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Discretion versus Inflation Targeting in Economies
with Relative Habit Persistence

Yongseung Jung*®

This paper sets up a canonical new Keynesian model with habit persistence in
consumption. The paper estimates key parameters using maximum likelihood and shows
that the habit persistence improves the explanatory power of the model over the business
cycle, irrespective of habit formation way. If the distortions associated with external habit
are not completely eliminated by the fiscal policy, then the remaining external habit entails
a gap between the private marginal rate of substitution between consumption and labor and
the social marginal rate of substitution, generating an endogenous trade-off between the
stabilization of welfare-relevant output gap and inflation. Under this circumstance,
discretion, partially taking into account the trade-off between output gap and inflation, can
be better than a strict inflation targeting rule in welfare dimension if the fiscal authority
does not implement any tax policy to eliminate the distortions associated with external habit.
The monetary policy to deal with distortions associated with external habit is less effective in
the ratio external habit model than in the difference habit model, resulting in a higher the
inflation rate in the ratio external habit model than the inflation rate in the difference habit
model.
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I. Introduction

Real rigidities such as internal or external habit formation have been incorporated
into sticky price models to capture the hump-shaped, gradual response of spending

to monetary shocks.! The ways that habit persistence is modeled in the new
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! A shock that increases current aggregate consumption leads the household with habit to experience
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Keynesian literature are essentially innocuous for business cycle behavior as in
Dennis (2009) and Schmitt-Grohé and Uribe (2008). In particular, Dennis (2009)
shows that the differences of impulse response functions of output and inflation rate
to supply and demand shocks under internal habit and external habit specifications
are qualitatively and quantitatively very small.

However, it is important where one discusses the welfare implications of
alternative monetary policy rules. Many studies including Amato and Laubach
(2004), Chugh (2007), and Woodford (2003) have explored the optimal monetary
policy by incorporating internal habit in consumption along the lines of Christiano
et al. (2005), Del Negro et al. (2007), and Smets and Wouters (2007). In particular,
Woodford (2003) has forcefully shown that the divine coincidence holds in the
sticky price model with internal habit in consumption if the fiscal authority can
implement a time-invariant subsidy to employment to eliminate the distortion
associated with the monopoly power in the goods market: The monetary authority
should focus on completely stabilizing inflation every period without concern for
the output gap even if there is internal habit persistence.” Considering the success of
models with habit formation to accurately replicate the hump-shaped response of
real spending to exogenous shocks, the monetary policy recommendation warrants a
closer look.

When we distinguish internal habit from external habit, the conditions under
which the divine coincidence holds in models with external habit in consumption
are very complicated. The external habit generates time-varying externality in
consumption that should be tackled by the authority. Jung (2015) shows that the
divine coincidence holds in the difference external habit formation circumstance
where households do not take into account of their behavior on the economy, only if
the fiscal authority implements a very simple from of time-varying labor income tax
rates to completely eliminate the time-varying distortions associated with external
habit. Otherwise, price stability cannot be optimal monetary policy in external habit
circumstance.

Although many authors adopt a difference habit formation to discuss important
issues related to business cycles and monetary policy,’ a ratio habit formation rather
than a difference habit formation is first introduced to address the relative behavior
of consumption over business cycles. As Schmitt-Grohé and Uribe (2009) note, a
ratio external habit persistence in Abel (1990) and Furher (2000) which features a

a higher utility from an additional unit of consumption tomorrow. Therefore, under habit formation,
the household gets used to a higher level of consumption, and the marginal utility of consumption gets
renormalized at the higher reference level. As a result, the shock propagates consumption and output
persistence.

> Yun (2005) also shows that the inflation targeting rule responding to changes in the initial relative
price distortion is still optimal even if there is initially a substantial relative price distortion.

? See Schmitt-Grohe and Uribe (2008) for detail.
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relative habit persistence is closely related to Dusenberry (1941)’s relative income
hypothesis. To look at the monetary policy implications under a relative income
hypothesis, it warrants to explore the welfare ranking of alternative simple monetary
policy rules in the ratio external habit model. Furthermore, as the optimal tax policy
rules take a very complicated form in a ratio external habit model compared to a
very simple form in a difference habit formation habit model, it is practically
impossible to implement a time-varying optimal tax on labor income to completely
eliminate the time-varying distortions associated with external habit at every state
and at every time. To implement an optimal tax policy, the fiscal authority should
have complete information about the state of the economy such as conditional
covariance of the stochastic discount factor and the future consumption. Under this
circumstance, the government is more likely to implement a time-invariant taxation
to deal with distortions associated with external habit.

I will first discuss whether habit persistence improves the sticky price model in
explaining the business cycle characteristics in terms of second moments of key
variables. I will next consider the effect of external habit on the relationship between
welfare-relevant output gap and inflation in a new Keynesian Phillips curve and in
a welfare function under the assumption that the fiscal authority implements a
simple time-invariant tax policy to deal with distortions associated with external
habit. Finally, I evaluate the correct welfare ranking of the alternative monetary
policy rules such as discretion and inflation targeting rule by employing a second-
order approximation as well as a first-order approximation to the structural
equilibrium conditions as in Schmitt-Grohé and Uribe (2004), and Woodford
(2003). In particular, I will explore whether such a ‘leaning against the wind’
monetary policy can be better than a strict inflation targeting rule in sticky price
model with productivity shocks only and external habit circumstances.

The main findings of this paper can be summarized as follows. First, the optimal
discretion can be better than the strict inflation targeting rule in improving the
welfare of the household with externality in consumption. The endogenous trade-
off resulting from the discrepancy between the private marginal rate of substitution
between consumption and labor and the social one due to external habit in
consumption calls for monetary authority to deviate from the price stability. Hence,
the optimal discretion that partially takes into account the trade-oft between output
gap and inflation can be better than the inflation targeting rule that disregards it.

Second, the monetary policy to deal with distortions associated with external
habit is less effective in the ratio external habit model than in the difference habit
model and the inflation rate in the ratio external habit model is higher than the
inflation rate in the difference habit model. This result follows from the fact that the
consumption ratio does not move much in the ratio external habit model, making
the disutility of labor hours dominate the utility of consumption. Hence, the interest

rate moves less countercyclically in the ratio external habit model than in the
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difference external habit model as the marginal utility of consumption moves less in
the ratio external model than in the difference external habit model.

Third, the habit persistence improves the explanatory power of the sticky price
model over the business cycle, regardless of whether the habit persistence is internal
or external. The estimated degree of external habit via maximum likelihood is about
0.66, whose value is comparable to Boldrin, Christiano, and Fisher (2001),
Christiano et al. (2005), and Gruber (2004) estimates of &, 0.73, 0.63, and 0.82,
respectively.

Finally, the fiscal policy is more important than the monetary policy in welfare
dimension since the fiscal policy is relevant to the determination of the efficient
natural level of output. The optimal labor income tax rate should be proportional to
the degree of externality in consumption as well as the markup size, which restores
the efficient equilibrium.

The remainder of the paper is organized as follows. Section 2 presents a
canonical sticky price model with the habit persistence and Section 3 estimates key
parameters and evaluates the model in time domain. Section 4 delineates the
Ramsey optimal monetary policy in the sticky price model with external habit in
optimal tax regime. Section 5 explores Ramsey optimal monetary and discretion in
the sticky price model with external habit in Ramsey steady-state tax regime. Section

6 compares the welfare of alternative monetary policy rules. Section 7 concludes the

paper.

II. A Sticky Price Model with External Habit Formation
2.1. Households

Along the line of Dusenberry (1941), Abel (1990, 1999) and Furher (2000)
specified a ratio external habit to consider the equity premium puzzle and monetary
policy implications, respectively. In this setup, a representative household derives
utility from the level of consumption relative to a time-varying aggregate habit level:

E{iﬂ’(w—ﬂﬂ, 0<p<l, (1)

1=0 l—O' 1+Z/

where B is the household’s discount factor, E, denotes the conditional
expectations operator on the information available in period #z, and C’=
ccC,X,). C, N

t t )

and X, represent the household’s consumption for
composite goods, labor hours, and the external habit level of consumption in period
¢, respectively. A consumption index is introduced as follows:
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Here & measures the elasticity of substitution within each category.

Next X, summarizes the influence of past consumption levels on today’s utility.
The houschold regards the stochastic sequence of habits {X,}”  as exogenous
which is tied to the stochastic sequence of aggregate consumption {C,}7, as
follows.

C
C(C,X,) ==/
c’,

t—

where C,_, 1s aggregate past consumption and 0<4 <1 measures the degree of
habit persistence. Since there is a representative agent, aggregate consumption
equals the household’s consumption in equilibrium.

C =C,.

t t

There exists a complete asset market in the economy. Let B, denote the
be the

corresponding stochastic discount factor in period z. Then the riskless one-period

nominal payoff of the portfolio purchased in period 7 and O,
nominal interest rate in period ¢ is given by R =[E,Q,,, I". In each period, the
household chooses decision rules for consumption C,, labor N,, and a nominal

bonds portfolio B,,, to maximize (1) subject to a sequence of budget constraints:

Rct + Et [Qt,t+1Bt+l] < ®t + TRt > (3)

where TR, is lump-sum transfers or taxes in period #. Household’s wealth ©,

in the beginning of the period ¢ is given by

®t=Bt+H1+VVth(1_TN,,), (4)

where N,, II,, W, and 7,, denote the hours worked, the firm’s nominal
profits, nominal wages, and the tax rate given to the household at time z,
respectively. Here it is also assumed that the tax revenues are handed back to the

households in a lump-sum fashion as in Ljungqvist and Uhlig (2000).
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2.2. Firms

Suppose that there is a continuum of firms producing differentiated goods, and
each firm indexed by j €[0,1] produces its product with constant returns to scale

technology.
Y,(j))=4N,(), (5)

where A, is the technology process at period #, and Y,(j) and N,(j) are the
output and total labor input of the jth firm, respectively. I assume that the (log)
technology shock follows an AR(l) process as a,=pa +&, , —l<p, <1,
where 4,=In4,, E(,)=0 and &, is iid. over time. Each firm ; takes P,
and the aggregate demand as given, and chooses its own product price P, (). Cost

minimization leads to the following labor demand
W, =MC,())A4,. (6)

The marginal cost of each firm is equal, 1.e. MC,(j)=MC, for each ; as the
production function is constant returns to scale:

Next, the monopolistically competitive firms in the product markets set their own
prices in advance by maximizing the present discounted value of profits. Only the

fraction (1—a ) of the firms sets the new price, P, and the other fraction of firms,

1t

o, sets its current price at its previous price level a la Calvo (1983) and Yun (2005).
Let P

1tk
firm’s maximization problem can be written as follows.

denote the price at period z+4% that is predetermined at period z. The

max Ez {Z asz,erk [I)l,l+1(YZ,Z+/§ (]) - MCz+1<Yz,t+/< (])]} ’ (7)
k=0

subject to the sequence of demand constraints

(B
},z,z+l< (]) < P_ },H»}( °

t+k
2.3. The Government
The fiscal authority collects lump-sum taxes 7, =TR, +W,N,z,, to offset the

distortions in goods market and consumption, and then it hands back the tax
revenues to the households in a lump-sum fashion as in Ljungqvist and Uhlig
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(2000). The monetary authority implements one of the monetary policy rules such

as inflation targeting, discretion, and Taylor rule.
2.4. Equilibrium

I will focus on the symmetric equilibrium in which all agents make the same

decisions in what follows.

2.4.1. First-Order Conditions
The first-order conditions for the household can be summarized as follows:

C [e3
Nt”( - j Ctb—l zwt(l_TNt)’ (8)

B Ct / Ctb )17(7 Cz
Qt,t+1 = ﬂ_ “ b o ) (9)
R+1 (Ct /Ct—l) Cl+1

and the budget constraint (3). Here ), E% is the real wage in period . If I?t

represents the risk-free gross real interest rate, equation (8) and equation (9) gives
the following Euler equation:

_ (C I/Cb)l*O'C
RE | ———~——"|=1. 10
ﬂ t t|:(Ct /Czbl)lcctﬂ:| ( )

If the households have internal habit in consumption rather than external habit in

consumption, the first order conditions for consumption and labor hours are

replaced by
[(C,/CL) 7 C =bPEC,.. /C)) 7 C 1= A, (11)
Nty[(Ct /Ctb—l)]70. C:l _bﬂEt (Ct+1 /CZ’)I*O' C;l ]71 = wt (1 - TNz) ’ (12)

where A, isthe Lagrange multiplier on the budget constraint. Combining (6) and
(8), the private marginal rate of substitution (MRS) between consumption and labor

equals the marginal product of labor multiplied by the net real marginal cost:

C o
N’ (C_l’J C' =Ame,(l-1,,), (13)

=1

MC, . . . . .
where mec, =—* 1s the real marginal cost or the inverse of the markup in period

t
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Next, notice that the optimal price setting equation in the Calvo-type model can

be rewritten as

~l-¢

k P c—1P
E o)A, | = Y -——"|=0. 14
t{z( ﬁ) t+}<(P J t+}(|:mct+}( e P i| ( )

k=0 t+k

The optimal price setting equation can be expressed as a recursive form as in
Schmitt-Grohé and Uribe (2004) and Yun (2005):

=5, =5, (15)
-1 " ’
where
—l-¢
g A P
Sl,z = Pz_l_éyzmcz +aﬁEz /\t+1 ﬂ-til [#J Sl,t+1 ’ (16)
t t+1
and
- A b\
SZ,t = Pt_gy; + aﬂEt Tﬂﬂt‘:l (#J SZ,t+1 ° (17)
t t+1
Here p, E% is the relative price of any good whose price was adjusted in period
l.
2.4.2. Aggregation

Aggregating individual output across firms, one finds a wedge between the

aggregate output and aggregate factor input

AN
y = AN 18
Y (18)
where
(BOD))
A,—L(—P j dj (19)

is the relative price dispersion in period . The price level that satisfies the

recursive form can be rewritten as

I=(1-a)p * +a(l+x,)"". (20)
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The relative price distortion A, that results from the firms’ staggered price setting

practice in the Calvo-type model can be rewritten as a recursive form:
A =(1-a)p +al+x)° A, , (21)

with A | given. This is a source of welfare losses from inflation or deflation. When
the non-stochastic inflation rate is nil, i.e. when 7 =0, the state variable A,
follows a deterministic autoregressive process and the dynamics of A, can be
ignored up to the first-order. However, one should take into account the dynamics
of the relative price distortion, i.e. (21) if one is interested in higher-order
approximation to the equilibrium conditions or if the inflation rate is not nil." In the
welfare analysis with the second-order approximations, the dynamics of the relative
price distortion A, should be incorporated into the equilibrium conditions as in
Yun (2005) and Schmitt-Grohé and Uribe (2004).

The symmetric equilibrium conditions consist of the efficiency conditions and
the budget constraint of the households, and firms and equilibrium conditions of
each goods market, capital rental market, labor market, money, and bond market.

Specifically, a symmetric equilibrium is an allocation of households {C,,N,,Y)”,

1=0

satisfying equilibrium conditions (6), (8), (10), (15), (16), (17), (18), (20), (21), and

a sequence of prices and costate variables {B,t,PZ,Wt,ﬁt,MCt,RZ,AZ,SI’I,SZJ -

P, . . . .
=3 the resource constraint Y, =C, with monetary policy rules, given the

initial conditions for the variables for C , A
0
processes {&, }7, .
Before turning to the analysis of the welfare ranking of alternative monetary

_, and the exogenous stochastic

policy rules in the model with external habit, I will explore the role of external habit
in the explanation of output dynamics over business cycles and some intuitions

about the effect of habit on welfare in next section.

III. Habit and Business Cycles

3.1. Estimates and Parameter Values

For an empirical analysis, I will close the model by assuming that the monetary
authority conducts monetary policy according to a Taylor rule as in Ireland (2001).
Then the log-linearized equilibrium conditions of external habit model can be
represented in the form of a state-space econometric model, driven by the three
u,,and & :

exogenous shocks, a,,

* Yun (2005) shows that a nonlinear relation between A, and 7, requires to take into account
this equation when one discuss the effect of monetary policy on welfare.
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- (o - b(l-o) . 1

yt = 1 yt+1 - ( ) yt—l + [rt _Etﬂ-tﬂ _rm]’ (22)
o+b(c—1) o+b(c—1) o+bloc—1)

g

g /4

n,=———Enr, + T, + y, +u,, (23)
1+¢p 1+¢p 1+¢p

7; = pr’;—l +ay5}lt +LZ”7Z'I +§rz ’ (24)

ul = puuz—l + éuz ’ (25)

where y = —(l_a)s_aﬂ)

and 7, is the natural real interest rate which is a function of
the technology shock. Note that a partial-indexation specification with a markup
shock #, is employed as in Smets and Wouters (2007). Here (24) is Taylor rule
and the zero mean, serially uncorrelated innovation &, is normally distributed
with standard deviation o©,. As in Christiano et al. (2005), I assume that firms that
do not reoptimize their prices update their indexation factor by multiplying the
previous period’s inflation to their previous period’s indexation factor ¢ .’ The
model has nine parameters to be estimated, == [b,pr,ay,aﬂ,pﬂ,pﬂ,aﬂ,aﬂ,Gr]'

whose values are estimated via maximum likelihood, using the methods outlined by
Hamilton (1994) and Ireland (2001), with data on three variables, the US GDP, the
US GDP deflator and the federal fund rate. All of these data, except the interest rate,
are seasonally adjusted. The series for GDP is expressed in per-capita terms by
dividing the civilian noninstitutional population, age 16 and over. The data are
quarterly and run from 1959:1 through 2006:4 and the linearly detrended series for
the GDP is used to estimate the model as in Ireland (2001).

[Table 1] Parameter Values

Parameter Values Description and definitions

b [0.6, 0.9] Degree of externality in consumption

a 3/4 Fraction of firms that do not change their prices in a given period
& 6 Elasticity of demand for a good with respect to its own price

o 2 Relative risk aversion

v 1 Inverse of elasticity of labor supply

r 0.016 Steady state real interest rate

Several of the model’s parameters are fixed prior to estimation, presented in
Table 1. First, I set the intertemporal elasticity of substitution &' to 2 and the
intratemporal elasticity of labor supply, &,(=v™") to I in the benchmark model. I
also set the subjective discount factor to 1.04”"* which is consistent with an
annual real rate of interest of 4 percent. The nominal rigidity parameter value o

is set to 3/4. I also set the elasticity of substitution among varieties & to 6, implying

> In the literature, ¢ €[0,1] is introduced to generate a hump-shaped and delayed response of
inflation rate to the monetary shock.
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the average size of markup, u tobe 1.2 as in Gali (2008).

[Table 2] Maximum Likelihood Estimates and Standard Errors

Parameter Estimate Standard Error
b 0.6613 0.0182
p. 0.8251 0.0236
a, 0.0039 0.0024
a, 0.3021 0.0001
o 0.8033 0.0002
p. 0.7079 0.0110
o, 0.0185 0.0009
o, 0.0449 0.0023
o, 0.0025 0.0001
L 2269.5

Note: L’ denotes the maximized value of the model’s log-likelihood function.

Table 2 presents maximum likelihood estimates of the model’s remaining
parameter values. The standard errors are computed by taking the square roots of
the diagonal elements of minus one times the inverted matrix of second derivatives
of the maximum log-likelihood function. In the interest rate rule, lagged interest
rate and inflation rate enter significantly as determinants of the current interest rate,
while output does not. The estimates of exogenous shock processes are comparable
to those of Ireland (2001) and the high estimates of p, and p, imply that the
model’s exogenous shocks are highly persistent. Finally, note that the degree of
external habit & is estimated about 0.66, whose value is comparable to Boldrin,
Christiano, and Fisher (2001), Christiano, Eichenbaum, and Evans (2005), and
Gruber (2004) estimates of &, 0.73, 0.63 and 0.82, respectively.

IV. Optimal Monetary Policy under Time-varying
Tax Regime

In this section, I will turn to the specification of the optimal policy problem in a
dynamic context. The optimal monetary policy can be defined as the process
{R }” associated with the competitive equilibrium that yields the highest utility to

17 1=0 p q y g y
the representative household, given a tax policy {r,,}",. The optimal monetary
policy prescription takes a different form in external habit circumstances, depending
upon the available tax instruments to deal with the time-varying distortions
associated with external habit.
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4.1. A Simplification of the Ramsey Problem

Given distortions associated with external habit and monopoly power in goods

market, the Ramsey planner who internalizes the external habit in consumption
o0

Nt’Rt }t:O

as well as plans for {C,,N,,Y,,P,P ,x,,mc,,A,}", tomaximize the welfare of the

1,29%%1)

chooses optimal time-varying tax and monetary policy prescriptions for {z

representative household satisfying the competitive equilibrium conditions.

Since the block of variables, R, 7,,, S
problem anywhere else, the Ramsey problem can be set without the variables and
the equations associated with them as in Yun (2005) and Christiano et al. (2010).

Ty,> MC S,, do not enter the Ramsey

t? 1t

Let V(C ,,A ,A) represent the value function in the Bellman equation for the

optimal policy problem with time-varying tax in period #. Then, the Ramsey

planner solves the following maximization problem:

(Cl / C,[i )1—6 _1 Nll+v
! - » +BEV(C,A,LA.,,)|,(26)

V(€. A, ,4)= max..c N, 5.7,.4,} |:

l-o 1+
subject to
C, :ﬂ, (27)
AZ
l1=(1-a)p, “+a(l+7x,)"", (28)
I=(1-a)p,*A' +a(l+7x)°A,_ A", (29)

with the exogenous technology shock process {4}, an initial consumption C |,
relative price distortion A |, and the optimal tax rate given. In the Ramsey problem
specified above, the required tax rate 7,, to completely eliminate time-varying
distortions associated with external habit and monopoly power in goods market
must satisfy the efficiency condition of the Ramsey planner who internalizes the
external habit of the agent to maximize the welfare.

The optimization condition is given by

I-o I-o
N (CJ L—bﬂEt (C,Hj CL —w (-1, 30)

Ctb -1 Ct Ctb t

As (30) shows, the benevolent government must fully take into account the relative

consumption C,,/C’ which has been neglected in the household’s decision rules.

1+1

This fiscal policy prescription can make the decision rules of households with
external habit to be compatible with the efficient ones in the internal ratio model.



Yongseung Jung: Discretion versus Inflation Targeting in Economies with Relative Habit Persistence 179

4.2. Relative Habit Persistence and Time-Varying Tax

The way how current consumption enters into the household’s utility also affects
the form of optimal tax rates in the two variants of external habit. In the ratio
external habit model, the benevolent government utilizes the information that it is
the consumption ratio, not the consumption difference that matters in the welfare of
the external habit household in the design of optimal fiscal policy to eliminate
completely the externality in consumption. Specifically, an optimal fiscal policy
prescription takes a form of labor income tax rate that is proportional to the present
discount value of future expected consumption relative to current consumption and

the degree of external habit in consumption as in Proposition 1.

Proposition 1 Suppose that the degree of distortion associated with imperfect
competition in goods market and the degree of externality in consumption are equal to
M and b, respectively in the ratio external habit model. Then the optimal fiscal
policy is to implement a labor income tax rate T,, equal to

~ C . . . . .
1- W{ ~U=0E|Q,,., Cﬁ‘ 11 to completely eliminate both the externality in consumption
and distortions in the goods market due to monopolistic competition, where
A —_ AH»I
Qt,z+1 = A_,

Proof: Please refer to the appendix.

Since Et[Qt,t+1 CC‘;‘]:IQ;IEt(%)+covt(Qyt+l,% , the optimal labor income tax
rate should be in{/ersely related to the riskless interest rate. Furthermore, the
government needs to have complete information about a conditional covariance of
the stochastic discount factor and the future consumption to completely eliminate

the distortions associated with a ratio external habit.

4.2.1. Optimal Monetary Policy

With the implemented optimal tax on employment taking into account the
degree of externality in consumption and the size of markup, the optimal monetary
policy prescription that satis.es (31) and (32) can be determined as in Yun (2005).

Optimal labor income tax policy in place, nominal variables, 7, and A, are

determined by the following two equations

A
m =1, 31

' At+l ( )
A=A, (a+1-a)A* ). (32)

From the equation (31), the aggregate price ratio between period #+% and z is
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giVCIl by
P A
1+k 1+k . (33)

Note that (C,/C/,)°C/,[1-6pBE,((C,,/C/)°C,,C"1=N; 7 in the Ramsey
problem, and (C,/C’ ) C [1-6BEI(C,, /C)’C, C I'N'=w, in the
competitive equilibrium with optimal tax on labor income. Therefore, the labor
demand relation, w, =mec,A, implies that the real marginal cost associated with

the optimal fiscal and monetary policy is given by

me, =—. (34)

Next, substituting (33) and (34) into (14), one finds that the relative price of the
new price set by firms in period # is given by

N

P 1
B A

(35)

This is the so-called inflation targeting rule responding to the relative price
distortion in Yun (2005). The optimal monetary policy rule supporting (35) then
can be found by substituting the relation between the real marginal cost and the
relative price distortion into the Euler equation (10):

Table 3 and 4 report some sampling moments of the key macroeconomic
variables associated with internal and external ratio habit persistence under the
Ramsey fiscal and monetary policy rules. First, note that comparison of the first
columns in Table 3 and Table 4 shows that the conditional welfare in the internal
habit formation is the same as the one in external habit formation. Moreover, there
is no difference between sampling moments of output and inflation rate associated
with the ratio internal habit model and the ones with the ratio external habit model.

The optimal labor income tax rate in internal habit persistence is a time-invariant
subsidy as in Woodford (2003), while it moves procyclically in the external habit
circumstance. Moreover, the interest rate in the ratio external habit model does not
move exactly in the opposite direction as the interest rate in the difference external
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[Table 3] Dynamic Properties of the Ramsey Allocation in the Ratio Internal Habit Model

(Linear approximation)

Variable Mean Std. Dev. Auto. Corr Corr(x,y)

W= -143.3005 (6=0.6)

Ty -20.0000 0 - -
V4 0 0 - -
R 3.7039 1.2456 0.6023 -0.9565
y 0.6871 0.0183 0.8864 1
W =-130.1598 (6=0.8)

Ty -20.0000 0 - -
” 0 0 - -
R 3.7028 0.4840 0.9025 -0.9993
y 0.4897 0.0121 0.9231 1
W =-102.9890 b=1)

Ty -20.0000 0 - -
V4 0 0 - -
R 3.5795 1.4984 0.7813 -0.6212
y 0.0987 0.0011 0.9823 1

Note: 7, mw,and R are expressed in annual percentage points and y, A ,and ¢ in levels.
The parameter values are S=(1.04)""*, =2, v=1, T=200,and J=1000.

[Table 4] Dynamic Properties of the Ramsey Allocation in the Ratio External Habit Model

(Linear approximation)

Variable Mean Std. Dev. Auto. Corr Corr(x,y)

W= -143.3005 (6=0.6)

Ty 51.3055 0.4591 0.39064 0.7187
7[ 0 0 - -
R 3.8186 0.7560 0.8025 -0.9833
y 0.6872 0.0192 0.8861 1
W =-130.5198 (6=0.8)

Ty 75.06970 0.5048 0.4755 0.6334
V4 0 0 - -
R 3.8695 0.5138 0.9164 -0.9993
y 0.4896 0.0132 0.9237 1
W =-102.9890 b=1)

Ty 98.8297 0.0720 0.7229 0.4738
” 0 0 - -
R 3.9357 0.0927 0.7705 -0.4327
y 0.0987 0.0011 0.9826 1

Note: 7, mw,and R are expressed in annual percentage points and y, /A, and ¢ in levels.
The parameter values are = 1.04H™", o=2, v=1, T=200,and J=1000.
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habit model. This difference has been expected because the comovement of the
stochastic discount factor and future consumption affects the tax rate in the ratio
external habit model.

To restore the efficient natural level of output at every state and every period by
implementing the optimal labor income tax rate and the inflation targeting rule, the
benevolent government should utilize the stochastic discount factor to evaluate the
future consumption relative to current consumption that is ignored in the decision
rules of the external habit houschold in the design of optimal fiscal policy. It is
impractical to implement the optimal time-varying fiscal policy by incorporating the
precise and exact complicated information about the stochastic discount factor into
the policy rules in the ratio external habit model.

In such an environment, it is natural to ask what is the optimal and simple rules
among the available alternative rules. Intuitively, if the government does not
implement the optimal, time-varying labor income tax rates, then there remain
externalities in consumption, making the monetary authority to face endogenous
trade-off between output gap stabilization and inflation stabilization. Under this
circumstance, price level stability ceases to be optimal monetary policy prescription.

V. Optimal Monetary Policy under Time-invariant
Tax Regime

When the fiscal authority cannot implement an optimal tax policy to completely
eliminate the externality in consumption, it will try to find feasible fiscal and
monetary policy rules to maximize the welfare. In this section, it is assumed that the
fiscal authority levies a time-invariant steady state tax rate to attain the efficient
steadt-state.

I will first derive a discretion as well as an optimal monetary policy in a linear
form by employing the linear-quadratic approach. And then I will evaluate
alternative monetary policy rules such as a discretion and inflation targeting in

welfare dimension as in Woodford (2003).
5.1. Time-invariant Tax and Natural Level of Output

Before turning to explore the endogenous trade-off between the welfare-relevant
output gap and inflation that comes from the externality in consumption and its
implications on monetary policy, I will first look at the relation between an
inefficient natural level of output as well as the efficient one in the presence of
external habit in consumption.

The efficient level of output Y, and its steady state value Y are determined
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by the following efficient allocation conditions:

-0 1-o
AYY Y 1 Y 1
t e et —bBE er+l _ =1. 36
4 chj v, ‘[Yz} Y, G0
Y =(1-6f)ATAT, (37)

where Y=b(1-0)+0+v>0 and A isthe steady-state relative price distortion.’
The efficient steady state output, Y, is decreasing in the degree of habit 4 as in
Table 4 and 5.

In the external habit model, the natural level of output Y, and its steady-state

value Z are determined given by

1

Y o A1+v 1_ )
Yll } Y, AY) =R ( TA),
nt—1

— 11

ATAT(1=7,)" MT. (38)

~i

n

Substituting (37) into (38), one can see that Y /z is increasing in the degree of

external habit formation in consumption, while it is decreasing in the markup:

Y,
Y

e

’7' -7, %
=(1-56p) (—M j . 39)

In (39), the labor income tax rate equal to 1—(1-68)M restores the efficient
steady-state output level 3_’; (39) shows that households with external habit work
more than necessary to catch up with the Joneses. The wedge between efficient
output and inefficient output increases with the degree of habit in consumption (& ).
Hence, a higher tax rate is required to induce households with external habit
formation in consumption to work less and moderate the fluctuation of the

economy.
5.2. New Keynesian Phillips Curve
Since the optimal fiscal/tax policy that guarantees the efficient natural level of

output takes a very complicated form in the ratio external habit model, it is not

likely to provide a practical guidance for the government. These practical

% In the efficient steady state, there is no relative price distortion, requiring that A be one. This

corresponds to 77 being zero.
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shortcomings of the optimal fiscal policy lead the government to implement a
simple labor income tax policy rule 7, =1-(1-6f)M to deal with distortions
associated with external habit and monopolistically competitive goods market.

To see how the trade-off between the output-gap and inflation affect the new
Keynesian Phillips curve under this circumstance, rewrite the percentage deviation

of markup from the steady state, £, in terms of the efficient output gap as follows:

/&z = _(J + V)Z ﬂi [xez—i - ’7’%44 ] - b(l - O-)Z ’7i [xet—/—l - nxet—z'—z ] + f(Yet - Ynz) : (40)

i=0 =0

Here x,=y,—y, yet is the welfare-relevant output gap, and I:(Yﬂ -Y,)
represents the difference terms between the efficient and inefficient natural output,
{y, .=y, }~, thatareindependent of the monetary policy. Also 0<7 <4 isthe

smaller root of the quadratic equation
(I+pn’)(c-Do=n¥,

where W=oc+v—-b6p—-b'f+b'Bo—bBv>0. With the reformulated markup,
(40), the new Keynesian Phillips curve can be expressed in terms of the welfare-

relevant output gap:

ﬂ-z - ﬂﬂ’-z—l = ﬂ(Ezﬂ-Hl - 77”1 ) + 7/(6 + V) [xt‘l - ﬂxfz—l ]
+yb(l-o)(x, ,—nx, )+ (Y,-Y ), (41)

nt

where KE(HZ);M >0, I'(Y,-Y,)= (I—UL)}/I:(Ya -Y,), and L is a lag
operator.

Note that I'(Y,-Y,,) in (41) that plays a similar role of the cost-push shock in
the typical new Keynesian Phillips curve generates an endogenous trade-off
between welfare-relevant output gap and inflation in the ratio external habit model.”
Moreover, the new Keynesian Phillips curve has an additional price indexation term,
nz, , as the Phillips curve with price indexation model when it is expressed in
terms of welfare-relevant output gap. The size of price indexation, however, is not
determined by firms as in Christiano et al. (2005), but by the degree of externality in
consumption 77 . Hence, the current inflation rate depends not only on the
expected inflation rate, but also on the previous inflation rate even if firms that do
not reoptimize their prices set prices without indexation to previous inflation rate.
Also, the inflation rate depends on the current and previous period welfare-relevant

output gap.

7 One can show that the same form of endogenous trade-offs between the welfare-relevant output
gap and inflation is derived under the external difference habit assumption.
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Equation (41) shows why it is impossible to simultaneously stabilize both
inflation and the welfare-relevant output gap when distortions associated with
external habit is not completely eliminated: The complete stabilization of inflation
cannot be optimal because the monetary policy rule stabilizes output at the
inefficient natural level of output, not at the efficient natural level of output. If the
monetary authority implements an inflation targeting rule, the welfare-relevant
output gap x, cannot be zero as in the internal habit model. Only the inefficient
output gap x,, is zero with the implementation of an inflation targeting rule. The
monetary policy geared toward to zero inflation rate does not make the welfare-
relevant output gap zero. Hence, it is impossible to stabilize both inflation rate and
output gap around the efficient level without resort to optimal fiscal policy to

completely eliminate the externality in consumption.
5.3. Alternative Monetary Policy Rules and Welfare

To intuitively address the effects of external habit on welfare under alternative
monetary policy rules with a time-invariant labor income tax, I will employ
traditional linear-quadratic frameworks that have been extensively used in the sticky
price literature as in Woodford (2003). First, note that a quadratic approximation of
the welfare function can be expressed as

1+,377 ZﬂE { —nxf,_l)z—szf!_l+%ﬂf}+t.i.p.+0(||§||;), (42)

2
1+ﬂ77 )(1- bﬁ
policy. When there is no external habit in consumption, for example when 6=0,

where k= and zi.p. denotes the terms independent of monetary

the terms with «x in the loss function drop out. Taking uncondmonal

et—1
expectation, welfare loss can be rewritten as a fraction of steady state consumption:

~ ¥ &
W= —2(1+—ﬂ772){1/(xﬂ —nx”_l)+;V(7rt):| y (43)

where the measure of variability for any variable z 1is defined by

V(z)=(1- [Zﬂ )3 }

5.3.1. Commitment
Suppose that the monetary authority implements an optimal monetary policy
taking into account the efficient natural level of output. The monetary authority
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precommits to a path for current and future inflation and the output gap to
maximize the welfare subject to the expectational IS curve and the new Keynesian
Phillips curve. Let 4, denote the Lagrangian multiplier associated with the
Keynesian Phillips curve. Then the monetary authority chooses 7, and x, to

minimize

b g il -
£ =—— E t{ _ 2_ 22 +—7Z'2
2(1+ﬂ772) ogﬂ [(xe, 77’%4) n xH] 7
+21pl{(1+ﬂ77)”t _ﬂElﬂl+l _77”!*1 _7/(6—‘{_‘/) (xfl _nxetfl)

_7/b(1 - O-) (xet—l - nxet—z ) - F(Yet - Yz‘l ) } >
The first order conditions are given by

e(l+ fn’)(1-bp)

K

e(1+pn’)(1-6p)
- 7, +(+ i, -4,

7, +A,—PnEA, =0 for t=0, (44)

-pnEA,., =0, for t21 (45)

pt—1

(x,—nx, )—y(V+ a)/‘tpt -pPyb(l—-0c)E A, =0. (46)

77 pt+l

Equations (44) and (45) show that the optimal monetary policy is not time
consistent. Following Woodford (2003)’s timeless perspective, the Ramsey optimal
monetary policy can be characterized by the following condition:

ﬂU(E;xfm - (1 + 77)"}; + 77%71) - (xet - (1 + 77)"5;71 + nxez—z) = ®(7[t - BE/Z'HI) b (47)

where Bzz’ﬂ%‘:) and @=g(v+o)(1+ 81 )1-bB)/¥Y >0 . Equation (47)
shows that the future expected output gap and the future expected inflation rate as
well as the past output gap do matter for the monetary authority’s judgement about
which inflation and output are acceptable in the external habit. Moreover, the
degree of external habit persistence in consumption should be taken into account in
the design of the optimal criteria. This is in contrast with Woodford (2003)’s
robustly optimal target criteria or the flexible inflation targeting rule in the internal

habit persistence given by
7[1 + S(xd - xﬂt—l) = O ° (48)

In (48), the degree of internal habit persistence and the future expected output gap
and inflation do not matter for the monetary authority’s judgement about which
levels of inflation and output are acceptable. The difference between the optimal
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target criteria in (47) and the so-called robustly optimal target criteria (48) is
manifest if one rewrite (47) as following

(-nL)(x, —x, ) =O (B E,(z,., ~ f...). (49)

7=0

Equation (49) shows that the so-called ‘divine coincidence’ does not holds in the
model with external habit if the distortions associated with external habit in
consumption is not completely eliminated by optimal fiscal policy. The expected
entire future path of the inflation rate needs to be taken into account in the optimal
target criteria when the agents have external habit rather than internal habit in
consumption.

[Table 5] Dynamic Properties of Commitment with Time-invariant Tax in Ratio External
Habit Model (c=2,v=1,6=6)

Variable Mean Std. Dev. Auto. Corr Corr(x,y)

W= -143.3010 (6=0.6)

T 0.0010 0.0355 -0.0885 0.0655
R 3.7731 0.8529 0.7963 -0.9820
y 0.6868 0.0207 0.8794 1
W =-130.5214 (6=0.8)

V4 0.0056 0.0905 0.0287 0.0276
R 3.8593 0.6657 0.9067 -0.9968
y 0.4898 0.0154 0.9125 1
W =-102.9913 b=1)

T 0.2385 0.5855 0.4667 0.2182
R 4.1749 0.2404 0.9087 -0.1449
y 0.0986 0.0024 0.9696 1

Note: 7, m,and R are expressed in annual percentage points and y, /4, and ¢ in levels.
The parameter values are = 1.0H™"*, o=2, v=1, T=200,and J=1000.

Table 5 and 6 report some sampling moments of the key macroeconomic
variables under the Ramsey monetary policy rule with a Ramsey steady-state tax on
labor income to eliminate the first-order distortions associated with a ratio external
habit and a difference external habit. Intuitively, the Ramsey monetary policy rule
or commitment, (47), in the sticky price model with external habit shows that the
expected entire future path of the inflation rate needs to be taken into account in the
optimal target criteria when the agents have external habit rather than internal habit
in consumption. The figures in the Table 5 show that the Ramsey planner
prescribes a procyclical inflation rate to smooth the fluctuation of the economy with
external habit, while it permits a countercyclical interest rate. That is, the so-called
‘divine coincidence’ does not hold.
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[Table 6] Dynamic Properties of Commitment with Time-invariant Tax in Difference
External Habit Model (o0 =2,v=1,6=6)

Variable Mean Std. Dev. Auto. Corr Corr(x,y)

W =-244.0651 (6=0.5)

Vs 0.0000 0.0042 0.0035 0.0127
R 3.9656 0.1966 0.7309 -0.8286
y 1.2644 0.0157 0.9676 1
W =-283.2186 (6=0.6)

Vs 0.0001 0.0063 0.0610 0.0482
R 3.9700 0.2056 0.7891 -0.8083
y 1.3641 0.0171 0.9758 1
W =-343.1108 (6=0.7)

Vs 0.0001 0.0092 0.1333 0.0850
R 3.9797 0.2092 0.8554 -0.7998
y 1.5051 0.0184 0.9820 1
W =-449.6617 (6=0.8)

Vs 0.0003 0.0136 0.2029 0.1242
R 3.9786 0.2062 0.9213 -0.7918
y 1.7320 0.0199 0.9875 1

Note: 7, m,and R are expressed in annual percentage points and y, /4, and ¢ in levels.

The parameter values are =(1.04)"*, =2, v=1, T=200,and J=1000.

Inspection of Table 5 and 6 shows that labor hours and output decrease with the
degree of habit in the ratio external habit, while they increase with the degree of
habit in difference habit as in (37). This opposite behavior is reflected in the way
how the habit is introduced into the model. In the ratio external habit model,
E[%] ~ 1, making the disutility of labor hours dominate the utility of consumption.
Hence, the welfare increases with the degree of habit in the ratio habit model
contrary to the difference external habit model. Moreover, the interest rate moves
less countercyclically in the ratio external habit model than in the difference
external habit model since the marginal utility of consumption moves less in the
ratio external model than in the difference external habit model. As the monetary
policy to deal with distortions associated with external habit is less effective in the
ratio external habit model than in the difference habit model, the inflation rate in
the ratio external habit model is higher than the inflation rate in the difference habit
model.

5.3.2. Discretion

Suppose that the monetary authority optimizes sequentially, that is, it makes an
optimal decision every period without committing itself to any future action.
Because the current decisions of the monetary authority do not bind it in any future
periods and cannot affect the private sector’s expectations about future inflation, the
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monetary authority faces a single period problem.
The first order condition for the discretion that speci.es the acceptable output gap

and inflation is given by
Or, +[x,-nx, ]=0. (50)

Discretion, (50) takes a similar form as the flexible inflation targeting rule (48)
which is the optimal target criteria in the internal habit persistence. The monetary
authorities take into account a trade-off between inflation stabilization and output
gap stabilization due to external habit persistence in consumption when they
implement the discretionary policy. However, the discretionary prescription in the
external habit (50) is different from the robustly optimal target criteria condition in
the internal habit (48) in that the degree of external habit persistence matters in the
determination of acceptable output and inflation paths via @ .

Intuitively, the discretionary monetary policy that maximizes the period by
period welfare function can be better than the inflation targeting because the former
taking into account the output deviation from the efficient output level as well as
the inflation fluctuation can partially affect the future expected inflation rate in the
economy with NKPC given by (41). The relative impact of external habit in
consumption on welfare-relevant output gap and inflation in the welfare function

will determine the welfare ranking of alternative monetary policy rules.

VI. Numerical Evaluation

The conditional expected discounted utility (1) of the representative household is
used as the welfare metric in the numerical analysis. For numerical evaluation of
alternative monetary policy rules, I compute a second-order approximation of the
equilibrium conditions around the long-run deterministic steady-state implied by
each policy regime, assuming that the economy is subject to a stationary distribution

of a productivity shock only.*
6.1. Simple, Optimal, and Implementable Monetary Policy Rules

In addition to the simple rules such as commitment, discretion, and a strict
inflation targeting rule, I also consider the so-called Taylor rule to compare the

¥ For numerical evaluation, I employ the Matlab code compiled by Schmitt-Grohé and Uribe (2006).
I compute first, second moments, and the implied discounted utility for artificial time series of length
T =200, by iterating the computation J=1000 times and averaging across experiments as in
Schmitt-Grohé and Uribe (2006).
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welfare rankings of alternative monetary policy rules as in Schmitt-Grohé and
Uribe (2007). Assume that the fiscal authority implements a Ramsey steady-state

labor income tax to deal with external habit:

In(R /R)=aIn(R_ /R )+a,lIn(z,)+a, n(Y,/Y,,), (51)

where the target variable R, is assumed to be the Ramsey steady-state values of
their associated endogenous variables, while the target variable Y,, is assumed to
be the time-varying, efficient output at time .

I will characterize values of @, a,,and a, thatare associated with the highest
welfare of the representative houscholds within the family of the interest rate
feedback rules of the form, (51), that respond to inflation gap as well as output gap
as in Schmitt-Grohé and Uribe (2007). In the optimized rules, the policy
parameters a, and a, are restricted to lie in the interval [0, 3], while 4, is
restricted to [2, 10].

6.2. Welfare Cost of Alternative Monetary Policy Rules
In this subsection, I will compare the welfare cost or gain of an inflation targeting
rule relative to alternative monetary policies such as commitment, optimal, simple,

implementable Taylor rule, and a discretionary policy.

[Figure 1] Welfare Gain from Commitment relative to CPI Targeting Rule under Time-

invaraint Tax Regime

% in s.s consumption

inverse elasticity of labor supply

degree of externality
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First, Figure 1 shows that the gap between the welfare associated with the
Ramsey monetary policy and the one associated with a strict inflation targeting rule
increases as the degree of external habit in consumption increases with the
distortions associated with external habit on the economy being amplified.

Second, Figure 2 shows that the gap between the welfare associated with an
optimized, simple, Taylor rule and the one associated with a strict inflation
targeting rule. Because the negative effect of external habit that is not eliminated by
the time-invariant labor income tax increases with the degree of external habit, the
difference between the welfare associated with the optimized interest rate rule and
the welfare with a strict inflation targeting turns into positive value from the

negative one with the degree of external habit.

[Figure 2] Welfare Loss from Taylor Rule relative to CPI Targeting Rule under Time-

invariant Tax Regime

% in s.s consumption

inverse elasticity of labor supply 1 0

degree of externality

Next, Figure 3 presents the conditional expected welfare gains from a simple
discretion relative to a strict inflation targeting rule in the Calvo-type staggered price
model with externality in consumption as the elasticity of labor supply (v') and
the degree of habit vary, assuming that the fiscal authority implements time-
invariant tax on labor income to eliminate the distortions associated with
monopolistic competition in goods market and external habit in consumption. They
show that a strict inflation targeting generates a higher welfare than a discretionary
policy when the degree of externality in consumption is relatively small. It does not
matter much to disregard the trade-off between output gap and inflation when the
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externality in consumption is small. However, the welfare ranking reverses when
the degree of externality increases, thereby making the trade-off between inflation
and output gap significant in welfare dimension. The welfare difference from a
monetary discretion relative to the inflation targeting turns into positive as the
degree of externality in consumption (&) increases over 0.4. The maximum welfare
gain from the simple discretion amounts to about 107 percent of the steady-state
consumption when the Frisch labor supply elasticity equals 1/3. This reversal of
welfare reflects the fact that a complete stabilization of inflation does not necessarily
lead to a stabilization of output to the efficient level when there is a substantial
externality in consumption due to catching up with the Joneses.

[Figure 3] Welfare Gain from Discretionary Policy relative to CPI Targeting Rule under

Time-Invariant Tax Regime

% in s.s consumption

inverse elasticity of labor supply

degree of externality

Intuitively, even though the existing discrepancy between the private MRS and
the social MRS is not eliminated at all by a fiscal policy, the discretionary policy
works to reduce the wedge. Since the discretion gives penalties to the output
deviation from the efficient natural level of output as well as the inflation, it can be
marginally better than the conditional inflation targeting in terms of welfare. When
the monetary authority chooses an inflation targeting rule conditional on the
inefficient natural output without taking into account the adverse effect of external
habit on the economy, it makes output to be stuck to the inefficient level of output.
This monetary policy is not desirable because the inflation targeting rule, not taking
into account the household’s desire to catch up with the Joneses, makes the
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economy more vulnerable to the shock.

VII. Conclusion

This paper incorporates the idea of catching up with the Joneses into a sticky
price model that helps to improve the performance of small-scale macroeconomic
models and explores the welfare ranking of alternative monetary policy rules. The
paper shows that the external habit in consumption entails a divergence between
the private MRS between consumption and labor and the social MRS between
consumption and labor, thereby generating a trade-off between the output gap and
inflation, making a inflation targeting rule suboptimal under a fiscal policy regime
with a steady state tax rate on labor income to eliminate the distortions associated
with external habit in consumption and imperfect competition in goods market.

The paper also shows that the monetary discretion, partially taking into account
the trade-off between output stabilization and price stabilization, can be better than
a strict inflation targeting rule that ignores the trade-off as long as there are
substantial degree of external habit in consumption. The difference between the
welfare associated to the discretionary monetary policy and the welfare associated to

a inflation targeting rule increases as the Frisch labor supply elasticity increases.
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1. Proof of Proposition
Proof of Proposition 6.1.

The Ramsey problem can be formulated in terms of Lagrangian function as

follows:

© C C N1+f/
L= EtZﬁHf { 1+i / t+i— 1 2 J

1+v
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First, note that the first order conditions with respectto R, and 7,, imply that

Ay, =4, =0. (Al)

Next, the first order condition with respect to mc¢, and (Al) imply that
A, =0. (A2)

S

Finally, the first order conditions with respectto S, 5

and (A2) imply that

1,29

/16,1 :A'7,t :O‘
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hence, the Ramsey problem can be simplified as

0 b 1-o 1-v
£ = E,Zﬂ””‘ {[ (ClJri / Cl+i*l) _ Nz+i ]
i=0

l-o I+v
A, N, .
+ ) 1+ i+ _C )
ﬂ’l,t-#z |: AH_’. t+1 i|
+/12,z+i [Az+i - (1 - a)ﬁ;j - a(l + 7Z-Z+1' )E Az+i—l ]
+2’3,t+i [1 - (1 - a)ﬁzl;f - a(l +7T,, )E71 ] .

The first order conditions with respect to consumption and labor hours can be

written as

&3 *3)

(C,/CL) " CLN=bPEI(C,, /C)7C,C =N A

t+17t t

From the equation the market equilibrium condition (13) and (A3), the optimal
labor income tax rate is given by

e Y
N’(C}’ J Cf_IZAtmct(l—TNt)
-1

Ty =1—

Nt

Ct+
[l_bE; |:Qt,t+l Cbl :| .

3 13 t

QED. H
2. External Habit and the New Keynesian Phillips Curve

To see the trade-off between output gap and inflation, one can express the
percentage deviation of markup from the efficient steady state [z as

A

H=—(c-vx,-b(l-0)x

nt nt—17

Y, : . )
where x,=y,-y,,y, =log(),and Y, is the inefficient natural level of output
in the presence of externality in consumption in period #. Rewrite the markup

deviation in terms of the efficient level of natural output as

/&z = _(V + G) [xet - Uxfz—l ] - (l - O-)b(xez—l - Uxfz—z)
+v+o)|(x,—x,)—1nx, ]
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+(1 - J>b[(x,:’tfl - xﬂt*l ) - nxetfz ]

=—(v+ G)Z n'[x, —nx, ]

=0

_(1 - G)bz 771. (xet—Z - nxet—3 ) + F(Yt’t - Y”t ) :

=0

That s,

f,=—(v+o)(1-nL) '[x, -1z, ]
+Ho-)b(1-nL) '[x, , —nx, ,]+T(Y,-Y,). (A4)

et—1
Note that terms of {x, . —x, ,}., are independent of monetary policy because

xet - x/lt

=1n(yt /)/e,)_ln@t /ynt)
zln(ym/yet)'

Finally, plugging (A4) into NKPC
7[1 = ﬁEtﬂt+1 _%at
leads to equation (41):

7(1-nL)=pl-nL)Ex,  +y(v+0)[x, —nx,_ |
+7/(1 - O-)b[xct—l - nxct—l ] + F(th - Yﬂt )

3. LQ Approximation of the Welfare Function

The utility flow of the representative household is given by

1-o 1+v
_(G/X)" N, ‘ (A5)

U,X,)-V(N,)
l-o 1+v

A second-order approximation of the utility function with respect to consumption

around the efficient flexible-price equilibrium yields:

_ _ 1 - 1
Uc,x,)=U(C,X,)+U.C (ct +chj+UXX(xt +5fo
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2
1 ~ 1 ~ 1 = 1
+EUCC [C(Cl +5c3)} +U,, [C(cl +ch)}[X(xl +Exf}

+1UXX {)?(xt +%xfﬂ +0(||§”3) ’

[\

where ¢, =In(C,/C), x,=In(X,/C), and C is the consumption level in the

efficient steady state. Since UCE=51 gl gl e = ¢ UX-= —bC

Uy CX =—=(1-0)6C , UyC'=-0C, Uy X =—bb(c-1)-1)C, and %=,

%z—b(b(d—l)—l) the approximation of the temporal utility functlon can be

rewritten as

UC,X,)= U(E,X)Jrc"((c, —bx1)+1‘7‘7(cj +6% —zz;c,x,]m(ug\f) .

iﬂ’E,[wc,,X,)] = UI(C’;) +5iﬂ’E, [(H:ﬂ)c, Pl LN —Zbc,x,j+0<H§H3> . (A6)

Next, consider the temporal utility function for labor supply.

VIN,)=V(N)+V, N {n +%<1 —V)n, } +o(le

=V(N)+(1-86p)C @~w+w —(1=V)(y, - >ﬂ+%MD, (A7)

where 0, = j:)(%)*g di.
Hence,
UC,X)-V ()
-5
+U CZﬂ E {(1 bﬁ +T yz +b yt l_Zbyzyt 1)

W=

—(l—bﬂ)UCE[(yt—a,+5,)+2(1 v)(y,—4,) }}JFO("‘:C"

-HCDT 3 e SR e b 2,

—b 2 2 ’
_%(% “ya +a )—(1—/9,5)5,)}+0(||§|| )
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Therefore,

2
(1=6p5)1+vV)
2

Wziﬂ,Et{—(aﬂ/—bﬁ—bﬁz+b,62c7—bﬁv)yt2

—~(1-0)by,y,_, + Q2y,a,—a’)—(1-5p)0, )} + 0(||§||’*> , (A8)

where W=YLW =800V Ter W=o+vbf-bp +bfc—bpv.

Next, notice that the efficient natural level of output from the efficient steady
state output is given by

E6p1-0)y,, +Wy, +6(1-0)y, |=1+v)1-bp)a, . (A9)

Finally, plugging (A9) into (A8), the welfare loss can be expressed as follows:

W= %i BEA-WY —21-0)byy, , +20-bB)(1+V)(y,a, —a’)

=0

~201-6p)3}+0(|E])

-2 BE, {‘P +2(1=0Vr 5, +(—bP) =] } +eip.+0(e])
e

=0

v 21-0)b (1-bp) & . :
:—7;ﬂEl|:xi+Txﬂxﬂl+ v ;ﬂ'tz:|+t.z.p.+0(”§”3).

The welfare loss function can be further simplified in terms of output gap and

inflation with the new Keynesian Phillips curve as following

W03 B, e, o+ a0l

=0

v . .
where Q=—2— g — and 7 isasolution of
201+pn°) (1+8n7)(1-6p)

1+ pn*)(c-Db=n¥.
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