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Minimum Contribution Requirement in an
Infinitely Repeated Public Goods Game*
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This research studies the impact of minimum contribution requirements on public goods
provision in infinitely repeated games. While in static setups such requirements enhance
welfare by surpassing non-cooperative Nash equilibria, their effectiveness in dynamic
settings where cooperation relies on Nash reversion strategies remains an open question. This
study reveals that the introduction of a minimum contribution requirement, positioned
between the Nash equilibrium and the agreed cooperative level, hinders long term
cooperation among symmetric players, under a quasi-linear and the constant elasticity of
substitution (CES) utilities.
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I. Introduction

The pervasive concern of insufficient public goods provision and the response of
introducing a minimum contribution requirement resonate across diverse domains.
Examples span from mandatory membership fees for social clubs or organizations
and minimum participation requirements for certain events, to government
mandates for additional taxes or aid to constituents, and partners agreeing to
contribute a minimum level of effort for household chores or financial support in
marriages.

More specifically, for instance, the North Atlantic Treaty Organization (NATO)
currently man-dates its members to contribute relatively small amounts for daily
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operations. The main operations and missions rely on members’ voluntary
contributions and the contributions aim to reach 2% of members’ GDP’s. However,
these voluntary contributions often fall below this target for many member states. As
a result, NATO Secretary General Jens Stoltenberg stated the need to make support
“less dependent on short term voluntary offers and more dependent on long term
NATO commitments” and ensuring “long term, predictable, robust support” in
NATO Brussels meeting in 2024."! Secondly, European Union (EU) mandates the
contribution of member states to the budget and in return provide many EU-wide
public goods.” Among many public goods, Stability and Growth Pact (SGP), which
aims to coordinate the fiscal policy of the different member states and ensure the
sustainability of public finances, enforces many fiscal rules, e.g., maintaining 3%
deficit and the debt-to-GDP ratio to be below 60%, to the member states. Before
these rules were adopted in 2023, there were intense discussions, arguing them to be
over-restrictive and not having theoretical justifications.” Thirdly, Homeowner
Associations (HOAs) are wide spread in the US, which mandate homeowners
within their community to contribute and in return set community standards and
provide amenities." However, how much these fees should be and what standards
and amenities should be provided within a community is highly debatable. Finally,
in all these examples, determining how much contribution should be enforced is a
challenge to the decision-makers and some still decide to voluntarily contribute
above the enforced levels.

Contributions to public goods are subject to the free-rider problem. Thus, to
overcome this prob-lem, policies and agreements enforcing a joint minimum
contribution surpassing the non-cooperative Nash equilibrium levels would be
indisputably welfare improving in static settings. However, would such minimum
contribution requirements for the provision of public goods continue to improve the
welfare in the long-run? Surprisingly, the long-term effects of minimum
contribution requirements on the provision of public goods have not been examined.

This study centers on a public goods game akin to Bergstrom et al. (1986) and
Park (1987), but distinguished by its infinite repetition with per-period discounting
and players adopting grim-trigger (Nash reversion) strategies. In this context, it is
widely acknowledged that a threshold discount factor exists, above which players
can sustain cooperation, and below which coopera-tion fails (Friedman, 1971;
Fudenberg and Maskin, 1996). Our setup bears resemblance to that of Pecorino

! See Funding NATO and Secretary General’s speech ahead of the meetings of NATO Ministers of
Foreign Affairs in Brussels.

? Such as Common Agricultural Policy providing subsidies to the farmers, European Defence Fund,
EU’s research and innovation program Horizon Europe, European Stability Mechanism (ESM)
providing financial assistance to member states in economic distress.

* See The New European Fiscal Rules.

* See HOA details and Statistics.
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(1999) but diverges in its incorporation of a player-enforced minimum contribution
requirement.’

In our setup, players agree on both a minimum contribution requirement and a
cooperative contribution level. While both are agreements, minimum contribution
level is enforced by a contract or formal agreement, whereas the cooperative
contribution level, which must be at least as high as the minimum contribution
requirement, is voluntary. Sustaining cooperation at this level require self-
enforcement.’

To comprehend the impact of a minimum contribution requirement on
cooperation levels, we scrutinize its influence on the threshold discount factor. If the
introduction of such a requirement decreases (increases) the threshold discount
factor, it serves to facilitate (hinder) cooperation. In such infinitely repeated games
with per period discounting and players adopting Nash reversion strategies, how
players reach an agreement to play a cooperative contribution is not a concern.
Therefore, the main question of the paper is as follows: let g be a cooperative
individual contribution level that is sustainable for a given discount factor. What
would happen if a well-intended institution increases the minimum contribution
requirement in an attempt to improve the welfare? My analysis encompasses
symmetric players with both a quasi-linear and CES utilities, thereby capturing a
wide spectrum of decision-making behaviors. This distinction also allows us to
assess whether the presence or absence of income effects influences the impact of
minimum contribution requirements on cooperation.

Remarkably, our findings reveal that imposing a minimum contribution
requirement, when set between the non-cooperative Nash equilibrium and the
agreed cooperative level, obstructs cooperation among symmetric players. This
result shows that the interplay of infinite repetition and enforced restrictions alters
the incentives for sustained cooperation and a minimum contribution requirement
has opposing effects in static and dynamic setups. The underlying rationale for this
outcome hinges on two key effects: the introduction of a minimum contribution
requirement con-strains both non-cooperative Nash contributions and a deviating
player’s contribution while other players continue to contribute. On the one hand,
this diminishes the incentive to deviate because the deviating player cannot reduce

> Pecorino (1999) studies the role of the group size in such infinitely repeated public goods games.
Hadjiyiannis et al. (2012a, 2012b) are other related papers studying the role of reciprocal preferences
and players’ expectations in an infinitely repeated public goods game.

S To clarify this distinction with an example: consider a scenario where firms sign a joint venture
agreement that outlines objectives, initial contributions, rights to profits, and responsibilities for losses.
Such agreements represent what I refer to as the minimum contribution requirement, as they are
enforceable. However, joint venture agreements are inherently incomplete; they fail to specify
numerous details, requiring firms to cooperate beyond what is explicitly stated in the agreement to
fulfill their tasks. I refer to the total contribution of each firm, which may exceed the minimum
contribution requirement, as their cooperative contribution level.
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its contribution below the enforceable minimum contribution requirement. On the
other hand, it strengthens the incentive to deviate because reverting to Nash
contributions, now equivalent to the minimum required contribution, represents a
milder punishment for the deviating player. However, our analysis shows that for a
minimum contribution requirement positioned between the non-cooperative Nash
equilibrium and the agreed cooperative level, the increase in the incentive to deviate
always dominates, resulting in an increase in the threshold discount factor. In other
words, a cooperative individual contribution g that is initially sustainable for a
discount factor may not be sustainable anymore upon an increase in the minimum
contribution requirement. Therefore, we conclude that such minimum contribution
requirements hinder cooperation in the long-run.

The rest of the paper proceeds as follows. Section 2 sets up the model. Section 3
presents the results, first under a fairly general utility function, then under a quasi-
linear utility function and, finally, under the CES utility function. Section 4
discusses several related aspects and assumptions. Section 5 concludes the paper. All
the proofs and calculations are left to the appendix. Finally, for transparency, I
provide a supporting Mathematica file and its PDF, which contains the details of
the numerical analyses.

II. Model

A group of n players voluntarily and repeatedly contribute to a public good in
each period 7=1,2,.... Let x;, g,, and w, be player 7’s private consumption,

contribution, and income. Normalizing prices to one, 7’s budget constraint is
x,t+g =w,. (1)

As in Bergstrom et al. (1986), the total supply of public good is G=2, g,.
Moreover, player 7’s utility in a given period depends on his private consumption
and the total supply of public good #,(x,,G). Let &, €[0,1) be i’s per period
discount factor. The difference from Pecorino (1999) is that players agreed on an
exogenously determined enforceable minimum contribution level that is higher
than the non-cooperative Nash contribution g>g" and in any given period,
player 7 cannot contribute below this minimum, g.2g.

Given the overall symmetry in our framework, “we focus on symmetric
cooperative subgame-perfect equilibria in which (i) along the equilibrium path,
players play a common agreed cooperative contribution level ¢¢ €(g,g”) in each
period, where g is the socially optimal contribution level; and (ii) at any point of
the game if a player defects, all players revert to the non-cooperative Nash
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contribution of the stage game from the following period onwards.” In other words,
players employ Nash reversion strategies to sustain cooperation.

Let «¢, #”, and «" be respectively a player’s cooperative, defection, and
noncooperative payoffs. Then, under Nash reversion strategies, a player cooperates
if onetime gain from defection plus the discounted Nash payoff from the next

period onward do not exceed the cooperative payoft:

D C

W o szs =t )

1-0 1-0 u® —u

Thus, players can sustain cooperation if they are sufficiently patient, &, >3, .
Finally, suppose all players are homogeneous in all respects, and preferences

represented by the following fairly general utility function:

1 1

u, =(af(x,)" +(U=a)h(G)")" =(a f(w,~g,)" +(1-a)h(G)")" )

The parameter o represents the preference weight on the private and public
goods respectively, and # denotes the elasticity of substitution between the two
goods. Since players enjoy consuming both private and public goods, the functions
f and A areincreasing.

For the utility function (3), given the others’ contribution with each g€ [g,go] ,
the marginal per capita return (MPCR), which measures the individual’s Erivate
benefit from increasing their contribution to the public good, relative to their cost, is

equal to:

(1-a)h(G)" ' (G)

MPCR = 1
af(x)” f'(x)

We have the following assumptions to ensure we have a public goods game.

Assumption 1
1. MPCR<1: Each player has an incentive to free-ride because their private gain
from con-tributing is insufficient to justify the personal cost.
2. n-MPCR >1: Each player increasing contributions by one unit would generate a
public good benefit exceeding the total private costs.

7 One can rightfully ask why not simply set g =4° ? While this is possible in our stylized model, in
reality agreeing on an optimal contribution level is not easy, e.g., see the examples in introduction,
which I discuss the reasons more in Section 4. For now, the only importance of ¢° is, it serves as the
upper bound for g¢.
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I11. Results

I want to understand how does the enforceable minimum contribution
requirement g affect the group’s cooperation. In other words, how does it affect
the threshold level of discount factors o ?

I find the individual contributions at the social planner’s optimal go, Nash
equilibrium g", and when a player deviates while z—1 others cooperate for the
general utility function (3). First, in the optimal case, the social planner maximizes
the sum of utilities of all individuals, which simplifies as follows assuming
symmetry in players:

Y =l f w= g +(1-a)hing)”)’. 5)

Maximizing the utility above with respect to g vyields the following first order
condition (FOC) after some simplifications and rearrangements:

f'(w—g)zn(l—aj(f(w_g)jl—p. "
h'(ng) o h(ng)

This equation defines the optimal contribution g in implicit form, depending on
the functions f and /4. Specifically, on the left hand side (LHS), there is the
individual’s willingness to trade private consumption for the public good, i.e.,
marginal rate of substitution (MRS) between the private and public good. On the
right hand side (RHS), the relative importance of the public good (in a collective
sense) is reflected, scaled by the number of contributors 7, the relative weights o
and l—a in the utility function, and the substitutability parameter p.

In the Nash equilibrium, each individual maximizes their own utility #,, taking
the contributions of others as given. The individual’s utility is:

u. =(af(w,—g) +(1-a)h(G)), %

where G =g, +(n—1)g . Maximizing the utility function above with respect to g,

yields the following FOC after some simplifications and rearrangements:

1w, ~g) =(1_aj fw,~g))" ®)
7(G) a hG) '

which defines the Nash contribution g" in implicit form, depending on the
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functions f and /. Specifically, the LHS is again the MRS between the private
and public good. The RHS is how much weight a player places on the public good
relative to the private one and how the trade-off between private and public goods is
influenced by the current levels of consumption, the relative weights @ and 1-«
in the utility function, and the substitutability parameter p.

Finally, when player i deviates and the other n—1 players contribute gc , the
total public goodis G =g, +(n —l)gc . The utility of the deviating player is:

1

u, =(af(w,—g,) +(1-a)h(g, +(n—-1)g°)")". ©)

Maximizing the utility above with respect to g, yields the following FOC after
some simplifica-tions and rearrangements:

flw,—g) =(1_aj( fw,~g) J (10
H(g+n-1g%) \ a )\ k(g +(m-1g%)

which defines the deviation contribution g” in implicit form, depending on the
functions f and /. The intuition from the LHS and RHS is similar to te FOC
of the Nash contributions case. However, when player 7 deviates while n—1
others play gc, the free-riding incentives (e.g., assuming /£ to be concave and
hence satisfying diminishing marginal return) yields g” < g" . Given that g" <
gc , the utility levels for a player will be u’ >ut >u”.

Suppose the group agrees at the outset to a minimum contribution g € (g", g¢)
and this is the only amount that can be explicitly enforced. Suppose it will bind for
both the Nash equilibrium and the deviation cases, meaning that players set g as
their Nash and deviation contributions, since it is the lowest possible contribution

level. As a result, «” >u® >u® . Specifically, the three utility functions are:

u’ =(af(x) +(l—a)/z(GC)p)i ,where x“=w-g° and G° =ng"
u" = (@f(x) +(~a)hG)") ,where x=w—-g and G=ng

u” = (@ f(x)" +(L-a)h(G")") , where G” =g +(n—1)g" (11)

Proposition 1 summarizes how the minimum contribution requirement affects
the utility functions and the degree of cooperation in the long-run. To simplify

notation, I use the subscripts to refer to the respective partial derivatives.

Proposition 1 For the general utility function (3),
1. The utility functions u" increases with g, u" decreases with g, and u® is
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unaffected.
2. The impact of g on & . determined by the following condition:

a * 7

—— o W —u)+u " —u”). (12)
g T )
= -) e (+) S

3. The cross-partial derivative:

0’5"
——— o W’ (=) Y @ —uC )W —u)=2uP N (13)
ogog" L RPN TN S il RS

- (=/?) (=) (+) (+) ?) + @

where N =u”w® —u™)—u” @ —u®) is the numerator of 28
g g £ &

The results in Point 1 follow Assumption 1. Intuitively, an increase in g causes
all players to increase their contributions in non-cooperative outcome, res_ulting in
higher benefits from public good that exceed the total decrease in private goods,
given that n*MPCR >1. Thus, this increase makes the non-cooperative outcome
more cooperative. However, an increase g affects only the deviating player’s
contribution in the deviating scenario. Since this player cannot lower its
contribution as much as before, their utility u” decreases,as MPCR>1.

The result in Point 2 addresses the main question of the paper.” The first term in
(12) reflects the positive impact of the minimum contribution rule on the degree of
cooperation: With a more binding minimum contribution rule, deviation becomes
less appealing and players can achieve a higher utility through cooperation
compared to the Nash utility. Conversely, the second term in (12) represents the
negative impact of the minimum contribution rule on the degree of cooperation: as
the Nash utility increases with the minimum contribution requirement, reverting to
the Nash outcome becomes less undesirable than before.

In the proof, I investigate meaningful sufficiency conditions under which one
effect dominates the other. However, it becomes evident that determining which of
these two effects prevails depends on the exact functional forms of f and /. The
result in Point 3 is part of this investigation and concludes that the overall effect of
the level of cooperative contributions g¢ on 00" /0g remains ambiguous
without specifying the functional forms of f and 4. B

In the following subsections, I study this problem for a quasi-linear utility and
the general CES utility functions by assuming specific functional forms for the f
and /% functions. These represent special cases of the utility function (3).

D . . . .
® The term «”, becomes negative for linear or concave /%, but ambiguous otherwise.
9 . & . .

? The oc sign is read as “directly proportional.”
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3.1. A Quasi-Linear Utility with Natural Logarithm Function
Suppose preferences represented by the following quasi-linear utility function:"
u,=x;+alnG=w—-g,+alnG. (14)
Proposition 2 Assume identical players with quasi-linear utilities (14), the individual

contribution levels at the optimal, non-cooperative, and if one player deviates while
other n—1 players cooperate, are as follows:

0, if g¢>=

goza gN:Z gD:
’ ’ a—(n—l)gc, ifgc<ﬁ

The utility functions under the three possible cases are:
u“ =x°+aln(G°), u" =x+aln(G), u” =x+aln(G")

The minimum contribution requirement hinder cooperation, i.e., % >0 i

(a/g-DIn(G"” /G)~(1-a/G")In(g" /g)+[g——1j+(g6;§] >0 (15)
- - g

Can the minimum contribution requirement ever facilitate cooperation under the
assumptions of the model, i.e., the reverse of the inequality (15) holds?
Unfortunately, it is not possible to derive closed-form solutions where the inequality
holds with equality. This is because the function on the LHS of the inequality is a
transcendental function, which cannot be solved analytically. Therefore, the

inequality can only be analyzed numerically.

Numerical Analysis: Based on the utility function (14), the findings in Proposition
2, and the setting of the model (2> gc >g>4), I evaluate the LHS of the
inequality (15) using the following values: a €{0.1,...,10} with increments of 0.1,
g€ €{£+0.001,...,a} with increment of 0.01, ge{%,...,a—0.1} with increments
of 0.1, and 72 €42,4,10,20,100,10000,1000000} .1 find the minimum value of the
function a positive number. Therefore, the condition (15) “always” holds, indicating

that the minimum contribution requirement hinders cooperation.

1 As in (3), the results are inconclusive for a generic non-linear function in quasi-linear preferences.
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Secondly, for the same parameter values, I evaluate the cross-partial derivative
2’5"
8gﬁgc
minimum value of this function, which consistently yields a positive number. This

>0, which is also a transcendental function. To analyze this, I again find the

result implies that the greater the cooperative contributions the group can agree
upon g, the more the minimum contribution requirement hinders cooperation.
The inequality (15) and the results from the numerical analysis demonstrate that
the minimum contribution requirement does not facilitate the long-term
contribution. But what is the underlying mechanism driving this result? It is
important to notice that if players cannot agree on a cooperation level g higher
than the minimum contribution requirement g, ie., g =g, then the three
utility levels in (11) become equivalent as x¢ ZZ and G¢ Zé. As a result, the
impact of the minimum contribution requirement on long-term cooperation
becomes negligible, i.e., % =0 . This suggests that the essential assumption of the
model, which leads to the negative impact of the minimum contribution
requirement on long-term cooperation, is the possibility of achieving a higher

degree of cooperation.
3.2. CES Utility

Are the results we obtained so far unique to the quasi-linear preferences studied
above, or do they hold under a broader class of preferences? To investigate this, I
repeat the above analysis with the following CES utility, while again assuming
identical players:

u, = (ax’ +(1-a)G”) =(a(w, —g,)" +(1-a)G")", (16)

where a €(0,1) and pe(—o,1). Here, the substitution between private and
public good con-sumptions grows with p, where p—{0,—00,1} respectively
represent Cobb-Douglas, Leontief, and Linear preferences. Furthermore, MPCR for
CES utility is:

1-a)x'*
I-p

MPCR =
aG

1 P
p 1

Proposition 3 Let & :=(5%)"n"™" and assume identical players with CES utilities
(16), the individual contribution levels at the optimal, non-cooperative, and if player i
deviates while other n—1 players cooperate, are as follows:

—P
= c
o K N_ K p_wkn” —(n—1)g
- w, g = Lw’ g = —p

K+1 K+n™ l+xn™"
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The utility functions with the minimum contribution requirement:

U = (@) +(1-a)(GE)), u =(a(z)” +(1-a)(G))"

u” =(a(x)” +1-a)(G )

The minimum contribution requirement hinder cooperation, i.e., % >0 if

N 1%3 _ p-1 _ p-1 D ___C
[u_] ax”” +(1-a)nG (u uN)>1 (17)

D _ -1 C
u ax’ —(1-a)G” u —u

Cobb-Douglas: As p — 0, this condition becomes:

(QJ (”‘1;“)1‘@)[”5_“;}1. (18)
G aG” —(l-a)x \u" —u

Analyzing whether these conditions always hold under the assumptions of the

model proved to be cumbersome. As a result, I relied on numerical analysis once

s 11
again.

Numerical Analysis: Using the Cobb-Douglas utility function, the findings in

Proposition 3 and its proof, and the assumptions of the model (g”(w,a)> g© >
g> g" (w,a,n)>0), 1 evaluate % under the following parameter values: w e
{1,510} , 7€(2,4,10,20,100} , a<€(0,0.1,0.2,....1} , ge{g" (w,a,n)+0.01,...,
g¢—0.01} with increments of 0.1, and g“e{g -:0.01,...,g0(w,0£)} with
increments of 0.01. Across all evaluated pararnf;er combinations, %> 0
consistently holds. Specifically, in Mathematica, I identified a term whose negative
values are both necessary and sufficient for % >0 to hold. The maximum value
of this term across all evaluations remains negative. Therefore, the condition
ensuring that the minimum contribution requirement hinders cooperation holds

under the Cobb-Douglas utility function as well.

Secondly, I evaluate azlai; using the following slightly modified values for the

parameters: « €10.1,0.2,...}, 7 €{0.1,0.2,...,0.9}, and S €(0.01,0.02,...,0.99}."

11 The cross-partial derivative =2 proved to be complex and I only present it in the supporting
0Ogdg

file for both the general CES and Coibb—Douglas utility functions.
2 Texcluded a={0,1} because some terms in the cross-partial derivative approach infinity, which

causes issues in the calculations.
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For each combination of these parameter values, I set values for g and g as

follows, which ensures satisfying the assumptions of the model:

g =B g’ (w,a)+1-p)-g"(w,a,n)
g=r-8 +(=y)g" (w,a,n).

I confirmed that the cross-partial derivative is always positive for the given
parameter ranges. Therefore, as in the analysis of quasi-linear utility, the more
cooperative contributions the group can agree upon, the stronger the hindering
effect of the minimum contribution requirement on cooperation.

Finally, I repeat the same exercise for the CES function, varying the level
substitutability and complementarity between the private and public goods using

p €1-100,-0.5,0.5,0.9} and the same parameters values as above. The results

again confirm that %>0. However, while I find g{;} >0 for p=1{-100,-20,
-1,-0.5,-0.2,0.2,0.5,0.6} as in the previous cases, I find some instances where
25 <0 when the private and the public goods are highly substitutable,
%%

specifically for p =1{0.7,0.8,0.9}. This indicates that in these cases, the hindering
effect of the minimum contribution requirement on cooperation weakens as the

groups agrees on more cooperative contributions. Nevertheless, for the majority of
25"
%0g°

public goods are highly substitutable.

parameter combinations, >0 continues to hold even when the private and

IV. Discussion

In my highly stylized model, using both a quasi-linear and CES utilities, I could
explicitly find the optimal contributions. This raises a reasonable question: why not
simply set g=g”? However, in reality, decision makers often face a far more
complex proT)lern than what my stylized model captures. They may have limited
cognitive abilities and time to make decisions, be heterogeneous in their incomes
and valuations of public goods, face uncertainties and trade-offs between
contributions to different public goods, or experience turnover due to re-elections or
selling their properties. Additionally, they may hold differing view on fairness.” As

a result, identifying and agreeing on an optimal contribution level may not

B For example, should each country contribute equally to tackling climate change, despite some
being more respon-sible for the problem and benefiting more from activities that caused it? Even if
everyone agrees that those more responsible should contribute more, determining the quantities is
extraordinarily challenging.
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feasible." Nevertheless, it seems reasonable to argue that the agreed cooperative
contribution level and the minimum contribution level are unlikely to exceed the
optimal contribution level.

My main conclusion is any minimum contribution requirement above the Nash
contribution would hinder cooperation. This conclusion relies on the assumption
that players can agree on a cooperative contribution level. As discussed in
introduction, this model is silent about how players could reach such an agreement.
In fact, in many real life examples players often fail to reach such agreements. For
instance, countries implement tax systems, a mandatory contribution rule, to create
necessary funds to finance many public goods. Without such enforced contributions,
it is highly unlikely that citizens could voluntarily contribute to finance sizable
amounts of public goods. Therefore, such minimum enforced contribution
requirements are beneficial if they can be set above the agreed upon sustainable
contribution levels, which would be the non-cooperative Nash contribution level if
they cannot reach an agreement at all. This would be a greater challenge if there is
no central authority that could introduce such minimum contribution requirements.

While I focus on the symmetric players in the model for simplicity, real-world
examples typically involve asymmetric players. Asymmetries in size or wealth levels
among players could lead to differences in non-cooperative Nash contributions and
optimal contributions. Similarly, the minimum contribution requirement and
agreed cooperative contribution levels may vary, as seen in the examples like climate
change negotiations or the NATO 2% of GDP rule. Alternatively, players might
have different returns or weights from public good contributions. For instance,
Cornes and Hartley (2007) introduce such asymmetries using a CES utility
function, albeit within a static model.” Regardless, I conjecture that the hindering
effect of the minimum contribution rule remains unchanged as long as, for each
player, the assumption g" < g<g®<g” holds, as this significantly align the
incentive of all players. B

An interesting extension of the current model is the case where players agree on a
minimum contribution requirement that increases over time.'® Initially, this
requirement may be set below the cooperative contribution level ¢ and hence
hinder cooperation. However, if it eventually exceeds gC , it could become
beneficial for the cooperation. Speculatively, the greater the extent to which the
minimum contribution requirement exceeds gc, and the more patient (i.c., the

higher discount factor) the players are, the easier it may become for them to sustain

" In practice, a negotiated minimum contribution requirement often serves as a compromise. It
provides participants with some assurance while avoiding the complexities of determining and
enforcing an optimal level of cooperation.

"% See also Liu and Sandler (2024), who study different public good aggregation rules in addition to
the summation, which is the focus of this paper.

' T thank Prof. Euncheol Shin for suggesting this idea.
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cooperation under such a rule.

Finally, in this dynamic game, alternative strategies such as tit-for-tat or getting-
even strategies could be analyzed instead of Nash reversion. The level of
cooperation that players can sustain may vary depending on the strategies employed.
Nonetheless, I posit that introducing a minimum contribution requirement would
not qualitatively alter the incentives faced by players, thereby preserving the validity

of my main conclusions.

V. Concluding Remarks

I study infinitely repeated public goods games with minimum contribution
requirements, shedding light on their influence in sustaining cooperation among
symmetric players. By analyzing the interplay between enforcement mechanisms,
Nash reversion strategies, and dynamic settings, I aim to understand the impact of
minimum contribution requirements on cooperation dynamics. Interestingly,
unlike the static setup in which minimum contribution requirements help to
overcome the free-riding problem, my findings reveal that the introduction of a
minimum contribution requirement, when positioned between the non-cooperative
Nash equilibrium and a sustainable cooperative level, obstructs cooperation in the
long run.

These findings reverberate beyond theoretical constructs, finding real-world
resonances. In the context of the EU, where member countries have a certain level
of obligation and enforcement mechanisms, a pertinent example lies in the
allocation of financial resources within the EU budget. While the EU sets goals for
member countries to contribute a certain percentage of their GDP to the common
budget, negotiations often result in compromises, and countries may agree to a
minimum contribution requirement below the ideal level. This could stem from
varying economic conditions, national priorities, or political considerations. The
EU’s ability to enforce compliance provides a structured framework, yet the
negotiated minimum contribution requirement allows flexibility for member
countries, acknowledging their diverse circumstances. However, this flexibility,
when translated into commitments below the highest sustainable cooperative level,
raises concerns about the long-term sustainability of EU cooperation. If member
countries consistently opt for minimum contributions requirements that fall short of
the highest sustainable cooperative level, it may lead to inadequate funding for
crucial EU initatives, hindering the organization’s ability to address collective
challenges and pursue strategic objectives effectively over an extended period. The
negotiated minimum contribution requirement, while offering adaptability, could
pose a risk to the overall cohesion and progress of the EU in the long run. This
example underscores the com-plexities and potential challenges associated with
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strategically positioning minimum contribution requirements in cooperative
frameworks.

In the context of climate change mitigation strategies, many experts expect the
Paris Agreement to produce insufficient incentives for countries to lower their
emissions in comparison to business as usual (see, e.g., Barrett and Dannenberg,
2016). The main criticism is that it adopts an assessment and review framework,

7 While an enforced minimum

which lacks an enforcement mechanism.
contribution requirement might seem an intuitive solution if countries could agree
on such an agreement, this research cautions against overlooking potential long-
term consequences. In the realm of climate agreements, my findings resonate as we
observe that a minimum emission reduction target negotiated below the sustainable
cooperative level may impede long-run cooperation. Countries committing to lower
targets might face less pressure to invest in sustainable practices or technologies,
leading to a scenario where overall global emissions remain high. The presence of a
minimum contribution requirement below the sustainable cooperative level could
undermine the effectiveness of the agreement, hindering the achievement of broader
environmental goals over time.

Finally, I hope that the highly stylized framework developed here can be a
starting point, incorporating more plausible assumptions such as re-election as in

Buchholz et al. (2005), heterogeneous players, and fairness concerns.

7" See Barrett (2005) for a review on the literature of international environmental agreements.
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Appendix: Proofs and Calculations
A.1 Calculations

A.1.1 MPCR

Given the contributions of others, the marginal utility of a player from increasing

x and his own contribution G are, respectively:

2—: = aulfpf(x)pflf'(x)
2—2 =(1-)u "h(G)" " }'(G).

Thus, with some simplifications:

MPCR = & _(1-a)hG) ' (G) .
L af@ )

A.2 Proofs

Proof of Proposition 1. The partial derivatives of «" and #” with respect to g

are:

=u"" (—afw-g) fw—g)+nl-a)W(G)Y H(G)) (A1)

u

N
g
D
u
g

=u"" (~aflw-g)"" flw-g)+(1-a)h(G"Y K (G")) (A2)
1. From (Al), u§N>0 if

n(l-@)h(GY " H(G)
afw—g) " fw—g)

>1<n-MPCR>1,

which holds by assumption.
From (A2), ugD <0 if

(1-a)h(G")" h'(G")

— <1< MPCR<1,
af(w-g)" flw=-g)
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which holds by assumption.

2. Taking derivative of the & with respect to g, ignoring the positive
denominator and simplifying yields:
25" ug(uD —u™)— (" —uc)(ug —ug )
ag (Z/{D _ I/lN )2

OCuf(uC—uN)+uiv(uD—uc),
g [N

[ e
=W ® W

Search for a sufficiency condition: To understand the forces that could drive a
positive relationship between 6 and g, I investigate under what conditions,
we have 1) u;v >| ugD | andii) «” —u >u’ —u" < u” +u" >2u".

Condition i) can be written as:
N'"? N D' D
u' TV >u” | T,

where I respectively call the second terms in (Al) and (A2) as TV and T”,
and T” is the only negative term. Thus,

|T" |=af(w-g)"" fw—g)—(1-a)hG"Y" K(G")
Since #” >u" and 1-p>0, we have uP” >N , which holds with
equality only at p=1. On the other hand, dividing both T" and |T"| by
the private good term: (Zf(w—g)up*lf'(w—g) does not change the order of
magnitudes, thus TV > | T" | if

afw—g)" fllw-g)  afw-g)" fw-g)
o =G H(G)+(=a)h(G") H(GT)
afw-g)" flw-g)

() w(G”)
(=) " " wehyr
: o) >2
a Slwg

fw—g)™"

n(1l=a)h(G)* " h(G) o= a)h(G")" " h'(G”)

22

First, all terms on the LHS is positive. The last step facilitates the terms, since
1-p2>0 forany p and holds with equality onlyat p=1.
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Forany g,¢%,w,p,

* The smaller is the a, the easier for TV > |T”| to hold. However, from
(11), the smaller the «, the larger is the u” over u", since G”>G.
Thus, the overall effect of & on condition i) is ambiguous.

® The impact of 7 depends on the function / since in addition to its
direct effect, /(-) increase with 7, among others. Also, its impact on /'
depends on whether the function is concave, linear, or convex. Regardless,
the impact is inconclusive without the exact form of /4 —more on this
below.

* The functions f,h being (more) concave or convex (or linear) have
inconclusive impacts on the relationship, since both numerator and
denominatorin 4'//h and f'/ f change in the same direction and one
cannot know which of the two change faster without the exact form of the
functions f,/s . Specifically, since gc >g, G”">G. Because £ is
increasingand 1—-p>0 forany pe (—o0,1],

hG")™" 2 hG)",

which holds with equality only at p=1. On the other hand, h'(GP) <
K'(G) for concave, A'(G”)=h"(G) for linear, and A'(G”)>A'(G) for
convex /.

A sufficient condition for TN2|TD| can be for the function /% to
1= N
>u

exponentially increasing. However, in this case we have again u”
and, thus, the overall effect remains ambiguous.

Condition ii) Let me first rewrite (11), which can help reader to follow the next
part:

u® :(af(w_gc)p +(l—0€)/z(Gc)p)i,where G zngc

u" =(af(w—g) +(1-a)WG))" , where G=ng

u” =(af(w—g) +(1-a)h(G")) ,where G”=g+(n—1)g°

Note that «” +u4" >2u® becomes, for:

p=1:20 f(x)+(1-a) (h(G)+h(G)) > 2o f () + 21— 2)h(G°)
pe(=ol): (@f(x) +(1-a)h(G V) +(af(x) +(1-a)h(G)) >
Ao f () +(1-a)h(G)),
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where x“=w—g° and x=w—g with x>x°. Note that we have f(x)”
> f(x°)" for p=0 and f(g)p_< f(x°)? for p<0. On the other hand,
the comparison of the public goods terms depends both on p and whether
h is concave, linear, or convex. Regardless, since all these impacts are
ambiguous on condition i), the overall effects remain ambiguous without

specifying the functions f and /4.
3. The cross-partial derivative:

625* _ (u;c (uC _ul\ly)_i_u;uzc +ug(74 ¢ _uc(.‘ ))(uD _uN)Z _z(uD _uN )uD<N

£ £ g £

agagC MD _uN )4
where N, = u?(uc —uV)+ u;\’ (u” —u®) is the numerator of % . Thus,

0’6"

—oc ” . (u° —u® )+u§ u’, +u§/ (" =) W —u™)=2u". N, (A3
0g0g N e ST TN ML e e O AT
= —7?) ) RS ) * S RS

where

D D D 5D D™ —D
u . =(1-pu u.Z"+u" 7
o =1=p) K o

& Y T M M T
Z% =(1-a)(n=D((p=DAG"Y " K(G") +h(G")" h"(G"))
- + + +/-

Note that Z”. becomes negative for concave and linear /%, and ambiguous
8
for convex /. Asa result, «”. is either negative or ambiguous. Furthermore,
g . .
both the following terms are positive. However, which one is larger than the

other is ambiguous for general f and 4.

. = u®" (e fEE)T )+ n(l—a) h(GE YT RF(GE))
- +
Wb =u”" (=) (1-a) (G H(GP)
8 |

+

Thus, the sign of the cross-partial derivative is ambiguous. m

Proof of Proposition 2.
* Optimal: max, Y u, =nw—G+nalnG =G’ =na and g°=a.
* Noncooperation: Given G ; and using (14), max, v, = FOC: % =-1+
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=0=>G" =4 and gV =<,

a
G n

* Deviation: Given that everyone else contributes the cooperative share g¢,

maxu, =w—g, +aln((n—1)g" +g,)
8i

=0 if g2
1 d_(n_l)gca l_f gc<,,il

Substituting the respective individual contributions found above into the utility
function (14) yields the utility level under cooperation and Nash, u“ and V.

For deviation, if gc >a/(n—1), then gD =0 and thus g>a/n> gD binds.
On the other hand, if ¢ <a/(n—1),then g” =a—(n—1)g° .Let g =-t-c=

g’ =a—(n -1)(5-¢)=¢&(n—1), where £>0 1is small enough such that gC =

“—g&>a/n<>&mn—1)<a/n. Since this also yields g> g”, the utility under
deviation is:

u” =u/—g+aln((n—1)gc+g)

Clearly,
N
Cu =—1+£>—1+£—0,
Og g a
D
_6u =—1+ dc <-l+ i =<
ag (n=1)g +g (n-1)g

Condition (12) for quasi-linear utility, Da—i >0 u;\r W’ —u)>| uf | (¢ —u") <

(a/g—l)(gc —£+aln(GD /G%)) > (l—a/GD)(g—gC +aln(gc /g)) =

[g__lj+(a/g_l)ln(GD /GS) >(§(_;f‘ J+(l—a/GD)ln(gC /o)<
c g g
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c ¢ _
(a/g=DIn(G" /G- (1—a/GD>ln<gC/g>+[g——1}[g605]>0
- g

Notice also that while we assume g° > g, if ¢ =g, the condition above holds

with equality as all the terms in natural logarithm would be equal to 1 and the rest

are equal to 0. m

Proof of Proposition 3.
* Optimal: Drop the subscript 7 from the utility function and take derivative
wrt g:

rn;lxu=(a(w—g)p+(1—0!)(ng)p)i
% L g +1-a) ()" ¥ (caplew—g)™ +(—a)pn"g") =0
&k p

= —apw-g) " +1-a)pn’e” =0

p-1 -
w—g :(1—0{)71,0:> g :(l—anpj
g a w—g a

Let
l-a 7 (l-a)’ .

Kz( anpj :( a) nlip
(24 (24

Then, =x and thus
0 o_ 1

g =—w and w—g =——w

K+1 K+1

* Cobb-Douglas: As p—>0, Kk >E% and ¢g” > (1-a)w.
* Leontief: As p—>—o. k—>1 and g” >% as p—>-—w.
® Linear: As p —1,

0, ifen<l, 0, ifEza<l,
K—>41, ifEfn=1 g’ >tw, ifte Lhp =1,
w©, 1 7n>1. w, 1 7n>1.
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* Non-Cooperation: Given G_; and (16), max, «; yields:

FOC: 2 = L, — g,y +(1-0) (g, +G )7 (caplav, — g,
&% P
+l-a)p(g, +G_)’)=0
= —apw,—g,)"" +(1-a)p(g,+G )" =0

S (l-a)(ng) " =aw-g)"

p-1 1 I-p 1
|8 1z "8 e
ng (04 w—g (04

—p _ _
<:>L—1f1 @ znﬁntp" @ =I(nj
w—g I-a I-a
= K
<:>gh_ Kn w= ez w= K w
~ -
xkn™ +1 =+1 K+n"

— Cobb-Douglas: As p—>0, k=% and gN > —w (so, gN < go)

—Leontief- As p—>-o, x—>1 and g" —>%.So, g" =g" in this case.
— Linear: As p—1,

0

k>3l ifLzp=1| g% 5lw, ifLzp=]

e i
, if =Fa ], 0, it =%n<l,

w0, if E<n>1. w, ifEZp>1,

b
So, gN = gO in this case.

* Deviation: Given that everyone else contributes the cooperative share g",

maxu’ = (alw, ~g,)" +(1-a) (1=Dg‘ +g)")"

w1 ,
Y et +1-a) (1D +g,))
o P

lp
P

(—apw—g)" " +(1-a)p((n-1)g° +g,)"")=0
= -aw-g)" " +1-a)((n-1)g°+g)" " =0
Sl-a)(n-1)g"+g) " =a(w—g,)""
- l-a :((n—l)gc +g; le @(l—aj“l" _ (n—1)g° +g,

a w_gl a w_gl
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L) (—1)g¢  win™ —(n—1)g°
o g" w(F) (71 )g  wkn (nl )g
1+ (55 1+xn™

* Cobb-Douglas: As p—>0, kK —>E% and g” H>w(l-a)—a(n-1)g°.

For Cobb-Douglas, g” <g" always holds:

w(l—a)—a(n—1)g¢ <——%

w
l-a+an

which binds the most at g = g" and holds with equality:

w(l—a)—a(n—l)[ 1-a wj 1-a

= w
l-a+an l—-a+an
1 1
l—a(n—l)( jz
l—a+an l—a+an
l-a+an—an—-1)=1.
All terms cancel each other out. ‘
* Leontief: As p—>—o0, k—>1 and gD - "’"7(1:,1)57
® Linear: As p—1,
O’ if ﬂn < 13 O’ if 1;0( n< 1,
K—>191

—(n—1)oC .
, ifEza=1] g” > max{O,%, if =2n =1,
oo, if =Zpn>1.
a

w,

if =2y > 1.

The utility functions and the relevant partial derivatives for (12) are:

W =(alw—-g") +(1-a)(G Y)Y,
u = (aw—g)" +1-a)(ng)")" ,
u” = (a(w—g) +(1-a)(n-1)g° +g)")’

@) (~ap(z)” +(1-a)pn(G))

W) * (—ap(x) +(1—-a)p(G")™)

371
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The condition (12) for the CES utility, i.e., %>0<:>ug(ul) —u°) >|u5 |(uC
N % g g
u')s

N2
P

(~a(x)” " + (1= )n(G)* ) (u” —u®) >

(@(x)" =1=a)(G")" ) " ~u")

D2
u *

Notice that only some p’s cancels out. Rewriting this condition

N\ 2

W) —ax” T +(1—a)nGP | W —u
D -1 prl c N >1
u ax” —-(1-a)G

u —u

Cobb-Douglas: The utility functions for Cobb-Douglas preferences

C

N

N Q

Fla
G s
x°G"™

D Dl—zl

x°G

N
Il

Recall Proposition 1 for the signs

wy =(w-g)"" (ng)™
= x“(G) “nlw(l-a) - g]> 0

[ —)

[—O{ng +n(l—a)(w —g)] >0

+

u =(w-g)" (n-1)g" +g)*

[~a((n—=1)g" +g)+(1-a)(w~g)]<0
=x“7(G")[-aG” +(1-a)x] <0
%/—/

The condition (12) for the Cobb-Douglas utility, i.c % >0 if
G “[-aG+n(l-a)x] (x“G”"

Gy >
G” aG” —(1-a)x](x“ G —x“G"™),

Notice that x*

positive. The condition

GV (nl—a)x—aG [ 26" -G .
G aG” —(1—a)x )\ £ G '

(110( 1—
G _£aQ a

canceled from both sides and used |«” |, thus all terms are
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