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This paper studies a threshold regression model, where the threshold is determined by
an unknown relation between two variables. The novel features of this model are in
that the threshold is determined by two variables and their relation is nonparametric.
Furthermore, we allow that the observations can be spatially correlated and hence the
model can be applied to study thresholds over a random field. We derive the limiting
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1 Introduction

This paper studies a threshold regression model, where the threshold is determined by an

unknown relation between two variables. More precisely, we consider a model given by
yi = xiBo + 300 - 1[g; < 7o ()] + wi

for ¢ = 1,2,--- ,n, in which the marginal effect of z; to y; can be different depending on
gi < 7Y (si) or not. The threshold function v,(-) is unknown and the main parameters of
interest are f3, dg, and vy,(-). The novel features of this model are in that the threshold is
determined by two scalar variables (g;, s;) and their relation is nonparametric. Furthermore,
we allow that the observations can be cross-sectionally dependent (i.e., they can be strong-
mixing random fields as Bolthausen, 1982), and hence the model can be applied to study
thresholds over a space.

This paper contributes to the literature as follows. First, this paper formulates the thresh-
old by some unknown interactions between two variables: 1[g; < 7q(s;)]. Unlike the stan-
dard threshold models presuming that the threshold is determined by the level of one variable
(e.g., Hansen, 2000), we consider that multiple variables can determine the threshold. Fur-
thermore, the threshold function can be fully nonparametric (but smooth enough) and hence
it can cover many interesting cases that have not been studied. For example, we can consider
a model with heterogeneous thresholds if we see v (s;) as heterogeneous thresholds over i;
this specification can cover the case that the threshold is determined by the sign of a condi-
tional moment. Apparently, when v, (s) = v or vy(s) = 7s for some parameter v and s # 0,
it becomes the standard threshold regression model (where the threshold is determined by
the ratio ¢;/s; for the latter case).

Second, this paper allows that the variables are cross-sectionally dependent, which has
not been considered in the threshold model literature. This generalization allows us to study
threshold models over a random field (i.e., space): If we let (g;, s;) correspond to the latitude

“unknown” border that

and the longitude on the map, then ~,(-) can be understood as the
splits the area into two. Examples include identifying the boundary of some airborne pollution
(or toxic waste) or some tipping point over an area that segregates population.

The main results of this paper can be summarized in three-folds: First, we apply a
two-step estimation for this semiparametric model and derive asymptotic properties of the
estimators, where the unknown function v,(-) is estimated using a kernel method. Provided
do = con™ € for some ¢y # 0 and € € (0,1/2), it is shown that the nonparametric estimator

-1/ 2_consistency using asymptotic results

~(+) is uniformly consistent and (B,S) satisfies the n
of random fields by Bolthausen (1982) and Jenish and Prucha (2009). Limiting distributions

of these semiparametric estimators are also derived. Second, we develop a pointwise test



of Hp : 79(s) = 74(s) for a given s in the support of s;; simulation studies show its good
finite sample performance. Third, as an illustration, we apply this new model to study an
unknown spatial threshold. In particular, we estimate an unknown economic border that
splits the Queens and the Brooklyn boroughs in New York City, where each region has a
different level of the square-footage elasticity to the house price.

The rest of the paper is organized as follows. Section 2 summarizes the model and
our estimation procedure. Section 3 derived limiting properties of the estimators. Section
4 develops a likelihood ratio test of the threshold function and studies its small sample
performance by Monte Carlo simulations. Section 5 applies the results to the housing price

data to identify unknown economic border. All the mathematical proofs are in the Appendix.

2 Nonparametric Threshold Regression

We consider a threshold regression model given by
Yi = 1‘;50 + 13250 “1g <o (s0)] + s (1)

for i =1,2,--- ,n, where (y;, i, qi,s;) € RPHFL and 4, (+) is an unknown function. The
threshold function 7y(+) is unknown and the main parameters of interest are 3, dg, and v, (+).
In this model, the threshold is determined by two scalar variables (g;, s;) and their relation
is nonparametric. If we see this model as a spatial threshold model over a space, then (g;, s;)
can be understood as the location index (i.e., latitude and longitude) and hence the threshold
1 [q; < 7 (s;)] describes two-dimensional sample splitting.!

We estimate the unknown parameters in two steps. More precisely, for a given s, we fix
Yo (8) = v, where v can depends on s, and we first obtain B(’y; s) and g(’y; s) by local least

squares conditional on ~:
(B(:5),0 (359)) = argmin Qn (8,6,7%5) (2)

where

Qn (B,6,7; ) Zﬁ(

for some kernel function K (-) and a bandwidth parameter b,. Then, for a compact I' C R,

)@r%%—%MMSﬂy

'This model is different from Seo and Linton (2007), which specifies linear index form between (g;,s;) but
assumes a nonparametric smooth transition function instead of 1[-].



~Yo(+) is estimated by
7 (s) = arg millg Qn (v;s) for agiven s € S,
ve

where @, (7; s) is the concentrated sum of squares defined as

Qn (73 8) = Qn (3 (738),0 (v38) .73 S> : 3)

Finally, the estimators of 3y and dy are obtained from

where w; = ;1 [q; <7 (s;)].

We allow for cross-sectional dependence in (2, gi, si, ui)' in this study. For this purpose,
similarly as Jenish and Prucha (2009), we consider the samples over a random expanding
lattice L,, C R? endowed with a metric p (i,5) = maxj<s<2 |i¢ — j¢| and the corresponding
norm maxj<¢<2 |i¢|, where iy denotes the ¢-th component of i. We write |L,| for the number
of elements in L,, and we simply let the cardinality of L,, as n (i.e., |L,| = n); the summation
in (3) hence can be rewritten as ZieLn. Following Bolthausen (1982) and Jenish and Prucha

(2009), we also define a mixing coefficient:
a(m) =sup{|P(A;NAj) — P(A;) P(A))|: A; € A; and A; € A; with p(i,5) > m}, (5)

where A; is the o-algebra generated by (27, gi, si, u;)'.
We first assume the following conditions. We let f (g, s) be the joint density function of
(gi, si), and define

D(q,s) = E [/ (g 5)=(q.8)] and (6)
14 (Q7 S) = E [xzx;uﬂ (Qia Si) = (Q7 S)] . (7)

We also denote S as the support of s; and S as a bounded subset in the interior of S. In
what follows, we only consider s; € S.
Assumption A

(i) The lattice L, C R? is infinite countable; all the elements in L, are located at dis-

tances at least py > 1 from each other, i.e., for any i,j € Ly : p(i,5) > po; and



limy, 00 |0Ly| /1 = 0.

(i) (%, qi,si,u;) s stationary and a-miving with the mizing coefficient a(m) satisfying
S ma(m) < 0o and 300 m2a(m)¥/ %9 < oo for some ¢ > 0.

(11i) 09 = con ™ for some co #0 and € € (0,1/2).
(iv) E uxi|qi,si] =0 and 0 < E [u?|xi,q,~, si] < 0o almost surely.
(v) v: S+ T is twice continuously differentiable, where T" is a compact subset of R.

(vi) Uniformly in (q,s), there exists R < oo such that E [HxiHSJ“T (¢, si) = (q, S)] < R and

E |llzzu| ™7 |(ai,50) = (a, 8)} < R for some 7> 0.

(vii) D (q,s), V (g,s), and f(q,s) are bounded, continuous in q, and twice continuously
differentiable in s € S.

(viii) ey D (79(8),8) co > 0, gV (v9(8),8) co > 0, and [ (vo(s),s) >0 for all s € S.
(iz) E [x;zi1 (g < 7] |si = s] is positive definite for any v € I’ and for any s € S.
(z) As n — oo, b, — 0 and n'~2%b, — occ.

(xi) K () is uniformly bounded, continuous, and symmetric around zero with satisfying
JK@W)dv =0, [v’K(v)dv < 0, ks = [K(v)?dv < 00, limy_eo [v|K(v) = 0, and
lim, o0 [v|K (v)? = 0.

Most of these conditions are similar to Assumption 1 of Hansen (2000). Note that py in
Assumption A-(i) can be any strictly positive value, but we can impose p, > 1 without
loss of generality. The mixing condition in Assumption A-(ii) is from Bolthausen (1982).
Assumption A-(x) and (xi) are standard in the kernel estimation literature (e.g., Li and
Racine, 2007), except that the magnitude of the bandwidth b,, depends on e.

3 Asymptotic Results

We first obtain the asymptotic properties of the nonparametric estimator 7 (s). The first

theorem shows that 7 (s) is uniformly consistent.

Theorem 1 Under Assumption A, sup,cs |7 (s) — o (s)] —p 0 as n — oo.

The second result derives the limiting distribution of 7 (s). Similar to Hansen (2000), we let

W (-) be a two-sided Brownian motion.



Theorem 2 Under Assumption A and n'=2¢b3 — 0, for any fived s € S,

12, 3.(5) =20 (5) —a € () argmax (W () — 1)

as n — 0o, where

_ radV ()9
(D (10 () 15) 0)* £ (70 (5) )

and k2 = [ K(v)?dv.

Note that the distribution of argmax,cr (W (r) — |r| /2) is known (e.g., Bhattacharya and
Brockwell, 1976), which is also described in Hansen (2000, p.581). £ (s) term determines the
scale of the distribution at given s, which increases in the conditional variance £ [u12|xz, qi, si] ;
but decreases in the size of the threshold constant |cg| and the density of (g;, s;) near the
threshold.

Theorem 2 also shows that the (pointwise) rate of convergence of 7 (s) is n'~2¢b,,, which
depends on two parameters, € and b,,. It is decreasing in € like the parametric case. As noted

¢ and hence decreases

in Hansen (2000), a larger € reduces the threshold effect 69 = con™
effective sampling information on the threshold. Since we estimate 7(-) using the kernel
estimation method, the rate of convergence depends on the bandwidth size b, as well. Like
the standard kernel estimator cases, smaller bandwidth decreases effective local sample size,
which reduces the precision of estimators of y(-). Therefore, in order to have a sufficient
level of rate of convergence, we need to choose b, large enough when the threshold effect
do is expected to be small (i.e., when e seems to be large and close to 1/2). For instance,
by balancing the square of conventional b2-rate bias and the (n'~2¢b,)~!-rate precision from

(1-2¢)/5 for some constant 0 < ¢ < 00.2

Theorem 2, the optimal bandwidth satisfies b} = cn™
However, it does not mean that we can always choose b,, as large as possible, which is also
common in the standard kernel estimation. The choice needs to be such that n'=2¢3 — 0,
which is required to control for the O,(b2) bias term in the kernel estimator and hence the
limiting distribution of n!=2¢b, (7 (s) — 7, (s)) has mean zero.

The next result derives the limiting distribution of the parameter estimators B and 25\,

1/2

where they satisfy the conventional n~'/2-consistency. We denote z; = [x, 11; (7o (5:))] -

Theorem 3 Let § = (B/,g)’ and 6y = (By,00) . Under the same condition in Theorem 2 and

2Tt is the standard problem in the kernel estimation studies that the optimal bandwidth parameter selection
based on this expression is not feasible in practice since the constant term ¢ is unknown. In our case,
unfortunately, it is even more infeasible because the choice of the bansdwidth parameter depends on the
nuisance parameter € as well, which is not even estimable. We can use the cross-validation approach in
practice, though its statistical properties need to be studied further.



1-2¢p2
n-— b7 — o0,

Jn (@ - 90) g N (0, M*1Y* M)

as n — 0o, where

M= B[] = Bz Elzizi1i (7o (si))]
E i@l (o (s1)] B [iwili (7o (s0))]
E [ziwju] E [ziz{uf1i (7o (1))

V* = Varlzw = ,
E [zixjuil (v (s1))]  E [miziui i (7o (si))]

which are positive definite by construction.

Note that we need a smaller bandwidth parameter b, (i.e., n'=2¢%b2 — o00) in order to achieve
the n~1/2-consistency of 6. in Theorem 3. This additional condition is required to satisfy
the asymptotic orthogonality condition between 0 and 7 (e.g., Assumption N(c) in Andrews
(1994)), and hence the replacement of 7 by 7, in (4) has an effect at most o,(n~'/2). The
asymptotic variance can be estimated by the same analogue of M* and V* using u; =

Yi — x;B - w{g and 7.
4 Likelihood Ratio Test
From Theorem 2, we can consider a pointwise likelihood ratio test statistic for
Hp:vy(s) =7,(s) forsome s €S, (8)

which is given as

=)
—
»
~—
\.CIJ
~—

B n S; — S Qn('y*(s),S)_Qn(
LRn<s>—<§K< b ))x Qi3 (),9)

The following theorem obtains the null limiting distribution of this test statistic.

Theorem 4 Under the same condition in Theorem 2, for any fixed s € S, the test statistic

in (9) under the hull hypothesis (8) satisfies

LRy (s) —q &R (s) max W (r) —|r])

6



as n — 0o, where

. H2CI0V (Vo (3) »S) Co
$er () = T2SaD (7 (3), 5) o

with 02(s) = E [uZ|s; = s] and k2 = [ K(v)*dv.

When E [UZ2|33“ G, Si = s] = 02(s), which is the case of local conditional homoskedasticity, the
scale parameter £ (s) is simplified as k2, and hence the limiting null distribution of LR,,(s)
becomes free of nuisance parameters as well as common for all s € S. Though this limiting
distribution is still nonstandard, the critical values in this case can be obtained using the
same method as Hansen (2000, p.582) with a scale-adjusted by k2. More precisely, since the
distribution function of ¢ = max,cg (2W (r) — |r|) is given as P(¢ < z) = (1—e™#/2)21 [z > 0]
(e.g., Hansen, 2000), the distribution of ¢* = ko (which is the limiting random variable of
LR, (s) under the local conditional homoskedasticity) is P(C* < z) = (1 — e~#/2%2)21 [z > 0].
By inverting it, we can obtain the asymptotic critical values for a choice of K (-). For instance,
the asymptotic critical values for the Gaussian kernel is reported in Table I, where ko =
(2y/m)~1 =~ 0.2821 in this case.

For the general cases, {1 (s) can be estimated as

- k2o V (3(5),5)0
Ep(s) = —=—— _
T 250D (s),5)0

where 5%(s) = Y1y wii(8)@2, D (7 (s) 8) = Soiy wai(s)asa, and V (3 (s) , 8) = i, wail(s)aia] @
are the standard Nadaraya-Watson estimators with @; = y; — 8 — w}d from (4) and

wiils) = K<b_>/ZlK<b_>
wai(s) = K(Ch—bi(b’)’sib;s>/§:K<qz‘—bZ(s),sib/—As>’

for some bivariate kernel function K(-,-) and bandwidth parameters v/, b/. Note that we

can also form an asymptotic confidence interval for 7 (s) using the likelihood test inversion
method advocated by Hansen (2000).

Table I: Asymptotic Critical Values (Gaussian Kernel)

P(C* >cv)  0.800 0.850 0.900 0.925 0.950 0.975 0.990
cv 1.268 1439 1.675 1.842 2.074 2.469 2.988




In order to study small sample performance of the likelihood test, we conduct Monte Carlo
simulations as follows. We consider the threshold regression in (1) with z; € R, 8, = 0, and
Yo () = sin(s)/2. For the dependence structure in (z;, ¢;, s;,u;)’, we consider the following

two cases with A = 0.1:

e DGP1: (w4, q;, si,u;) ~ iidN (0, I4)
(gi, i)' ~ @idN (0, I2) ;

e DGP2: zi| (gi, 8i) ~ @dN (0,[1+ X (g2 + s2)]71);
ul{(%i, ¢, 8i) iy ~ N (0,9),

where the (i, 7)th element of Q is Q;; = [1+A((¢ — ¢;)* + (si — 5;)?)] " for 3,5 =1,2,--- ,m,
and u = (ug, - ,uy). DGP1 is the case with i.i.d. observations, whereas DGP2 is the
case with spatially correlated observations. For the bandwidth parameter, we simply select
b, =0, =0b = n~1/2¢,, where o, is the standard deviation of s;. Tables II and IIT summarize
the rejection probabilities of LR,,(s) at 5% nominal size over three different locations s = 0.0,
0.5, and 1.0 for these two DGP’s. For each location, we consider nine cases with n =
100,200,500 and §p = 1,2,3. Note that each combination of (u,dy) determines e for a fixed
co as € = (logco — logdp)/logn. (See Hansen (2000) for a similar simulation design.) The
result shows that the performance of the likelihood ratio test improves with n and the size
of threshold 4.

Table II: Rej. Prob. with i.i.d. data (DGP1)

5s=0.0 5s=0.5 s=1.0
n \ do 1 2 3 1 2 3 1 2 3
100 0.14 0.08 0.05 0.11 0.08 0.04 0.10 0.06 0.04
200 0.17 0.09 0.05 0.18 0.08 0.06 0.16 0.10 0.03
500 0.26 0.08 0.06 0.28 0.11 0.05 0.27 0.11 0.05

Table III: Rej. Prob. with spatially correlated data (DGP2)

s=20.0 s=0.5 s=1.0
n \ 50 1 2 3 1 2 3 1 2 3
100 0.08 0.06 0.04 0.06 0.05 0.05 0.06 0.04 0.03
200 0.11 0.05 0.04 0.12 0.06 0.05 0.11 0.07 0.04
500 0.22 0.12 0.08 0.27 0.13 0.09 0.27 0.14 0.10
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Figure 1: Threshold Function Estimate

5 Empirical Illustration

As an illustration, we study the housing price of the Queens and the Brooklyn boroughs
in New York City, using the single family house sales data in the year 2017. The data
set (Rolling Sales Data) is available at http://wwwl.nyc.gov/site/finance/taxes/property-
rolling-sales-data.page. In the threshold regression model (1), we consider the following

variables:3

Yi T q; Si

house price ($) constant latitude longitude

log of Gross Square Footage (ft?)
log of Land Square Footage (ft?)
dummy for built before 1945 (WWII)

In this exercise, since the pair (g;, s;) corresponds to the latitude and the longitude on the map,
“above the threshold” means the region on the northern side of the economic border, whereas
“below the threshold” means the region on the southern side of the economic border. The

sample size is n = 51, 387 (27,233 observations in Queens; 24, 154 observations in Brooklyn).

3 “Gross Square Footage” is the total area of all the floors of a building as measured from the exterior
surfaces of the outside walls of the building, including the land area and space within any building or structure
on the property. “Land Square Footage” is the land area of the property listed in square feet. (Source:
http://wwwl.nyc.gov/assets/finance/downloads/pdf/07pdf/glossary rsf071607.pdf)



Figure 1 depicts the nonparametric threshold function estimates 7, which is the “un-
known” economic border that splits the Queens and the Brooklyn boroughs in New York
City. The estimated border (orange line) is found to be substantively different from the
administrative border between these two boroughs (blue line). One interesting note is that
the big drop-down of the red line in the middle of Brooklyn is where the Brooklyn College
is located. Table IV summarizes the coefficient estimates for the parametric components, B
and 9.

Table IV: Estimation Result

I} 0
constant 8.837 —2.367
log of Gross Square Footage 0.200 —0.506
log of Land Square Footage 0.418 0.824
dummy for built before 1945 0.119 0.025

We can find that the housing price on the southern side of the threshold (or economic border)
is lower than that on north. The (semi-) elasticity of the Gross Square Footage is higher on
the northern side, whereas the (semi-) elasticity of the Land Square Footage is higher on the

southern side. It is also found that houses on the southern side are older than the north.

10



A Appendix

Throughout the proof, we denote K; (s) = K ((s; — $)/by) and 1; () = 1[¢; < ~| for any
v:S—T.

A.1 Useful Lemmas
Lemma A.1 For a given s € S, let

1 n
My (v;s) = o szzglz (7) Ki(s) .
" i=1

In (7:8) = \/i_bn ; xiuil; () K (s) .

Under Assumption A,

sup [ M, (v; 8) — M (v;8)] =5 0,
vel’

sup [n Y20, 12, (73 8)| —p 0
vel’

as n — 0o, where
¥
M) = [ Dia.s)(a5)da

and
In (75 8) = J (75 8)

a mean-zero Gaussian process indexed by 7.

Proof of Lemma A.1 For expositional simplicity, we only present the case of scalar z;.
Throughout the proof, C' € (0,00) stands for a generic constant term that may vary, which
can depend on the location s. We first prove the pointwise convergence of M, (v;s). By
stationarity, Assumption A-(vii) and Taylor expansion, we have

v—S

B o) = g [[ Blatiaitie <2l (520 £ @) dado

=[] DG+ bl <51 (0) £ 0.5+ but) dads

— /7 D(q,s)f(q,s)dQ+O(bi)=

11



where D(q, s) is defined in (6). However, we have

Vor My (i5)] = (Z{aﬂ E[x,?li(v)Ki(s)]})

= %E [{w?h (7) K; (s) — E [221; (7) K (5)] }2}
*# Y Cov[271; (7) Ki (s) 2315 (7) Kj (5)]

Note that we use Assumption A-(vi), (vii), and Lemma 1 of Bolthausen (1982) to show that
Zcov (2715 (7) Ki (s) , 2315 (7) K (s)] (A1)

z<]
Cov |21, (7)) K 5is L2215 (7) K i
bn J bn,

1 n
P
1<)
2 N
- bf > |Cov [#714 (v) K (t:) , 2715 (7) K (t;)] + O (b})]
i<j

< Cv Z ma (m)#/2+¢) (E [1:2”2@11' () K(ti)%ﬂ)

IN

HE L0 ()

= 0 (bi + nbi)

for some finite ¢ > 0, where a (m) is the mixing coefficient defined in (5) and the equality
is by the change of variables (t; = (s; — s)/by,) in the covariance operator. The equality is
from the changes of variables and Taylor expansion like in E[M,, (v;s)] above. Hence, the
pointwise convergence is established. For a given s, the uniform tightness of M, (;s) in
v follows from a similar argument as in Lemma 4.6 of Zhu and Lahiri (2007). Then the
uniform convergence follows from standard argument. Since E [u;z;|qi, si] = 0, the proof for
SUp.er ‘nfl/QbT—Ll/QJn(

Next, we derive the weak convergence of J, (7;s). For any fixed s and v, Theorem of
Bolthausen (1982) implies that J,, (v;s) = J (7;s) under Assumption A-(ii). Because 7 is
in the indicator function, such pointwise convergence in v can be generalized into any finite

~,5) | 2 0 is identical and hence omitted.

collection of ~ to yield the finite dimensional convergence in distribution. By theorem 15.5 of
Billingsley (1968), it remains to show that, for each positive n(s) and £(s) at given s, there
exist A > 0 such that if n is large enough,

P ( _Sup |0 (758) = Jn (G 8)| > 77(8)) <e(s)A

[¢:¢+A]

12



for any ¢. To this end, we consider a fine enough grid such that ( =(; < (; < (s < --- <
Ca,-1 <Cqg, = ¢+ A, where nb,A/2 < Gy, < nb,A and max1<g<gn ((g Cqm 1) < A/Gn.
We define hig(s) = zu;K; (s) 1 [Cg 1<qi < Cg] and Hp,(s) = n~1b, 12 |hig(s)|. Then
for any 7 € [¢,1.C,).

’Jn (’Y; S) —Jn (Cg; S)| < \/@Hng(s)
< /by | Hug(s) = E [Hng(5)]| + /nbp B [Hyg(s)]

and hence

sup  |Jn (738) = Jn (C59)]

YE[¢,CH+A]
< mmax | Tn (Cgi8) = In (G 5)]
+ max, Vb [Hpg(s) — E [Hpg(s )]|+1§mkf%§n nbn E [Hyg(s)]

= Wi(s) + Ua(s) + Ts(s).

In what follows, we denote h;(s) = z;u; K; (s) 1 [Cg <q < Ck] for any given 1 < g < k<G,
and for a fixed s. First, for Uy(s), we have

E (|90 (¢g39) = Jn (G s>\4}
1 n
- nQ_b%;E[h;*(s)] 2b2 ZE h2(s)h3(s 2b2 ZE h3(s

i#j i#j

+ 21b2 3 E[hi(s)hj(s)hk(s)hl(s)]—i—# ST B [B()hy ()i ()]
" itk A " ikt
= Uyi(s) + Pra(s) + Wi3(s) + V1a(s) + Pi5(s),

where each term’s bound is obtained as follows. For W11 (s), a straightforward calculation and
Assumption A-(vi) yield ¥y1(s) < C1(s)n~ b + O(b,/n) = O(n~1b; 1) for some constant
0 < Ci(s) < oo. For Wiy(s), similarly as (A.1),

Uia(s) <

202 $(9)] +|Couv [ (s), ki (s)]]) (A.2)
n i<y

2 (2 [7)) + 2, {062 Zmo‘ el (i [i24] 7)o (nb;t)}

for some ¢ > 0 that depends on s, where we let h; = z;u; K (t;) 1 [Cg < ¢;i < (] from the
change of variables (t; = (s; — s)/by). Then, by the stationarity, Cauchy-Schwarz inequality,
and Lemma 1 of Bolthausen (1982), we have

Uin(s) < O (¢ — C) 2 + 0 Y) + 0(b2)

IA

13



for some constant 0 < C’ < oo similarly as Hansen (2000). Using the same argument as the
second component in (A.2), we can also show that ¥q3(s) = O(n~1) + O(b?). For W14(s), by
stationarity,

n

4ln

Tiy(s) < n;bz > 1B ha()hi(s)hy(s)ha(s)]|
n 1<z<]<k
< oz Z Z lcov [h1 (), hig1(8)Rigjr1(8)Rigjrrt1(5)]|
1= 1]k<z
TR Z > leov [ ()hip1(s), hirjea(s)hitjrrsa(s)]] (A.3)
n j=114,k<j

tg Z > leov [l (s), hisi()hitj1(s), hivjrir(s)]]

N k=14,<k

similarly as Billingsley (1968, p.173). By Assumption A-(vi), (vii), and Lemma 1 of Bolthausen
(1982),

!COU [h1(5), Rit1(8)Pitj1(8)higjrr+1(8)]]
Ca (i )@0/(2+so

x (B [h(s 2+¢])1/(2+¢) <E [(hiJrl(S)hi+j+1(5)hi+j+k+l(5))2+ﬂ)
_ (Z)SO/ 2+¢p)
x (bn {E [ﬁfﬂo} +0 (2) }) e (bi; {E [(%Hl%iﬂﬂﬁwﬂkﬂ)QW] +0 (12) })

— be/ (2+9) (Z-)w (24¢)

y { (E [ﬁ%ﬂ’} ) 1/(2+¢) (E [(fﬁi+1ﬁi+j+1ﬁi+j+k+1>2+@:| ) 1/(2+¢) o (bi) } |

where the first equality is by the change of variables (t; = (s; — s)/by) and by Assumption
A-(xi). It follows that the first term in (A.3) satisfies

IN

1/(2+)

1/(2+¢)

3 Z > leov [ha(s), hiz1(s)hitjea()hitjrrra(s)]]

=1 j,k<i

04' ZZ o ()7 2+)

IN

12— (4/(2+¢))
~ 1/(2+¢) ~ o~ ~ 2+01\ 1/ (2+%)
X {(E [hfﬂpD (E [(hi+1hi+j+lhi+j+k+1> D +0 (b7)
. p1/(2+)
= 0 nb2#/2+¢) +0 n (A-4)
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by Assumption A-(ii). However, if we select ¢ such that

2¢ S 1 ,
249 7 1—2¢

then nb2?/ (9 — (n1*26b22¢/(2+¢))(1_25))1/(1*26) — 00 by Assumption A-(x), which yields

(A.4) becomes o(1). Using the same argument, we can also verify that the rest of terms in
(A.3) are all o(1) and hence W14(s) = o(1). For Wy5(s), we can similarly show that it is o(1)
as well because

Uisls) < o 303 Jeow [(5), hesa (s)hirsia ()]

no=1 j<i

3 &
o D [eov [BR(9)hisa(s), b (9)]]
" oj=114<j

By combining these results for U11(s) to ¥i5(s), we thus have

4 2
B[ (C5) = In (G s)['] < C1s) (G = G,)
for some constant 0 < C1(s) < oo given s, and Theorem 12.2 of Billingsley (1968) yields

C1(s)A?

P< max | Jp (Cgi8) — Jn (¢58)] > 77(S)> < )

A.
1<g<Gn (A.5)

which bounds Wy (s).

To bound Wa(s), the standard result (e.g., Li and Racine, 2007, Ch.1) yields that E [hfk] <
C2(s)by, for some constant 0 < Ca(s) < oo given s. Then by Lemma 1 of Bolthausen (1982),
we have

B | (Vo lay(s) = Elttay(o))”| = —-var

> |mg<s>r]

< %E [hig()] + n_zn Z |Cov (|hig(s)] , [hjg(s)])]
< CQ(S)A/Gn J

and hence by Markov’s inequality,

Ca(s)A
- < . .
P (s, Vi V(o) = B [ (9] > () ) < 225 (A6)
Finally, to bound ¥3(s), note that
nby E [Hpg(s)] = n'/2bY/2C5(s) A )G < 2C3(s)n 1/ 2, 1/2 (A.7)

for some constant 0 < C3(s) < oo given s, where A/G,, < 2/nb,. So tightness is complete by
combining (A.5), (A.6), and (A.7), and hence the weak convergence follows from Theorem

15



15.5 of Billingsley (1968). W
Lemma A.2 Define a, = n'~%b,, where € is given in Assumption A-(iii). For a given
s €S, let v, (s) =9 (s) +r/ay, with some |r| < oo, and

n

A (rys) = (00m)” (L (1 () = 1 (70 (5))) K ().

i=1
By (r,s) = Z%xzuz Tn (8)) = Li (70 (5))) Ki (s) -

Then,
A5, (r,s) —p |r| oD (70 (s) ,8) cof (70 (), 8)

and

By (r;s) = W (r) \/C{)V (Y0 (5),8) cof (V0 (), ) Rz

as n — oo under Assumption A, where ko = fK(U)Qd’U.

C6V (70 (8) , 8) coke

O DG (5) s o T (o (5)0)

Proof of Lemma A.2 First consider r > 0. By change of variables and Taylor expansion,
Assumption A-(vii) and (viii) imply that

E[A, (r,8)] = ZE { chzi)” (Li (70 () +7/an) = 1 (7 (5))) K (5)

’70(5 +7‘/an )
= // Co$i) lv, s+ bnt} K (t) f (v,s+ byt) dvdt
Yo(
= raD 70( ),s)cof (vo(s),s) +0(1).

Next, given that (1; (79 (s) + 7 /an) — 1i (70 ()% = 1; (9 (s) 4 r/an) — 1; (o (s)) for 7 > 0,
we have
ay

Var A} (r,s)] = nZb2 Var

> (i)’ (L (0 () + 7/an) = 1 (70 (5))) Ki (5)]
i=1

a2 2
= n;; Var [(ch:)? (1 (30 (5) + 7/an) = 1i (7 (5))) K: (5)]

sz 23" Coo [(chw)® (1 (0 () + 7/an) = 1i (30 () K (),

i<j
(ch1)” (15 (0 (5) + 7/an) = 15 (30 () K; (3)]
U a1(r,s) + Was(r, s).

16



Taylor expansion and Assumption A-(vii) and (viii) lead to that

a2
Uailrs) = —5B (i)' (1 (0 () + 7/an) = 1i (70 (5))) K2 (5)]

a2

— 2 (B[ () (10 (5)+ r/a0) = 130 (1) K (5)])

= 0 (n*QE) =o0(1).

2

Furthermore, by change of variables (t; = (s; — s)/by,) in the covariance operator and Lemma
1 of Bolthausen (1982), for some ¢ > 0,

U 4o(r, 8)

203 oo [ (ch)? (1 (0 9) + ) 12 (0 (D) K (1),

1<)

IN

(chz)” (13 (v0 () +7/an) = 15 (30 () K (2;)]

< 20 S ()@ < g [

(chzi)? (L (0 (5) + 7/an) — 1 (70 (5))) K (#:)

2+¢] > 2/(2+¢)

= 0 (n_l) =o0(1).

Hence, the pointwise convergence of A} (r, s) is obtained. Since rc{D (¢ (), s) cof (79 (), 9)
is strictly increasing and continuous in 7, the convergence holds uniformly on any compact
set. The same argument holds for negative r, which completes the proof for A% (r, s).

For B} (1, s), Assumption A-(iv) leads to E [B}; (1, s)] = 0. Then, similarly as for A} (r, s),
for any ¢ # 7, we have

Cov [cyziu; (1i (vo +7/an) — 1i (v9)) Ki (5) (A.8)
cozjuj (1 (vo +1/an) = 15 (v9)) Kj (s)] < bja,'C

for some positive constant C' < oo, by the change of variables in the covariance operator and
Lemma 1 of Bolthausen (1982). It follows that
* Qn
Var[B} (r,s)] = b—Var [céxiui 1L (vo +7/an) — 1; (vo)| K (s)] + O (by)

= ’I“CBV (Y0 (8)s8) cof (v0(8),8) k2 +0(1),

where k2 = [ K(v)?dv. Then by the CLT for stationary and mixing random field (e.g.
Bolthausen (1982); Jenish and Prucha (2009)), we have

By (r,5) = W (1) \JehV (30 (s) ,5) cof (0 (5) . ) o

as n — oo. This pointwise convergence in r can be extended to any finite-dimensional conver-
gence in r by the fact that for any r < o, Cov [B}; (r1, ), BY (r2,s)] = Var B}, (r1,s)]+o0 (1)
since (1; (yg +72/an) — 1i (vo +71/an)) Li (79 + 71/an) = 0 and (A.8). The tightness follows
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from a similar argument as in Lemma A.1 and the desired result follows by Theorem 15.5 in
Billingsley (1968). B
A.2 Proof of Main Theorems

Proof of Theorem 1 We first show pointwise convergence. For given s € S, let 3;(s) =
Ki(s)Y2y;, Ti(s) = Ki(s)Y2x;, Wi(s) = Ki(s)Y?u;, and Zi(v;s) = Ki(s)2x1 ((s)); we
denote y(s), X(s), u(s), X(;s) as their corresponding matrices of n-stacks. Then 0(v;s) =
(B(x: ), 8(v; 5)) in (2) is given as

0(r:5) = (Z(3:8) Z(:9)) " Z(7:8)5(5), (A.9)
where Z(7; s) = [X(s), X (v; s)]. Therefore, since §(s) = X (s)8q + X (vo(si); $)d0 + (s) and
X (s) lies in the space spanned by Z(v;s), we have

Qn (v38) —u(s)u(s) = (s)' (I = Pz(v;5)) y(s) — uls)"u(s)
= —u(s )P (73 8)u(s) + 200X (vo(si); s)' (I = Pz(vs8)) u(s)
+60X (vo(50); 8)' (I = Pz(7:9)) X (70(s1); )00

where P3(v;s) = Z(v;8)(Z(7;8) Z(7;8)) " Z(7;s) and I is the identity matrix of rank n.
Because

1 n
; Ti(y;8)Ti(y;8) and J,(v;8) = —= Y Ti(7; s)ui(s),
n(738) = - Z (7; 8)Zi(7; o \/n—bn; y
however, Lemma A.1 yields that
Z(vis)ils) = [X(s)ils), X (3:9)'ii(s)] = Op (n/2}/?)
Z(y;5) X(o(si);5) = [X() X (v0(s0):5), X (73 5) X (v9(5:); 8)] = Op (nby)

for given s. It follows that

o 12% (@n (vi5) —u(s)t(s)) (A.10)

- <n112£b”> tO <\/%> " n_zncé)z(%(si);s)/ (I - P5(v; 5)) X(Vo(si); s)co
= nibncf))?(’YO(Si); 3)’ (I — PZ(V; s)) X(’Yo(Si); s)co + 0p(1)

as n'=%b, — 0 with n — oo. Note that P ( s) is the same as the projection onto
[X(s) — X(v; ),X('y, s)], where X (v;s)(X(s) — X(v;s)) = 0. Furthermore, for y > ~,(s;),
X(v0(s1);8) (X ()= X (7;5)) = 0 and X (19(s4); 8) X (7:5) = X (79 (si); )’ X (79(s7); 5). Hence,
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similarly as Lemma A.1, it can be verified that

V—S

B, Golsioll = - ([ Bladlaoltla < o) (U=2) 1 o) dado (A1)

Yo(s+bnt)
— EMu (o)) + [ ( / ) D(q,s+bnt>f<q,s+bnt>dq> K ()t
Yols

o(s+bnt)
— EMu o))+ [ ( /W() D(q,s>f<q,s>dq> (1+ Cu3%) K (t)de
Yols

= BIM, (i) + [ (Carbat +Coab?) (1 + Coe) K o)
= E[M, (yp;9)]+0 (b2)

for some C1, Cs1,Cos < 00, where the fourth equality is by the Leibniz integral rule under
Assumption A-(v). It follows that, uniformly over v € T' N [y4(s;), 00),

b X (i) (1 = Pylri)) Koolsi) s)eo (A.12)

—p M (793 8)co — oM (75 8) M (75 8) " M (793 8)eo < 00,

from Lemma A.1 and Assumptions A-(viii) and (ix), as O (b2) = o(1). Note that M(v;s) =
Elzizi1;(7)|si = s|fs(s) is positive definite from Assumptions A-(viii) and (ix), where f5(s)
is the marginal density of s;. The pointwise consistency follows using the same argument as
the proof of Lemma A.5 of Hansen (2000).

Next, to show the uniform consistency over s € S, it suffices to show the uniform tightness
of 7(s) on s. For any e, consider s; < so. By Assumption A-(v), we can pick A such
that |vq (s2) — 79 (s1)] < Ae for any |sg — s1| < A. Then, take a fine enough grid s; =
to < t1 < ta < -+ < tg-1 < tg = s such that maxi<4<q|ty —tg—1] < Ae. By the
pointwise consistency, maxi<q<a |7 (tg) — 79 (tg)] < Ae when n is sufficiently large. For any
g <G —1and any s € [tg,ts41], therefore, Assumption A-(v) and the pointwise convergence
imply that with probability greater than 1 — e, both 7 (s) and ~y,(s) are in the interval
[0 (tg) —€,70 (tg+1) + €], which has length bounded by 3e. Since s is arbitrary, we have with
probability greater than 1 — ¢,

sup [y (s1) =7 (s1+1)]

0<t<A
< max [F(ty) — 7 (tg)|+ max  sup |7 (s) — v (8)| + sup |vo(s1) — v (s1+1
s, W) =20 )l + s 3() = ()] s o (51) = o o1+ )
< 4Ac¢

which completes the proof by Theorem 15.5 of Billingsley (1968). W

In order to prove Theorem 2, we first show the following lemma.

Lemma A.3 Let §(7(s) = (B(7 () .8 (7(5)). 0 (70 (5)) = (B (7 (5)) .3 (70 ())"). and
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0o = (B4, 00)" for a given s € S. Then, under Assumption A,

Vb, (90 () = b0) = 0,(1) and v/nby (85 (5)) =8 (30 (5)) ) = 0,(1).

Proof of Lemma A.3 For the first result, from (A.9), we have

Vb (8o () = o)
- <WZ(%’ >Z<fyo;s>)_1< ﬁTnZWO%S)'ﬂ(S))

_ (nb Z it K (s)  Myp(vo;9) ) (\/m . 1:6111,Z i )
M (’VOa ) Mn(’VOaS) J (’VOa )

= Op(l)

from Lemma A.1, where (nb,) ™! 27—1 zizi K (s) —p M(s) < oo for some positive definite

M(s) and —4= Zizl whui K (s) = Op(1).

For the second result, we let Z;(s) = [z}, 2:1; (7 (s))], zi(s) = [}, 201 (7 (s))], and
z = [z}, 241, (79 (5:))]'. Then, y; = 2/0p +u;. Using a using a similar expression as above, we

have

(A.13)

Zi(s) (yi — 2i(5)"00) — 2i(s) (vi — 2i(s)'00) } Ki ()

T\ 1 &
= (era (i {m;(%“) ) i (3
1 L 1 n
7 ) (6) = 2 e 5) = = 3 s) (=) QOK()}

for some 0 < C' < oo. However, since z;(s) — z; = [0, 2} (1; (Y (s)) — 1 (70 (s0)))]/,

n

= D0 () — ) ki o)
" i=1

n

= [0> \/%Tn > wiui (1 (3 (s) = 1i (v (5))) K (S)]

i=1

1 o R !
O e 2o (14 0) — Lo () K <s>]
— Op((n1_26bn)_1/2)—>0
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by Lemma A.2 and Assumption A-(x). Similarly, we also have

S Ei(s) (Bi(s) — 1) B0Ki )
=1
(=) 2 3y o (147 (5)) = L o () K (o
(n20b,) /2 S o (15 (3 () — L (ming3 (5) 70 () }) Ki (5)
= Op((n=¥,) 12 = 0

1

nby,

since (2Z;(s) — ;) 00 = dpzi (1; (7 (5)) — 1; (79 (s4))). The last component in (A.13) can be
shown to be O,((n'~2b,)"1/2) as well using the same argument, which completes the proof.
|

1=2¢p, . where € is given in Assumption A-

Proof of Theorem 2 First, define a, = n
(iii). For a given s € S, we consider J(s) such that [ (s) — v, (s)| € [F(s)/an,C] for some
0 <7(s),C < oo. Then, given Lemma A.2, it can be verified that P(Q}(7;s) — Q% (vo;s) >
0) — 1 as n — oo using the standard results in kernel regression (e.g., Li and Racine,
2007, Ch.2) and following Hansen (2000), where Q% (v0:s) = Qn(B(H (5)),8 (7 (s)),70;5)
and QF(7;s) = Qn(ﬁ( (s)) ¥ (7 (s)),7;s). It follows that with probability approaches to
one, since Q} (7;s) — @ (7o; s) < 0 for given s, |7 (s) — v (s)| < 7(s)/an and hence we can

define a random variable 7*(s) such that

7 (6) = a3 6) =20 (5) = angmax { @300 = @i (0-+ 35 |

n

We now let A;(r;s) = 1; (7o (s) + (r/an)) — 1i (79 (s)). We then have

@009 - @i (r0°+ i5)

r;8) + 2By (r; 8).
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For A,(r;s), Lemmas A.2 and A.3 yield

n 2
An(rys) = Z <<5o + n_1/2b51/2C’5 + op(n_1/2b51/2)>la:i> Ai(r; s)K; (s)
i=1
= A;kz (7" 1 2Eb Z 605 Z:B 605) A@(T, S)Kz (S) + Op (1)

= A5 (r,s)+0, ((nl 2€bn) ) + 0, (1)
= A, (rs)+op(1)

for some Cs < oo, since n'=2%, — oo and Zil n"2ChxxiCsNi(r; ) K; (s) = Op(1)
from Lemma A.2. Note that 6 (5 (s)) — 6o = (6 (3 (s)) — 0 (79 () + (6 (7o (5)) — 60) =
Op(n_l/Qbﬁl/z) from Lemma A.3. Similarly, for By, (r;s), since y; = Byz;+05z:1; (vo(si))+us,
we have for some Cg < 00

By (r;s)

n

= 3 (o A (10 (50) = 1 o ) = (FR 0) = o)
=1
- (36~ 0) 14 (30 () 3 (20 () w81 o)
= > (Uz + 60w {1i (0 (1)) = 1i (0 ()} — 0~ V20,12 Clhwy — n 20,12 Clni (70(5))>
=1

X (50 + n_1/2b;1/205),$¢A¢(7“; s)K; (s) + op(1)

= B, (r,s)+ ﬁ Zluzibz (n=°Cs) Ai(r; 5) K (s)
+ Z dpziado (Ai(r; s) {Li (Yo (s1)) = 1i (70 (5))}) Ki (5) (A.14)

m Z Syiat; (n™Cs) (Aars s) {1i (v (52)) — Li (0 ())}) K (s)
nl e Zaoxz n"°Cp) Ai(r; 8)K; (s)

= 2% Z n=Cy) wi} (n~°Cs) Ai(r; ) K (s)
nl o Zéowz 0= Cs) {847 )L (v0(s))} K (5)

e zeb Z ~<Cs)' wixh (0~ Cs) {Ai(r: 9)L: (v0(5))} K (5) + 0p(1)
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— B (r,8) + O (0" 2D,) %) 4+ 0, (0" 283) + 0, (0" B,) %) + 0,(1)
By, (r,s) + 0p(1)
from Lemma A.2, since n!=2¢, — oo and n'~2%3 — 0 under Assumption A-(x). Note

that the third term on (A.14), denoting Bps(r; s), is O (n'723), which is also negligible as

n!=2€3 — 0. To see this, similarly as E [M,, (; s)] in the proof of Lemma A.1, we have

ElBualris)] = = [[ dDla.s+but)eo (1la < 20(9) + (r/an)] = g <7 ()}
X {1lg < 7o (s + bnt)] = L{g < 7o (5)]} K (¢) f (¢, 5 + but) dgdt.

However, since®

{1lg <79 (s) + (r/an)] — 1{g < 79 ()]} {1[g < 7o (s + but)] — L[g < 7o ()]}
= 1lyy(s) <g<min{yy(s+bnt), 70 (s) + (r/an)}]

+1 [max {7 (8 + bnt) , 79 (5) + (r/an)} < ¢ < 7 (5)]
< 1y (s) <qg <y (s+bat)] + 1y (s +bnt) <q <79 (s)],

we have

Yo (s+bnt)
EBu(ris) < nZe : / / ehD(g, 5 + but)co K () f (¢, 5 + but) dadt
'Y

bn_ // iD(g, 5+ but)coK (8) F (g, 5 + but) dqdt
n Yo(s+bnt)
— O( 1— 2eb3

which is because

Yo(s+bnt)
/ / hD (g, s+ but)eok (£) f (g, 5 + but) dadt
»

Vo(s'*‘bn)
- / / ¢ D(q, $)cof (¢,5)dq | (1+ CLB22) K (t)dt
'70(3)

= / (Carbut + Cagb2t?) (1 + C1b21%) K (t)dt

_ 2
- O(bn)
“Note that
1[r < ¢ <min{rs,r3}] + 1 [max {rs,rs} < g < m]

_ 1ri<g<r+1[rs<qg<ri] ifryg<rs
- 1ri<g<r3]+1llra<q<ri] ifra>rs
< { [ri<qg<m]+llra<qg<mr] ifra<rs
- 1] ] ]

r1<qg<mr]+1llra<qg<m
= 1[r<qg<r+1fra<qg<m].

if o > 13
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for some Cf1, Ca1, Ca2 < 00, similarly as (A.11). The other term can be verified symmetrically.
It hence follows that

Q;(’Yo; 5) - Q::L <’70 + CLL; 5) = _A;kl (Ta 5) + QBr*z (T7 5) + Op(l)

and the desired result follows from Lemma A.2 using the same argument of the proof of
Theorem 1 of Hansen (2000). W

Proof of Theorem 3 Let z; = [2},2/1; (Y (s:))], 2z = [@}, i1 (0 (s:))], and A; (si) =
1; (7 (s:)) — 1i (70 (s4)). Then,

e - (1£59)
Neals

and it suffices to establish

3
)

)
KRN

()

3=

L

i (wi— (Z— =) 90))

=1

)

= Sl-
NE

s. @.
I M: I M:
— [

{ziu; + (2 — Zi) wi + % (25 — zi),90}>

1

ﬁ Z ziu; —q N (0, V™) (A.16)
=1
and
N5 G = 2) 00 = 0, (1) (A.17)

LS G- u =0, (1), (A.18)

First, by Assumptlons A-(vi), x), and Theorem 2, (A.15) can be readily verified since

n~! Z zixil; (7 (si)) =n 12 z;21; (g (8i)) +nt Z zixiA; (s;) and

A(v)
E [z (s;)] < / /7 . D (q,v) f (q,v)dq|dv (A.19)

_ /{!D%(v),v)f(fyo(u),U)\op <n1+2€bn>}dv
= Op<n1_—12€bn>—>0

similarly as (A.11). Using a similar argument, asymptotic normality in (A.16) follows by
Theorem of Bolthausen (1982) under Assumption A-(ii).
Second, to show (A.17) and (A.18), we consider the case of scalar x; for expositional
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simplicity. We first observe that, by Assumptions A-(vi), (x), and (A.19),

n 2
(%Zx?%m»)] = B [#331 ()[] + 20 (B [700 (s1)])? (A-20)
i=1
—i—% Z cov [22502; (5;) 7'%?60Aj (si)]
i<j
< QB [ 1A ()] + 207 (B [#304 (50)])°

+2n7%c2 Z ma (m)¥/ ) g [’J;fAZ (si)’2+w] 2/(2+¢)
m=1

1
= O( _26) +O <’I’L1—2Eb%> +O (77726) — 0,

1=26p2 _ 0o, Similarly as (A.19), we can also verify that

1

(% Z:MA (sz-)) 1 0, (m——lzbn> —0 (A.21)

since E[z;u;A; (s;)] = 0 from Assumption A-(iv). From (A.20) and (A.21), therefore,

provided n

(v)
/ V (g,0) f () dg
j

E [(xzuzAz (Si))ﬂ S/ .

and hence

1 " ~m v [ _1/22._ 227604 (8;)
Vn & w12 waldol (s) 1 (7 (51))

n R n—1/2 Z i A
; (zi — Zi) uy n-1/2 Z T A )1 (’Y (si)) ]

are both op(1), which completes the proof. B

Proof of Theorem 4 From (A.10) and (A.12), we have

LQn('y (s),s nb ZU2K s) +op(1) — pE[uﬂsizs] fs(s),

nby,

where f; (s) is the marginal density of s;. In addition, from Theorem 2 and the proof of
Lemma A.3, we have

Qn (0 (5),8) = Qn (7 (8),8) =Q (7 (5),5) —Qr (V(5),8) + Op(l)

since 5@ (s)) — 5(70 (s)) = op((nby)~'/?). Following the proof of Theorem 2 of Hansen
(2002), the rest of the proof follows from the change of variables and the continuous mapping
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theorem because (nb,)~! Zé_l K;(s) —p fs(s) by the standard result of kernel density
estimation. W a
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