or the direct benefit of the “stability.”

13



The intuition here is similar to that for the previous case with a single voting rule.
While there exists only one condition ¢ > "T’l for the previous case, we have two condi-
tions for this case with a constitution; ¢ > ¢/ and ¢ +1 > n — ¢/. The first condition
prevents r-types from forming a winning coalition for an equilibrium rejection, and the
second condition prevents s-types from doing that. More specifically, the former says the
size of minimal winning coalition of F', ¢, is not less than the size of minimal winning
coalition of f, ¢f. If there are enough number of r-type voters so that they can change
the given rule to a weaker one they all prefer, |N,.(t)| > ¢, they don’t have to change it
since the given rule is weak enough for them to get the Reform in the second stage voting
game, |N,(t)| > ¢/. The latter condition says the size of minimal winning coalition of F,
g+ 1, is not less than the size of minimal veto coalition of f, n — ¢/. If there are enough
number of s-type voters so that they can change the given rule to a stronger rule they all
prefer, |Ny(t)| > ¢, they don’t have to change the rule since they can veto any attempt
to reform under the given rule f, |[N,(t)| > n — ¢'.

Those conditions are consistent with observations from the reality. We usually observe
a constitution where F' is relatively tougher than f. One society may start with a voting
rule f which is tougher than F', but it may be replaced with an alternative g which is
weaker than F' under some circumstances. Moreover, we have few real world examples
with a long-lived constitution consisting of two weak voting rules, such as a constitution
with two sub-majority rules with ¢ + ¢/ <n — 1.

The following corollaries demonstrate interesting characteristics and examples of in-

terim self-stable constitutions.
Corollary 2.1. A constitution (f, F) is not interim self-stable if ¢ < "5*.

Corollary 2.1 states that, if F' is a sub-majority rule, the constitution is not interim
self-stable. Thus, to be stably used, a constitution should be consisted with a simple or

super majority rule for the decision on the rule change.
Corollary 2.2. Any constitution (f, F') is interim self-stable if F' is the unanimity rule.

Corollary 2.2 states that, if F'is a unanimity, a constitution with any f is interim self-

stable. Thus, any constitution could be stably used if the rule change requires unanimous

14



supports.

Corollary 2.3. If a constitution (f, F') with q is interim self-stable, a constitution (f, F")

with ¢' > q is also interim self-stable.

Corollary 2.3 implies that the stronger the voting rule for the rule change is, the bigger

the set of interim self-stable constitutions is.

3.3 General Alternatives

In this subsection, we check if the voting rules and/or constitutions characterized in
Proposition 1 or 2 are still self-stable against any general weighted majority rules. It
is hard to find the real world example where an anonymous voting rule or constitution
was replaced by a weighted majority rule with different voting powers. One may argue
that it is because of the social norm: The social norm may require that a voting rule or
constitution treats all voters equally. Here, in a positive analysis, we examine if certain

anonymous rules can endure any weighted majority rules even without such a social norm.

Proposition 3 (Self-stable Qualified Majority Rules).
A constitution (f, F) € G(1) x G(1) s interim self-stable in G if

1. ¢>q' and
2.q+1>n—¢.

This proposition explains why it is hard for one society to move from an “one-person,
one-vote” decision rule to another with asymmetric voting powers: Simple or super ma-
jority rules can be stably survived in the long run, even though the society considers any
general voting rules as alternatives. The proposition may also imply why it is important
to start with the self-stable anonymous rules in the virtue of fairness or equality. If a
society starts with a self-stable anonymous decision rule, it may not need any strong
normative arguments to keep the fairness or equality in voting powers. The self-stable

anonymous decision rule will defend themselves against any “unfair” alternatives.
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4 Extensions

In this section, we relax the anonymous constraints for the given constitution (f, F') as
well as the alternative g, so that different agents could have different voting powers under
a decision rule. Even though not as common as anonymous voting rules, non-anonymous
weighted majority rules where agents have different weights can be found in reality. A
stockholder meeting would be one example: stockholders’ weights are determined by the
amounts of the stocks they possess. Another example is a legislature with a veto player:
In a presidential system, the president may have the veto power, so has the power to
refuse to approve a bill.

We conduct two separate analyses based on the set of alternatives. Firstly, we examine
the interim self-stability in a set of weighted majority rules with fixed weight. So, in this
setting, the rules vary only in quota. The shareholders’ meeting would have a better fit
with this setting: The shareholders’ voting powers, in general, have been determined prior
to any meeting, and may not changed by the result of it. Second, we further generalize
the set of alternatives, and consider the changes in weights. A presidential system may
fit better with this situation. Technically, the legislature can pass the bill to amend the
constitution from a presidential system with a veto player to a cabinet system without

her.

4.1 Fixed-weight Constitutions

Here, we restrict our focus on the set of weighted majority rules under which agents’
weights are fixed: For any f and g, (w/)™, = (w?)", = w. That is, given “fixed”
weights (or voting powers), the rules vary only in quota. Denote G(w) the set of weighted
majority rules with given weights w = (w;);.

The following proposition specifies a sufficient condition of interim self-stable fixed-

weight constitutions.

Proposition 4 (Fixed-weight Constitution: Sufficient condition).

A constitution (f, F) € G(W) x G(W) is interim self-stable in G(W) if

16



1. ¢> ¢ and
2. Vi, 3C 3 i such that w(N \ C) < ¢

Proposition 4 shares a similar implication with Proposition 2. The first condition
prevents r-types from forming a winning coalition for an equilibrium rejection, and the
second condition prevents s-types from doing that. The former says the size of minimal
winning coalition of F is not less than the size of minimal winning coalition of f, ¢/. If
there are enough number of r-type voters so that they can change the given rule to a
weaker one they all may prefer, |N,(t)| > ¢, they don’t have to change it since the given
rule is weak enough for them to get the Reform, |N,(t)| > ¢/. The latter says if any
individual under the given rule is a member of a minimal winning coalition of F' which is
a veto coalition of f at the same time, then the constitution (f, F') is interim self-stable.
If there are enough number of s-type voters so that they can change the given rule to a
stronger rule they all prefer, w(N4(t)) > ¢, one may believe they don’t have to change
the rule since they are strong enough N(t) 2 C' so that they can veto any attempt to
reform under the given rule f, ¢/ > w(N \ C) > w(N \ Ny(t)).

So far, we discuss a sufficient condition of interim self-stable constitutions with fixed
weights. The following proposition describes a necessary condition which is also strong
enough to cover the cases with the anonymous constraint discussed in Section 3. We

denote by C' the minimal winning coalition which contains agents with highest weights

under F'.

Proposition 5 (Fixed-weight Constitution: Necessary condition).

A constitution (f, F) € G(W) x G(W) is interim self-stable in G(W) only if
1. ¢> ¢ and
2. for some i € C, 3C 3 i such that CNCT £ 0 for any Cf € W/,

The first condition is the same as the corresponding condition of Proposition 2, and

the second condition is the generalized version of the second condition of it.
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4.2 General Environment

In this subsection, we discuss the self-stability among any possible weighted majority rule.

So, now, there is neither the anonymous constraint nor the fixed-weight constraint.'’

Proposition 6 (Necessary Condition of Interim Self-stable Constitution).

A constitution (f, F) € G x G is interim self-stable in G only if
1. 307 € W/ such that C' is not a proper superset of C for any C € V¥ and
2. for some i € C, 3C 3 i such that C N CY £ 0 for any Cf € W/,

If r-type voters cannot be sure of result in the Reform in their beliefs or s-type voters
cannot be sure of result in the Status-quo, then the constitution is not interim self-stable.
So, the conditions in Proposition 6 is a generalized version of the prior propositions.'’

Now, think about the typical example mentioned above, a presidential system with a
veto player. In technical terms, a veto player is an agent who is in any minimal winning
coalition. So, if there is a veto agent, without her support, a change cannot be made (or
the reform R cannot be achieved). The following lemma shows that a decision rule with

a veto agent is interim self-stable.

Lemma 1 (Sufficient Condition: Veto Agent).

A weighted majority rule f € G with a veto agent is interim self-stable in G.

5 Discussion

In this paper, we have identified a set of interim self-stable decision rules. In contrast to

the previous studies, which assume that the decision for changing the decision rule takes

16Under a given rule, an agent’s voting power could be different with another agent’s. Moreover, an
agent’s voting power under a voting rule could be different with the agent’s voting power under another
voting rule.

"Note that this proposition only specifies a necessary condition. Since the set of alternatives is infinite
|G| = oo and there are too many tedious alternatives which have never been considered in reality, it is
not easy to pin down a sufficient condition in this setting. For example, for any given constitution (f, F'),
we can come up with a weird alternative g that gives all powers to one minimal winning coalition of F'
and assigns zero weights for the others. This alternative may not be interesting to consider, but still in
the set of alternative G and makes the given rule f hard to be self-stable. Here, in order to restrict our
attention to realistic situations, we examine if a typical example of a general weighted majority rule is
interim self-stable.
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place before the individuals’ preferences over possible outcomes have been realized, we
assume that individuals evaluate decision rules after their preferences have been realized.
Among anonymous weighted majority rules which are called qualified majority rules, a
decision rule is interim self-stable if and only if it is a simple or super majority rule. We
also generalize our analysis further by considering a constitution which consists of a pair
of voting rules, one of which is for the decision on changing the constitution and the other
is for the decision on the final outcome. We show that a constitution is interim self-stable
if and only if the voting rule for the final decision is weaker than the voting rule for the
change of the rule, and the combining toughness of those two rules should be higher then
a certain level. That is, to be stably used, a constitution should consist of the rules for
the rule change and for the ordinary decision such that the former is stronger than the
latter and the both of them are not too weak.

We also show that the interim self-stable qualified majority constitutions are still
interim self-stable even when the society considers more generalized alternatives in a set
of weighted majority rules. This result explains why it is hard for one society to move
from an “one-person, one-vote” society to another with asymmetric voting powers: Simple
or super majority rules can be stably survived in the long run, even though the society
considers any general voting rules as alternative. The proposition may also implies why it
is important to start with the self-stable qualified majority rules in the virtue of fairness.
The society may not need any strong normative arguments to keep the fairness in voting
powers. If a society starts with a self-stable constitution consisting of qualified majority
rules, the constitution will defend themselves against any “unfair” alternatives.

We characterize a more generalized set of weighted majority rules where individual
voters may have different voting powers. We show that, if any individual can be in a
minimal winning coalition which veto the ordinary decision together, then the weighted
majority rule is interim self stable. We also demonstrate the necessary conditions in

general environments which cover the special case with qualified majority rules.
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A Appendix

A.1 Proofs

Proof of Proposition 1.
(Only if part)

Assume that the current rule f is sub majority rule with the quota ¢ and that it is interim
self-stable. Consider the unanimous rule as the alternative rule g with "T_l < q. By the
assumption, there exists an equilibrium rejection of g, (o, ). Fix agent ¢ with ¢; = s. Define
T ;={t; €T;: f(t_i,t;) = R}. In the equilibrium rejection (o, u1), for the agent i the left
hand side of Equation (C.4) is

Do mi(t—)ui(f(t—iti), ;) = = >, 7, pi(t—i) and the right hand side of Equation (C.4)
is zero.

We claim that } 3, 7 pi(t—;) > 0 in any equilibrium rejection. Note that under qualified
majority rule, at most ¢ agents vote for g with a positive probability for any ¢ € T in any
equilibrium rejection. In other words, n — ¢ agents never vote for g. There are two cases
regarding the probability of agent i being pivotal for any equilibrium rejection. First there exists
at_; € T_; such that v (t—;) > 0. It implies that exactly ¢ agents vote for g with a positive
probability at t_;. Fix these agents and we can find a £_; € T_; such that v (_;) > 0 since the
number of other agents is n—q—1 > ¢ and they decide f (£) = R by themselves. Then by Bayes
theorem, Zt,ieii pi(t_;) > 0. Second for any t_; € T, v(t_;) =0. We can find at_; € T_;
such that u;(f_;) > 0. With the similar trick of the previous case, fix agents in H; at t_; and

we can find a £_; € T_; such that lim (HjeHi Gj(fj)) <Hj€N/(HiU{i})(1_Uj(tij))) = (H]EH" Uj(t:j)> =
k=00 (Tem, o3E)) (e o 0= @) (Tem, 05(E))
Then, pu;(t—;) > 0 which proves the claim. By the claim, the condition (C.4) implies that

oi (t;) > 0. The argument is valid for any agent ¢ with t; = s. However, at the type profile ¢
with | {i : t; = s} |> ¢, this equilibrium rejection contradicts (C.1).

(If part)

We only show that the simple majority rule is interim self-stable because the proof for
super majority rules is almost the same. Among alternative rules, we consider the two extreme
qualified majority rules, ¢ = n — 1 and 0. When the alternative rule is the unanimous rule, i.e.,
g = n — 1, consider the strategy profile and a belief (o, 1) such that o; (¢;) = 0 for Vt; € T;,
oF(s) = %, and of (r) = 2z for Vi € N. This trivial strategy profile simply satisfies the
conditions (C.1) and (C.2). By (C.3), we can derive y;(t_;) > 0 for t_; such that | {i : t; = s} |=
q® and p;(t—;) = 0 otherwise. The right hand side of the equation in (C.4) is weakly less than
the left for any type and any agent. Thus, the pair (o, 1) is an equilibrium rejection of g. When
the alternative rule is the other extreme case of ¢ = 0, we can similarly find an equilibrium
rejection (o, i) such that o; (t;) = 0 for V¢; € T;, oF (s) = k%, and of (r) = 1 for Vi € N. For
any intermediate qualified majority rule with 0 < ¢ < n — 1, the same argument is valid, which

proves that the simple majority rule is interim self-stable. ]
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Proof of Proposition 2.

(If part) First, consider any alternative rule g with ¢9 > ¢f. Set 0;(s) = oy(r) = 0 and
o¥(s) > oF(r). By construction, f = R if g = R. So, 0;(r) = 0 is always justified. For ¢; = s,
pi(t—;) > 0 only when f(t) = S.'® So, 0;(s) = 0 is also justified.

Second, consider any alternative rule g with ¢ < ¢/. Set 0;(s) = o;(r) = 0 and o¥(s) <
o¥(r). By construction, f = R only if ¢ = R. So, 0;(s) = 0 is always justified. For t; = r,
pi(t_;) > 0 only when f(t) = R."” So, o;(r) = 0 is also justified.

(Only if part) Suppose ¢ < g’. Consider an alternative rule g with ¢ = 0. By construc-
tion, f = R only if g = R. For any arbitrary ¢ with t; = r, ¢ = R. Moreover, if there exists an
equilibrium rejection, p;(t_;) > 0 for some ¢t_; with f(r,t_;) = S. Hence, from Condition (C.4),
o;(r) > 0. We have picked an arbitrary i, so there cannot be an equilibrium rejection of g.

Suppose now q + ¢/ < n — 1. Consider the unanimous rule g. By construction, f = R if
g = R. For any arbitrary ¢ with t; = s, g = S. Moreover, if there exists an equilibrium rejection,
wi(t—;) > 0 for some t_; with f(s,t_;) = R. Hence, from Condition (C.4), ;(s) > 0. We have

picked an arbitrary i, so there cannot be an equilibrium rejection of g. O

Lemma 2 (Equilibrium property 1).

Consider a constitution (f,F). If there exists a equilibrium rejection (o, ) of an alternative
rule g, then, for each i such that oj(s) + oj(s) > 0 for any j > i, there exists a set of agents
H € ®; and a type profile t_; € T_; such that

f{.li:_, k
limip( it=i,07)

0 VHe®, ,Vi_; T, Al
k—oo p(H;t_;, %) ” € i Vi € (A1)

which satisfies o;(s) = oj(r) =0 for all j € N\ (H U {i}).

Proof of Lemma 2. Without loss of generality, suppose w; > w; if and only if 7 > j under F'

First, consider i = n. Suppose not. So for any H and a type profile _; € T_; which
makes Equation (A.1) goes to zero in the slowest speed, there is some agent j € N \ (H U {i})
with o;(s) + o;(r) > 0. Define N* = {j € N\ (H U {i})|o;(s) + oj(r) > 0}. Also define
Nt = {j € H|o;(;) > 0}. We know w(Nt U N+t U{i}) < ¢ (" o consists an equilibrium
rejection) and w(H U {i}) > ¢. Now, pick j € H\ (Nt UNT) with the lowest weight, and add
her into the set (N +UNT U{i}). Repeat it until the set turns to a winning coalition. Denote
the winning coalition WC” and also H' = W'\ {i}. By construction, H € ®; (" i = n has
the highest weight). Then we find a contradiction, since p(H';t_;,0) goes to zero in a speed
that is slower than p(H;1_;,0).

Second, consider i = n — 1. A similar argument from above works for any j < i. So, we
only need to show that there exists some H such that j = n with o;(s) 4+ o;(r) > 0 is (also)
not in N\ (H U {i}). Suppose j € N\ (H U {i}) with oj(s) + o;(r) > 0. Follow the same logic
from above to find H’. Because j = n is not in H \ (N+ U N*), we still have H' € ®,_,,_1.

18The agent i believes she is pivotal only when at least ¢ + 1 agents including her have s-type.
9The agent i believes she is pivotal only when at least g + 1 agents including her have r-type.
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Then, we can show that p(H';t_;,0) goes to zero in a speed that is slower than p(H;i_;, o).
Contradiction.

Similar arguments apply for any ¢ € N. O

Proof of Proposition 3. Case 1: Consider the case where VC9, 3Cf C C9. Set 04(s) = 04(r) =
0 and o%(s) > o¥(r). By construction, f = R if g = R. So, o;(r) = 0 is always justified. For
t; = s, pi(t—;) > 0 only when f(¢) = S. (".- The agent i believes she is pivotal only when at
least ¢ + 1 agents including herself are s-type. And we know ¢/ > n — (¢4 1) by construction.)
So, gi(s) = 0 is also justified.

Case 2: Consider the case where 3CY such that CY 2 cfvef.

Define C/ = argmax.; w9(CY). (More than one?) Then, by construction, for some C9,
Cf 29,50 3i € Cf such that w?(CT\ {i}) > ¢7.

Case 2-1: Consider the case where Vi € C/, we have w9(C/ \ {i}) > ¢9. Set, for any
i, 0i(s) = oi(r) = 0, oF(s) = k_w%'g and of(r) = k:_é. So, a¥(s) < oF(r) for any i, and
of(r) < ok (r) for any i and j such that w{ < w{. For t; = s, pi(t_;) > 0 only when g(t) = R.
(.- For any i, p;(t—;) > 0 only when Vj € (C/ \ {i}) has t; = r.) So, 0y(s) = 0 is okay. For
t; =r, pi(t_;) > 0 only when f(t) = R. (".- The agent i believes she is pivotal only when at least
q + 1 agents including herself are r-type. And we know ¢/ < ¢ by construction.) So, o;(r) =0
is okay.

Case 2-2: Consider the case where for some i € C/, we have w9(C/ \ {i}) < ¢J. Define
J={ieCl:wI(CI\ {i}) < ¢9}. Pick CF D C7. Set, for any i € J, 04(s) = € and o;(r) = 1,
and for any i € C*' \ C/, set 0;(s) = 1 and 0;(r) = e. For all others, such that i € C/\ J or
i€ N\ CF, set 0;(s) = 0;(r) =0 and ¢¥(s) < o¥(r). We show that this construction can form
a equilibrium rejection of g with some small enough positive value of e.

Check if o;(r) = 0 is okay. If she believes f = R, then it is okay. If she believes f(t) = 5,
she knows ¢(t) = S. (Suppose not, so she believes f = S and ¢ = R. If all agents in J are
r-type, then some C/ O J containing her i contains only r-type agents. So, to have f = S, she
knows at least one agents in J should be s-type. Then, by construction of Cf > J, more than
g’ + 1 agents should be r-type to make g = R. So, f = R. Contradiction.) So for any belief,
oi(r) = 0 is okay.

Now, check if o;(s) = 0 is okay. Suppose € = 0. Then she always believes ¢ = R. Moreover,
she believes f = S with positive probability. (Only agents in J and ¢/ — |J| more agents are
guaranteed to be r types, and all others could be s-type with positive probability.) Therefore,
Do mi(t—)ui(f(t),t) — >, pi(t—i)ui(g(t),ti) > 0 when € = 0. If we denote by x; the event
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that makes ¢ = R and f =S, then lim_,o pu(r;) = 1. Write

ZMZ —1i uz ZN@ 7, l)
- ~uilg(t) = Rt = 9))

toilwus(F(0),ti = 5) = Y palt—ilw§)ui(g(t),t; = 5)

Mz 1”43 uz( ZN@ z‘/‘ﬁ Uz (t)vtiZS)

> — p(ri)) X = (2u(ki) = 1).

Since lim¢_,0 p1(k;) = 1, for a small enough €, (2u(k;) — 1) is always positive. Therefore, o;(r) = 0

is okay.

Proof of Proposition /.
Find H such that H € ®; for any i € N\ H and (N \ C*) C H for some j € N\ H.”

Consider first the case with ¢9 < ¢/. Set o;(t;) = 0 for all 4 and ¢; and o¥(r) = k% and
ok(s) = k‘_“’%‘. For any s-type agent, o;(s) = 0 is okay, since g(-) = S implies f(-) = S. For an
r-type agent, pu(t_;) > 0 only when f(¢; =r,t_;) = R. So o;(r) = 0 is justified.

Consider now the case with ¢9 > ¢/. Set 0;(t;) = 0 for all i and ¢; and o¥(r) = K% and
ok(s) = k_w%'. For any r-type agent, o;(r) = 0 is okay, since g(-) = R implies f(-) = R. For an
s-type agent 4, Equation (A.1) with H = C \ {i} where C has the highest weights among the
minimal coalitions contain the agent ¢ converges to zero in a speed that is slower than that with
any other H. By construction, w(N \ C) < ¢f. So, u(t_;) > 0 only when f(t; = r,t_;) = S.
Therefore, o;(s) = 0 is justified. O

Proof of Proposition 5.
We prove by contradiction.

First, suppose ¢ < ¢/ and there exists some equilibrium rejection (o, 1) of g with ¢9 = 0.
For any 4, p;(t—;) > 0 for some t_; such that f(t; =r,t_;) =5, while g(t; = r,t_;) = R always.
So, oi(r) should be positive from Condition (C.4). Contradiction.

Second, suppose Vi € C, VC 3 i, w(N\C) > ¢f. And suppose there exists some equilibrium
rejection (o, ) of the unanimity rule g. Consider the agent ¢ = n. From Lemma 2, we know
for Equation A.1, j € N\ (H U {i}) should have o;(s) = 0;(r) = 0. By construction, there
exist a minimal winning coalition C' 3 4 such that C' C (H U {i}), and any j € H \ C should
have 0;(s) + o;(r) > 0. (If not, there should exists some slower H’ which does not contain j

with oj(s) + o;(r) = 0 than H.) Also, if ¢;(r) = 0 for some j € H \ C, there exists some H’

20How? Add i with the smallest weight into the set N \ C*. Repeat until the set becomes to be a
winning coalition of all ¢ not in the set.
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and t_; where j € N\ H' and t; = r, which gives the same convergence speed for p(H';t'_;, o)
with p(H;t_;,0). We know C has a mutually exclusive Cf and have shown that all j € C/
have r-types with positive probability in the sense of posterior belief . Therefore, for ¢ = n,
wi(t—;) > 0 for some f(t; = s,t_;) = R, while g(t; = s,t_;) = S always. So, o;(s) should be
positive from Condition (C.1).

For some i € C such that i # n, a similar logic can be applied. So, for all i € C, o;(s) > 0.
Contradiction. O

Proof of Proposition 0.
We prove by contradiction.

First, suppose VC/ € W/, 3C € ¥ such that C € C/. So, f = R implies F = R. Also,
suppose there exists some equilibrium rejection (o, p) of g with ¢9 = 0. For any 4, p;(t—;) > 0
for some t_; such that f(t; = r,t_;) = S, while g(t; = r,t_;) = R always. So, o;(r) should be
positive from Condition (C.4). Contradiction.

The second part of the proof is the same as that of Proof of “Only if part” in Proposition 5.

O

Proof of Lemma 1.
Consider a strategy profile and a belief system (o, ) such that, for all j € N, 0j(r) = 1,
0j2i(s) =0, oi(s) = o4(r) = 0 and a;?#(s) > oF(s) > ¥ (r).

For the veto agent i, if t; = s, 0;(s) = 0 is justified since f(¢;,t_;) = S for any t_;. If t; = r,
o;(r) = 0 is justified since 7 is pivotal only when the right enough number of other agents with
type r vote for g, so only when f(t;,t_;) = R.

For all other agents j # i, 0j(s) = 0 is justified since 7;(t;) = 0 for all ¢; and p;(t;,t—;) is
positive only when t; = s, so f(t;,t—;) = S. Also, 0;(r) = 1 obviously satisfies Equation (C.2)
since ;(t;) = 0 for all ¢; and does not violate Equation (C.4). O

A.2 Consistency of Definition

Here, we discuss the consistency of our definition of interim self stability with the ex-ante self-

stability & la Azrieli and Kim (2016) and the durability & la Holmstrém and Myerson (1983).
Consider the “ex-ante environment” studied in Azrieli and Kim (2016), where agents vote on

rule change before their types are realized. We rewrite our conditions and definition as follows.
To reject the alternative rule g all the time, the probability that g gets sufficient weighted

votes should be zero. In other words, the alternative g is always rejected if and only if

Z w; < q. (A.2)

{j:a'j>0}

If Equation (A.2) holds, then honest behavior in f and g (we consider incentive compatible

f and g), together with the voting strategies in the first stage, o = (o1,...,0,) form a Nash
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equilibrium if and only if

i (ui(f) —ui(g)) =20 Vi, (A.3)
where
w(f)=a D, p®f®)— > pH)fE),
{teT:t,=r} {teT:t;=s}
®; = {H; C N/{i}|g—wi < > w; <q},
jeH;
and

vi= > | ] I «a-o

H;e®; \jeH; JEN/(H;U{i})

We require that, for any individual ¢,
if uwi(f) <wi(g),then o; = 1. (A.4)

This condition imposes that, if the expected utility of individual ¢ in the alternative decision
rule g would be higher than in the current rule f, then individual ¢ should vote for g.*'

w(Y') := ) ey w; denotes the total weight of coalition Y.

Proposition 7. For a given weighted magjority rule f, w({i : u;(f) < ui(9)}) < q for any alter-
native rule g if and only if there exists a strategy profile o that satisfies conditions (A.2), (A.3),
and (A1),

Proof of Proposition 7.

(Only if part)

Suppose w({i : u;i(f) <wui(g)}) < gq. Then, set o; =1 for any ¢ € {i : u;(f) < u;(g9)} and 0, =0
for any ¢ ¢ {i:u;(f) <wu;(g)}. The condition (A.2) and (A.4) are satisfied. For an individual
i with 0; = 1, 7 = 0. For an individual ¢ with o; = 0, (u;(f) —ui(g)) > 0 by construction.
Therefore, the condition (A.3) is satisfied.

(If part)

Suppose not. That is, the conditions (A.2), (A.3), and (A.4) are all satisfied, but

w({i:ui(f) <wui(g)}) > q

Since we suppose the condition (A.4) is satisfied, {j : u;(f) <wu;(g)} € {j:o; >0}, which
implies w({7 : w;(f) < wi(9)}) < w({j:o; >0}). Then, the condition (A.2) is violated, since

2In the second stage, since f and g are incentive compatible, we simply assume that all individuals
report their true types.
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> (jioys0p Wi = w({i:ui(f) <wilg)}) > ¢ Contradiction. O

One may wonder why we don’t use the simple condition as w({i: u;(f) < u;(g9)}) < ¢ in
Azrieli and Kim (2016) to define interim self-stability. To do that, in our setting, we need to
add up the weights of agents i’s who have

D mat-aui(f (), t) < Y palt-i)uilg(t), ti),

which is a part of the condition (C.4). But as in the condition (C.3), the posterior belief
u; can only be calculated with a strategy profile for the first stage voting game o. That
is, to define interim self-stability in a way analogous to Azrieli and Kim (2016), we need a
complete characterization of a Nash equilibrium with a sequentially rational strategy profile

and a consistent belief system.

A.3 Extra Lemmas and Propositions

We show that if any individual can be in a minimal winning coalition which veto the ordinary

decision together, then the weighted majority rule is interim self stable.

Lemma 3 (Fixed-weight Environment: Sufficient condition).
A weighted magjority rule f € G(w) is interim self-stable in G(w) if Vi, 3C > i such that
w(N\C) <gq.

We omit the proof of this lemma since it is a corollary of Proposition 4 for a constitution
(f, f)- Instead, we provide an intuition behind it. Lemma 3 says if any individual under the
given rule is a member of a minimal winning coalition which is a veto coalition at the same
time, then the rule is interim self-stable. If there are enough number of r-type voters so that
they together can change the given rule to a weaker rule, it is obvious that individuals does not
have to vote for the change since the given rule is already weak enough. If there are enough
number of s-type voters so that they can change the given rule to a stronger rule they all prefer,
one may believe they don’t have to change the rule since they are strong enough to veto any
attempt to reform under the given rule.

We show that, if a decision rule is an interim self-stable weighted majority rule, then there
exists an individual with a relatively high voting power such that any minimal coalition con-
taining the individual is not mutually exclusive with all other minimal coalitions. Note that this
condition is identical to the necessary (and sufficient) condition of interim self-stability from

the previous sections.

Proposition 8 (Necessary Condition in the General Environment).
A weighted majority rule f € G is interim self stable in G only if for some i € C, 3C 3 i such
that C N CT £ 0 for any Cf € O/,

Lemma 4 is an analogy of the sufficient condition of super majority qualified majority rules.
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Lemma 4 (Fixed-weight Environment: Sufficient Condition 2).
A weighted magority rule f € G(w) is interim self-stable among G(w) if there exists a minimal

winning coalition C* such that w(N \ C*) + w; < q for some i € C*.

Proof of Lemma /.
Let U/ denote the set of minimal winning coalitions(MWCs) under a decision rule f. We also
define, for a decision rule f and a type ¢;, Tt’j = {t,i : f'(ti,t,i) = R}, and for a set of type
profile T C T, /M(T) = Zt_ief’ pi(t—;). For the convenience of notation, w; > wj if and only
ifi> 7.

Find H such that H € ®; for any s € N\ H and (N \ C*) C H.”” By construction,
w(N\ (HU{i})) <gqforany i€ N\ H and C*N H # 0.

First, consider the case where g > g4. So, if g(t) = S, then f(t) = S. And if f(t) =
then g(t) = R. Suppose a strategy profile (o, 1) such that o; (s) = 0 for any ¢ and o (r) =0 for
any j ¢ H and o; (r) = 1 for j € H, and any arbitrary o¥ (¢;) which converges to o;(t;) for any

i and t;. o;(s) is always justified, since g(t) = S implies f(t) = S. For any i ¢ H, ~v;(t_;) > 0

only when ¢; = r for all j € H. Then, for ¢; = r, Condition (C.2) is satisfied, and so o; (r) =0
is justified. For any i € H;, v;(t—;) is always zero, o; (r) = 1 it is okay.

Second, consider the case where g5 < g4. So, if f(t) = S, then g(t) = S. And if g(t) =
then f(t) = R. Suppose a strategy profile (o, ) such that o; (r) = 0 for any ¢ and o; (s) = 0 for
any j ¢ H and o (s) = 1 for j € H, and any arbitrary o¥ (t;) which converges to o;(¢;) for any
i and t;. o;(r) is always justified, since g(¢) = R implies f(t) = R. For any i ¢ H, v;(t_;) >
only when f(¢;,t_;) = S. Then, for t;, = s, Condition (C.2)
justified. For any i € H;, v;(t—;) is always zero, so oj (s) =1 is okay. O

is satisfied, and so o;(s) = 0 is

Lemma 5. If 3i* such that, VC* 3 i*, 3C N C* = (), then w(N) > 2q.
Lemma 6. If, for some i*, wi < w(N) — 2q, then o4+(s) = 1 in equilibrium.
Lemma 7. If there exists an equilibrium rejection, then w({ilw; < w(N) —2q}) < ¢

Lemma 8. There exists a minimal winning coalition C* such that w(N \ C*) 4+ w < q for

some i* € C* if and only if no pair of minimal winning coalitions is mutually exclusive.

Proof. Consider A = C*\ {i*} and B = {i*} U (N \ C*). We know w(A) < g and w(B) < q.

Then we cannot find any partition of N with two winning coalitions. O

Lemma 9. There exists an agent i such that for any C* i w(N \ C*) < q if and only if no

pair of minimal winning coalitions is mutually exclusive.

Proof. The “If” part is straightforward.
(Only if) Suppose not. So, there exists a pair of minimal winning coalitions C' and C’ such

that CNC’ = (). By construction i is neither in C nor in C’. We know w(N) > w(C) +w(C") +

22How? Add i with the smallest weight into the set NV \ C*. Repeat until the set becomes to be a
winning coalition of all ¢ not in the set.
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w; > q+ q+ w;. For any C* 3 i, we have w(N \ C*) < g and ¢ < w(C*) < q + w;. So,
w(N) =w(N\ C*) +w(C*) < ¢+ q+ w;. Contradiction. O

Lemma 10.

There is a minimal winning coalition C € Wl where for any i € C, any minimal winning
coalition C; > i has a mutually exclusive minimal winning coalition C' € I such that C;NC" = ()
if and only if any minimal winning coalition in U/ has a mutually exclusive minimal winning

coalition in /.

Proof.
(Only if)

Assume a minimal winning coalition C' € W/ where for any i € C, any minimal winning
coalition C; 3 7 has a mutually exclusive minimal winning coalition C’ € ¥/ such that C;NC’ =
(). If there exists a minimal winning coalition C which is not mutually exclusive with any other

minimal winning coalition, then C should not contain any i € C. So, CNC = . Contradiction.

(If)

It is obvious. O

Lemma 11.
If any minimal winning coalition has a mutually exclusive minimal winning coalition, there
exists a pair of mutually exclusive minimal winning coalitions C and C' such that w; > wy for

any i€ C andi € C'.

Proof. There always exists a minimal winning coalition C' € U/ such that for all i € C, w; > w;
for any j € N\ C. If the minimal winning coalition C has a mutually exclusive minimal winning

coalition C’, then w; > w; for any i € C and i’ € C". O

Lemma 12 (Necessary Condition 1: Single Agent Minimal Winning Coalition).

If, under f, there exists an agent i who consists a minimal winning coalition by itself C = {i}
and a mutually exclusive minimal winning coalition C such that CNC =0, f is not interim
self stable.

Proof of Lemma 12.
By construction, the agent ¢ is always pivotal, y(t—;) = 1 for all ¢_;.
Consider an alternative rule g such that wf = wlf and w? =0 for all j # i.

Then, for t; = s, Equation (C.2) is violated since

DoPu(f)t) = Y Pl-ulf(t)t) =~ > P(ti)<0.

tfiETtJ;:s tfiETtJ;:s

So, there is no equilibrium rejection of g. O
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Lemma 13 (Necessary Condition 2: Small Quota).
If there exists a minimal winning coalition C' € U such that for any i € C and for any minimal

winning coalition C; 3 i, w(N \ C;) > 2q, f is not interim self-stable.

Proof of Lemma 15.
Let an alternative rule g be the unanimous rule. By construction, for any agent i € C, Tt{:S #0
and T _, = 0.

We prove by contradiction. Let’s suppose there exists an equilibrium of g, (o, u).

For ¢; = s, suppose o;(s) # 1. From Equation (C.4), —u(TY) > —u(T¢). We know
1:(TY) = 0, we should have ;(TY) = 0.

So, if a type profile {_; € T_; and some set of agents H € ®;,

Lim H ol (t;) H (1—of(ty)
jeit JENVAUEY)

goes to zero in a speed that is no faster than for any other H € ®; and type profile t_; € T_;, t_;
should not be in Tt{ o

H,any j € (ﬁ \ C’i) have either oj(s) > 0 or o(r) > 0. Also, there should not be any minimal

It means that, for a minimal winning coalition C; 5 ¢ which is a subset of

winning coalition with all r types in {_;. It means that w({j eN\(HU {iPHlt; = T}) <q.
Then, we should have enough number of agents j € N \ (H U {i}) such that #; = s and

w({j € N\ UEDIG = 5}) 2 wN\ (U {) ~a.
It implies that for such j with £; = s we should have o;(r) = 1. But, since w(N \ C;) > 2g,
w(N\ C;) =w(H\ C;) +w(N \ (HU{i})) and

w(N\ (HU{i}))
= w({j e N\ (HU{NIEG = s} +w({ie N\ (BN =r)),

we have
w({j e N\ (H U :S})—i-w(I:I\Ci) >q.

The above result violates Equation (C.1). So, o cannot be an equilibrium rejection. Hence,
oi(s) should be 1.

However, this is true for any 7 € C. Contradiction. O

Lemma 14.
A weighted majority rule f € G(w) is interim self-stable among G(W) if, for any individual i,
there exists a minimal winning coalition including v which is not mutually exclusive with any

other minimal winning coalition.
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Proof.
Denote C; a minimal winning coalition which is not mutually exclusive with any other minimal
winning coalition. Since we are focusing on the case where wy = wy for any g, it is either
qr < qq Or qf > qq.

First, consider the case where ¢f < q4. So, if f(t) = S, then g(t) = S. And if f(t) = R,
then g(t) could be either S or R. Suppose a strategy profile (o, u) such that o; (¢;) = 0 for all i
and t; € Ty, oF (s) = k% and of (r) = k. Pick an agent i. Suppose for a minimal winning

coalition C,;, and a type profile t_;, the convergence speed of

tim | IT ofen || IT a-of@)

jeCm\{i} JEN\Crm

is slower than for any other minimal winning coalition. By construction, W (C,,) > W(C;) and
tj = s for j € Cp \ {i}. For such t_;, f(t) = S if t; = s, and f(t) could be either S or R if
t; = r, because Cy, has no mutually exclusive minimal winning coalition. Thus the right hand
side of Equation (C.4) is weakly less than the left for any type and any agent. This is true for
any 4. The strategy profile ¢ and the derived belief system g is an equilibrium rejection of g.
Second, consider the case where gy > q4. So, if f(t) = S, then g(t) could be either S or R.
And if f(t) = R, then g(t) = R. Suppose a strategy profile (o, ) such that o; (t;) = 0 for all 4
and t; € Ty, oF (s) = k% and o (r) = k™. Pick an agent 7. Suppose for a minimal winning

coalition C, and a type profile t_;, the convergence speed of

lim | IT ofen | | IT a-of@)

JECm\{Z} jeN\Cm

is slower than for any other minimal winning coalition and type profile. By construction,
W(Cy,) > W(C;) and t; = r for j € Cp, \ {i}. For such t_;, f(t) could be either S or R if t; = s,
and f(t) = R if t; = r, because C), has no mutually exclusive minimal winning coalition. Thus
the right hand side of Equation (C.4) is weakly less than the left for any type and any agent.
This is true for any ¢. The strategy profile o and the derived belief system p is an equilibrium

rejection of g. O

A.3.1 Super Majority Rules

Lemma 15 (Weak altenative).
Consider a qualified magjority rule f. If g has a C9 where n9 ¢ C9 and wf (C9) < ¢f, then there

exist an equilibrium rejection of g.

_ 1

Proof of Lemma 15. Set o;(t;) = 0, o¥(r) = k * and o¥(s) = kiwlg. Condition (C.1) and
(C.2) are trivially satisfied. Since o¥(r) > o¥(s) for any k and 4, and o¥(r) > a;?(r) for any
i > j, we have f(t_;,t; = r) = R and g(t_;,t;) = R for any ¢ and t_; with u;(t_;) > 0.
Therefore, Condition (C.4) are satisfied for any ¢ and ¢;. O
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Lemma 16. Consider a qualified majority rule f with ¢f > % If g has a CT where wI(N '\
cH + w! < q9 for any i € Ct, then there exists an equilibrium rejection of g.

Proof. Consider C7 with highest weights under g. Set o;(t;) = 0, o¥(r) = kz_% and o¥(s) =
k:_ﬁ. Since o¥(r) < o¥(s) for any k and 4, and o¥(s) > a}“(s) for any i > j, we have f(t_;, t; =
s) = S and g(t_;,t;) = S for any ¢ and ¢t_; with p;(t—;) > 0. Therefore, Condition (C.4) are
satisfied for any ¢ and ¢;. O

Lemma 17. Consider a qualified majority rule f with ¢f > "Tfl The followings are equivalent.
1. A rule g has a CF where wI(N \ C) +w! < ¢9 for any i € C7.
2. CT with highest weights under g satisfies w9(N \ C¥) +w! < ¢9 for any i € C7.

8. Consider C with highest weights under g. Then, wI(N \ CT) + w?, < ¢9.
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