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Dynamic Analyses Using VAR Model with Mixed
Frequency Data through Observable
Representation®

Yun-Yeong Kim**

This article discusses dynamic analyses using the vector autoregressive (VAR) model for
mixed-frequency data. The model estimation is achieved by representing the original model
Just with current and lagged observable variables. Such representation is accomplished
through recursive substitution of unobservable variables with lagged observable variables.
The consistent estimation of model parameters is facilitated by the classical minimum
distance estimation that uses lagged variables as instruments. Conventional dynamic
analyses, which include forecasting with the VAR model, are possible after model
estimation. The proposed method differs from other approaches in three aspects. First, unlike
a Bayesian approach, the proposed classical method does not require any specific prior
distribution of coefficients. Second, an “explicit” identification condition is suggested for the
model. Finally, the proposed method can estimate the error variance consistently, which is
critical for dynamic analyses.
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I. Introduction

Standard vector autoregressive (VAR) models assume that the vectors of the data
are observed at equispaced intervals of time (or the same least common multiples of
frequency). However, economic variables are observed with different frequencies,
which often restrict the utilization of VAR analysis.

For instance, with respect to the usual frequency of monetary policy decisions,
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central banks are interested in dynamic analyses including forecasting at the
monthly level. However, the GDP and current account (target variables of
monetary policy) are observed quarterly; thus, it is conventional to conduct impulse
response analysis using a quarterly model. The result may therefore be inexact,
while a monthly VAR analysis would seem appropriate for catching the dynamic
effects of monetary policy shock. A most realistic approach would be to estimate a
monthly VAR using these unconventional data. As another example, the market
ending price in two different markets (i.e. daily stock price indices of the US and
Japan) cannot be observed simultaneously due to time lag. Basically,
important/discarded information may remain in the mixed-frequency data for more
precise analyses.

The development of models for variables sampled at different frequencies has
attracted substantial interest in the recent econometric literature. See Foroni and
Giuseppe (2013) for an overview of the most common techniques. For instance, in
forecasting, various works have exploited mixed-frequency data. Abeysinghe (1998),
Miller and Chin (1996), Nunes (2005), Ingentino-Trehan (1996), Webb (1999),
Zheng and Rossiter (2006) are important examples. Ghysels, Santa-Clara and
Valkanov (2004) introduced mixed data sampling (MIDAS) regression models, but
they did not focus on the (Vector) autoregressive models.'! MIDAS models specify
conditional expectations as a distributed lag of regressors recorded at some higher
sampling frequencies. Clements and Galvao (2006) found that use of monthly data
through the MIDAS on the current quarter leads to significant improvement in
forecasting current and next quarter output growth of the US. Kuzin, Marcellino
and Schumacher (2009) compare the mixed-data sampling (MIDAS) and mixed-
frequency VAR approaches to model specification in the presence of mixed-
frequency data; e.g., monthly and quarterly series. In particular, they compare their
performance in a relevant case for policy making; i.e., nowcasting and forecasting
quarterly GDP growth in the euro area, on a monthly basis and using a set of 20
monthly indicators. It turns out that the two approaches are more complementary
than substitutes, since mixed-frequency VAR tends to perform better for longer
horizons, and MIDAS for shorter horizons.> Recently, Frank and Song (2013)
developed a model that is cast in state-space form and estimated with Bayesian
methods under a Minnesota-style prior. Eraker, et al. (2014) developed a Gibbs
sampler for estimating VAR models with mixed and irregularly sampled data in a

Bayesian context.

! “MIDAS involves regressors with different sampling frequencies, and are therefore not
autoregressive models, since the notion of autoregression implicitly assumes that the data are sampled
at the same frequency in the past.” Ghysels et al. (2004, p. 1).

? Their approach is different from with ours because they follow Mariano and Murasawa (2003,
2007) and replace all missing values with zeros, where the missing values are assumed to be
realizations of some i.i.d. standard normal random variable.
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However, to date, most research seeking to exploit mixed frequency data is
heavily focused on the forecasting and Bayesian approach. The Bayesian approach
depends on a specific prior distribution of autoregressive coefficients (e.g., typically
Minnesota prior) and aggregation observability of variables (e.g., a quarterly GDP is
observable as an aggregation of unobservable monthly GDP). When a quarterly
GDP is observable as an aggregation of unobservable monthly GDP, a maximum-
likelihood estimation via the Kalman filtering method may be considered as a non-
Bayesian approach. Zadrozny (1990) is an example in this direction. However, as
correctly pointed out in Chen and Zadrozny (1998, pp. 47-48), it obscures the
algebra of the model and the conditions under which it is identified and performs
poorly or not at all on large models with many parameters.’

This limitation of maximum-likelihood estimation via Kalman filtering caused
Chen and Zadrozny (1998) to propose a linear instrumental variable method as an
alternative to compensate for missing data arising from the mixed frequencies
through the use of Yule-Walker equations. Cadzow (1982) proposed and illustrated
a closely related method. However, that method may not estimate a consistent error
variance. Therefore, it cannot be used for typical dynamic analyses, including
impulse response analysis and variance decomposition.

Due to the limitations of the aforementioned approaches, we suggest an
estimation of the model by representation of the observable variables of the original
model using the backward substitution of unobservable variables by the lagged
observable variables. In this representation, the dependent and explanatory variables
of the equation are all observable. The order of this representation may be exactly
finite for a VAR (1) model, and approximately finite for a stationary VAR model, in
the sense that largely lagged variables have near-zero coefficients. A standard test is
also suggested for the order selection. The autoregressive coefficients and error
variance matrix may be estimated by the classical minimum distance (CMD) using
the lagged variables as instruments. Conventional dynamic analyses including
forecasting with the VAR model are possible after model estimation.

Our approach differs from other approaches as follows. First, our classical
approach does not require any specific prior distribution of coefficients as in a
Bayesian approach. Second, we suggest an ‘explicit’ identification condition for the
model (c.f., Theorem 4.1). Finally, our method can estimate the error variance
consistently, which is critical for dynamic analyses.

The rest of the paper is organized as follows. Section II provides a discussion of

the VAR model and data structure. In Section III, an instrumental variable

? See a trivial example in Hamilton (pp. 387-388) that suggests a case where the parameters of the
state-space representation are unidentified. In there, an observable variable y, is an aggregation of
two variables y, =&, +¢&,, that represents an observation equation for a Kalman filtering where

. . . . 2 2
unobservable &, and &, are mean zero white noises with the variances o, and O,

1z
. N L. . . 2 2 .. .
respectively. Under a Gaussian distribution assumption, nether ¢, nor 0o, isidentified.
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estimation of the observable variable representation is introduced. Section IV
provides the CMD estimation of model parameters. In Section V, we discuss on the
generalized impulse response analysis and model selection. An empirical
illustration of the developed method is presented in Section VI. Finally, the paper is
concluded in Section VIIL

Throughout the paper, standard notations are used without any explicit

. d o .
references. In particular, —— and > are used to signify the convergence in

probability and in distribution, respectively, of random sequences.

II. VAR Model and Data Structure

Let 2, denotea kx1 vector of variables, assumed to be generated by a VAR(m2)

process,

z, =a,+(a,a,,.,a, )l _ +u; (1)
or

Z,=A+AZ, +U,; 2)

for 1=0,1,...,T where Z, =(z,',2,\"ss2, pis)'» U =@, 00, 14"

al az e am
L Oy O
a, .
AOZ[O } and A= Ok}( I}( s,
(m=1)k . .
Okk I’{ Okk

(1=1,2,..,m) is a kXk matrix of

coefficients, [, denotes the k—dimensional identity matrix, O,{ is a kxl zero

where @, is a kX1 vector of constants, &,

1

vector, 0, is a kxk zero matrix, Z =(z,,%,_",.,%,_,,") and #, is assumed
to be a kx1 vector with an unobserved mean of zero and independent and
identically distributed disturbances with a positive definite covariance matrix,
X = (O'l.].) >0; 1,7=1,2,...,k.

Further, the VAR model (1) is assumed to operate at a basic, fixed time interval
normalized to unity. In each basic period, the process generates a value for each
variable. Each variable is observed repeatedly at some regular time interval, which is
an integral multiple of the basic interval. Thus 7 -th variable of z,,z,, 7=

1,2,...,4k may be observed at its own different frequency, ¢, . First, let us define
frequency 7 as the least common multiple (LCM) of {4,4,,....4,}. Further,
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n=[T /] isdefined as the largest among all integers less than or equalto T/ 7,
which is the sample number for estimation.
Our approach may be applied for following various cases of mixed frequency

observations:

'

Example 2.1 Consider a VAR model of % =(z,%%,") " with k=4 +%, are

kXl kyx1
given as follows:
(a) Monthly -quarterly observable data
[Table 1] Monthly sample observation of variables
0 1 2 3 4 5 6 7 8
2, X X X X X X X X X
2 X o o X o o X o o

Note: x denotes observable and o denotes unobservable variables.

For instance, 2, can be quarterly growth of monthly observable financial

1z
variables (e.g., M1 and interest rate, % =2) while z,, includes quarterly growth of
a quarterly observable (at the end of a month) variable (e.g., GDP and current

account, %k, =2),where 7 =3.
(b) Weekly-monthly observable data

[Table 2] Weekly sample observation of variables

0 1 2 3 4 5 6 7 8
2, X X X X X X X X X
2y, X o o o X o o o o

For instance, 2, includes weekly observable variables (e.g., federal funds rate

and Ml), 2, can be a monthly observable real variables (e.g., industrial

production index and unemployment rate) where 7 =4.
(c) Observable by turns data

[Table 3] Daily sample observation of variables

0 1 2 3 4 5 6 7 8

2y, X o X o X o X o X

25, o X o X o X o X o
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where the variable vector z;, denotes a daily stock price index of the US and =z,
denotes a stock price index of Japan. The market prices of both markets cannot be

observed simultaneously because of time lag.*’ |

For instance, with regard to the usual monetary policy decision frequency, central
banks are interested in the dynamic analysis at the monthly level. However, since
the GDP is observed quarterly, dynamic analysis using a quarterly model is
conventional. As the results may be inexact, a monthly VAR analysis seems to be
more appropriate. See the following example.

Example 2.2 (a) Consider a two-dimensional VAR model (1) of z,=(z,,z,)'
with coefficient

(24 (24

11 12

aZl a22

where 2z, is observed monthly (e.g., money) and z,, is observed quarterly (e.g.,
GDP). The LCM frequency, 7, should therefore be one quarter in a monthly
frequency model. Then, 2, Granger causes 2, if a,#0 . Assume that

z i=1,2,...,n are all observable. The above model (1) is then transformed as a

t+3i;
quarterly one:

z, =az,_,+v, 3)

where @=a’ and ut5a2u172+aut71+ut. An OLS (ordinary least square)

regression of coefficient & is feasible, given as:

-1
n n

2 , b=
a= Zzt—Bizt—3i Zzz—h’zt) >

i=1 i=1

which is consistent. If we assume « +a,a, +a,a, +a,, =0 even though
a, #0, then

3
all + a11a12a21 +a12a21 (all +a22) 0

N
1]

3
0 Q0,0 +0),)Q, (an + azz)

*There is a 10-hour time lag between New York and Tokyo.
> The impulse response to a shock that occurred during market closure may be computed from this
VAR model.
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So we may conclude 2, does not Granger cause 2, if we use the quarterly
model (3), and the results may be different from those obtained using a monthly
model. In short, if analysis is conducted solely based on the quarterly model (3), it
may yield misleading results if a monthly model is more appropriate. |

Chen and Zadrozny (1998) proposed a linear instrumental variable method that
compensates for the missing data arising from mixed frequencies through use of
Yule-Walker equations. However, their method may not estimate a consistent error
variance, 2, which means that it is not possible to carry out typical dynamic
analyses such as impulse response analysis and variance decomposition. See the

following example.

Example 2.3 For explanation, consider a VAR (1) model as 2, =az, | +u,. Under
the model stationarity, we may write:

Ezz,'= Zioa"ﬁai "or vec(Z)= (Zioai ®a') vec(Ez,z,") . 4)

Chen and Zadrozny (1998) suggest an estimator of X as wvec(Zy)=
(Ziod"@d")*lvec(l{zjzt ") with a finite K, where & and Ezjzt’ are estimators
of a@ and Ezz,', respectively. Note that we cannot guarantee T, L3 as
n—>o© . More seriously, if the model becomes non-stationary, then even

representation (4) is not defined. ]

III. IV Estimation of Observable Variable Representation

In this section, an observable representation for the VAR model is derived, for
which the dependent and explanatory variables are (asymptotically) observable
autoregressive variables and error terms. Before proceeding, let us define
P, [a,xk] as a selection matrix’ which selects all observable variables from z, at
time z, and P_,' [a,_,xmk] as a selection matrix which selects all observable
variables from Z _, attime #—7. Similarly, let us define a selection matrix for the
unobservable variables of Z, . as O, ;' [b,_; xmk]|, where mk=a,_ +b,_, forany

1. For these matrices, the following results hold.

Proposition 3.1 (a) P_F_,'+0,,0, ,'=1I,, for any i. (b) The selection matrices

S In this paper, we define A [6X¢] asabbyc matrixA. Note 4, and &, denote the numbers of
observable and unobservable variables of 2, respectively.
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are invariant with frequency 7 as F_=F_ . and Q,_ =0, for any

i=12...n.

All proofs are in the Appendix.

Define the selected coefficients and variables as ,, =P, 'a, [a, x1], a,, ;=
p'(@,0,,..a, )P laxa ], a,, =p'(@,a,.,a,)0,., laxb_ 1, A, =
O0.'4 b xmkl , A, =F_'AF_ la_,xa_1 , A, =F"40,
la, ,,,xb 1, A . =0, . 'AP_ [b . xa_ ], A =0,,,,'40,, [, .., xb, .1,

qp.t—i qq.1—1
pz ‘zz = z;w [at x 1] ’ R—i ’Zt—i = Zp.t—i [at—z' x 1] > Qt—i ’Zz—i = qu—i [bt—i x 1] 4
Pz vut = up,t [dz x 1] ) Pt—i ‘Ut—i = Up,z—i [az—i X 1] and Qt—z’ 'Ut—i = Uth—i [bz—i x 1] :

Then, the above VAR model (1) can be rewritten as:

zi’.t = pz ’aO +pz ’(a1’a2""’arn)(Pz—1Pz—l ‘+szl -1 ‘)Zz—l +pz ’ut (5)
=, ta,, 2, +ta,, Z

p.t=1""p.1—1 q.t—1 th—1+upAz

0p.z

using [, =P P ,'+0,,0,," from Proposition 3.1. Equation (5) decomposes the
explanatory variables into observable and unobservable parts. The lagged

unobservable explanatory variable Z_, | in (5) may be written as:

ZqJ—i = 1—i th—i = 1—i '<AU +Azt—i—l + Ut—z')
= Qz—i ’A() + Qz—i 'A(Pt—i—lpt—i—l ‘+ Qz—i—l 1—i—1 ')Zz—i—l +Qz—i 'Uz—i (6)
= Aﬂq,tfi + quinlepAtfifl + Aqthfilethfifl + Uq.tfi

for i=123,.. using I, =F_ P, ,'+0,,,0,,,". Then, equation (6) may be
sequentially written for each7=1,23,..4-1 as;

= A()q.z—l + qu.z—ZZ/:.z—Z + Aqq.z—z Z + Uq.z—l >

q.t—1 q.t=2

q.1=2 = AOq.z—Z + qu.z—3Zp.z—3 + Aqq.t—3 Zq.z—3 + Uq.t—Z 4 (7)
Zq.z—3 = AOq.t—S + qu.z—4Zp.t—4 + Aqq.z—4 Zq.z—4 + Uq.z—3 >
qu/m = Aﬂqﬁhﬂ + quAthZp.th + Aqq.tfli qu/z + qu/m .

Now, a repetitive backward substitution of the unobservable variables for Z ,

underlined in (7) results in the following equation;
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Zt[.t—l = Aoqj—1 + Aqq.t—2A0q.l—2 + Aqq.t—ZAqq.l—3A0q.t—3 +oet At[ﬁ[,l—ZAqu—3 o 'Aqq.t—hﬂAoq.:—hl

+A4P-t*ZZP-l*2 + Aqq-l*ZAci/’-t*SZP-t*3 + Aqq-t*ZAqu%qu-l*4ZP-t*4 e

+ Aqq.lszqq.lfz . .Aqq.l7h+1qu.lf/zzp.l7h (8)
+Aqq,172Aqq.173 . -Aqq.lfhﬁ»lAqq.tf/th,tf/t

+ Aqq.t—zAW.f—s . 'Aqq.z—/qu.t—/m +oet Aqq.;—quq.x—qu,f—,% + Aqq.z—qu.z—z + Uq.z—l'

If we plug the term Z_, | of (8) into (5), then the following form can be

obtained:

h
zp.t = ﬂo.z +Z,-:lﬂpi.tzp.t—i + q/z.thJ—/t +g/1.t (9)

where ﬂo.: =a,,ta, (AOq.t—l +Aqq.t—2A\')q,t—2 + Aqq,t—ZAqq.t—3A0q.t—3 e +Aqq.t—2Aqq.t—3

"'Aqufmlequml)[“z x1], ﬁpl,t =a,,, la, Xﬂt—l]i’ ﬂpZ,t =0, quzfz la,xa,,],

ﬂ[zS,t = apq.;—lAqq.z—qup.z—s la,xa,_;], ﬂqm =0, (1_! Aqq,t—j)Aqq.t—i la,xa,, ]f?r 124,

ﬂql.z &, la,xb,,], ﬂqZ.t = apq.z—lAqq.t—z [a;];( 6,1, ﬂqi.l Qi (HAqq.t—j)
P

A, lax6 ] for i23 and g,= Y B U . +u, lax1].

qq.1=i

i=1

Note that z,, may be represented by all observable explanatory variables in
model (9) as 4 —> 00.” Further note that the coefficient of the unobservable variable
in model (9), B

1. » approaches to zero as 4 becomes larger if the VAR model is

stationary.’

Corollary 3.2 Suppose Model (1) is stationary, as coefficient A in model (1) is a real
matrix (mkxXmk ) with eigenvalues of A4,4,,...,4,
than 1. That is, |/1i <1, fori=1,...r. Then,’

& which all have a modulus of less

h -1
Zp.z _ﬂ0.1+zi:1ﬂpi4t Zp.t—z' +g/7.t+0(}l ) :
a,x1 a,x1 a,xa, ; a,_;xa, a,x1

Stronger results hold than those of Corollary 3.2 for a VAR (1) model as:"
Lemma 3.3  Suppose all elements of z,, are observable with frequency n and

7”A VAR(%) model is discussed in Lewis and Reinsel (1985) where its estimation is conducted by
OLS estimation. However the error term &,, in equation (9) is correlated with the explanatory
variable Z i

¥ In this paper, we will assume a stationary VAR model as in Corollary 3.2.

in our case and thus we later suggest an IV estimation of equation (9).

’ We may omit 4 from §&,, in following contents if it is necessary for any notational convenience.
! Kim and Park (2007) consider a similar observable representation with a mixed frequency data.
However their approach is just restricted to a simple VAR (1) model.
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m=1. Then equation (9) is simplified as z, = f3,, +Z; B, +&

i.zzp.t—i .t
See the following example.

Example 3.4 It is assumed that the observation structure in Table 1 of Example
2.1 and all k-elements of 2, are observable.

(a) Consider a VAR (1) model for which the coefficient matrix is given as:

2, =a,+az,_ +u, where

a, a,
Qy hok hxk,
o, = and o=
Ay o, Oy
kyxky kyxky

Therefore, there are %, observable and %, unobservable variables, respectively,

where %k =4k +%,. Then, the representative sample selection matrices are given as

b=l Ba=dy fq(x)fez)’ O :(kz(x)/ﬁ L), Ba'=U, /n(x)/fz) » O :(/ez(x)fﬂ L)
P.'=I, and QO ,'=0.

=3 k

Using these selection matrices, we get

a. =La(l,0)= U R a0l,) = %
ppt=1 T Tk ki - a. | pgt=1 — Tk kT a ’
21 22

qu.z—z =0, VaPtfz =(0 1/<Z )Ol(llq1 0)'= Qs Aqq.t*Z =0, 'a 2 = Ay s
qu.z—s =0, '0{}’;73 = (aZI azz) >
2,0=F 'zz—l = (I/q 0)z

=19 zp.t—z

=P,'s,= (1,(1 0)z,_,,

p— ' —
zp.t—S - E—3 2323

(24
:Bo.z = ao + ant—l (Qt—l '+ Aqq.t—z =2 ’)a(] = a() + . |:(o Ikz ) + C(22 (0 I/(Z ):' a[)

aZZ
bl
I, ayo, &y, + Q0 + 0, 00,0,
- 3 I B S
0 I,Q +ay, ( L TOn a5,)a,
a a
_ _ 11 _ _ 12
ﬂpl.t - apAz—l - > ﬂplt - aq,t—lquAt—Z - aZI s
a21 22

ﬂpB.t = an—lAqq.t—Zqu.t—S = a aZZ (aZl azz) ’ ﬂql.z = aql.t =a R
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alZ

a,,.
a ]

22

aﬂd ﬂqz.t = aql.tAqq.zfz :[
The final observable representation is given as:
zz = ﬂl) + pl,l—lz/l.t—l + pZ.I—ZZ[).l—Z + p3,t—3zt—3 + gt

where ¢,=8,,u

2.17q.1-2 + ﬂql.zuq.z—l +uz :

(b) For a VAR (2) model, the sample selection matrices for #=37,7=0,1,2,...

11

given as:

Ikl 0 0 O 0 I}( 0

P '= and O, '= ’ ;
0 I,(1 0 0 0 0 Ik2
I, 0 0 0

P,=| 0 0 I, 0|and 0,'=(0 1, 0 0);
0 0 O I,<l
I, 0 0 0

B,'=| 0 I, 0 0|and 0 '=(0 0 0 I).
0 0 I/q 0

(c) For a VAR (3) model, the sample selection matrices for #=37,7=0,1,2,...

given as:
, 0 0 0 0 0
1
0 0 I/q 0 0 0 0 I,(2 0 0 0 O
szl': and le':
0O 0 0 0 I,{I 0 0O 0 O I,<2 0 0
0O 0 0 0 O I,(l
I/ﬁ 0 0 0 0 0
0 O I,{ 0 0 0 0 Ifo 0 0 0 O
szz‘z 1 and szz‘z 7
0O 0 0 I,(l 0 0 0O 0 0 0 O I}Q
0 0 O 0 I/ﬁ 0

51

(10)

are

J.
].

' We do not need to compute the specific form of coefficient B,;, in a computer coding for the

estimation. The above sample selection matrices are sufficient for that purpose.
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I, 0 0 0 0
0 I, 0 0 0 0 0001 00
' 1 ' 2
=3 = and Qz—% = N
O 0 1, 0 0 0 000 0 01
0 0 0 0 I, O

For theoretical/economic reasons, zero elements of the VAR coefficient may often

induce a finite order of observable representation. See the following example.

Example 3.5 Consider a VAR (1) model. Assuming the observation structure in
Table 3 of Example 2.1, % observable and %, unobservable variables appear,
respectively, where k=4 +4,. Then, representative sample selection matrices are
given as p,'= (I/<l 0, p.'= (OI@) , B = (01,{2 ), F'= (I,(l 0, 0..'=
(I,{l 0),or O, '= (OI,TZ ), for 721, respectively.

Using these selection matrices, we get

0 I}n
aPP»t—l = (I’ﬂ O)a Ikz =ay, app;-z = (01/<2 )06 0 =a,,
o, =000 " |=ay, a =014 " |-a
pg.t-1 ki 0 115 pai-2 k, I, =Q,,
o}
4,,,=, 0« g =a,, A =(,0) 01
gp1=2 T \Th 0 - Y11 q.0-2 — g a Ikz = 0512 s
0 I‘<1
AqP<t—3 = (Olfi’z )a I =y, Aqq.t—} = (Olkz )a 0 =a,,

ks

0 I
' k
Aqq.t—4 =000, = (1k1 0)05(1}( \J =ap, qut—4 = (Ikl 0)0!( 0 j =0,

0
Aél/’-t*s = (Olkz )a[lk ] = aZZ ’ allp.t = pt ’aﬂ ’ A()q.t—i = Qz—f 'a(l >

ﬂpl.z = app.z—] = alZ ) ﬁpz.z = apq,tflqu.z—Z = 6lllall ’

ﬂplt = apq.t—lAqq.t—Zqu.t—3 =0,,0,0y,

ﬂpm = apq.t—lAqu—ZAqq4t—3qu4t—4 =0,0,0,0,,

:Hq«u = aqutflAqthszqq,tf?)Aquf‘} =a)a,0,a,

:Bps.z = aquflAqq.tfzAqq.t73Aqq.t74qu.t75 =0,0,0,,0,0,,
ﬂqlAt = aqut—l = pt ’(Z t—1 = all and

IBqZ.z = a[)q.z—lAqq.z—Z =00,
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If the stock price of Japan does not Granger cause that of the US (or «,, =0),

then one observable representation is given as:
szt = ﬁ(].z + ﬁplAtzp.z—l + ﬁpz.tzp.z—z + ﬂpizzpz—,% + gt ’

where ), = a,,+ apq.tfl(AOthfl +AqqA272A0q172) =a, +a,(a, +a,q,) and & =
B, ,+ B, +u, because B, =0 fori >3 and S, =0. Further the

other observable representation is given as:
Bpi1 = B+ pi-1Bpi2 T Ppria®p3 TE

where IBPLH = =% ﬂpz.z—l = apq.t72quAtf3 Zszzz ) ﬁp}t—l zapq.t72AqqA273
A, .= 0%, s :Bql.z =0, =P ‘a0, , =, :Bqa.H = apq.l72Aqq.tf3Aqq,tf4 =
00,4, , B = a, +Oqu.z—2AUqu—z =), +a,q, because ﬂpi.t =0 for7 > 2
andf8,,, =0 with &=L, u +u,. [

Now, let us assume that the dimension of the explanatory variable is fixed as 4.
Then, separating the time of explanatory variables periodically, model (9) can be
rewritten as:

3,,=7,' W+, for t=n2x,. n7, (11)

f f N h+m—1 h+m—1
where W, =(L,z,,,,2,, vy ) [A+ D" a, )x1], y, [A+). ")
xa,] is a coefficient conformably defined for W,. Note that a vector of variables

! ! d . .
X, :(l’zp.t—h 58yt v By pa ) [(1+Zl_:0at_h_l.)><l] is not correlated with ¢&,,

and is thus a candidate of the instrument where W, and &, are correlated with

h+m—1

each other; and d 1s selected to satisfy an inequality Zi:l a,_, < Zj:o a,_, ; asan
order condition for identification."

Then, for estimation, we can exploit that the coefficients and components of the
dependent and explanatory variables in model (11) are time-invariant with

frequency 7 ;i.e., the time-dependent coefficient may be written as a constant:

Ve= =V =V (12)

2 To select a number of instruments optimally with a finite/small sample has been discussed in
literatures. For instance, Donald and Newey (2001) suggest an approximate MSE to select the number
of instrument for a given set of instruments of which approximated form is derived using higher order
asymptotic theory. However we now just focus on the large sample result or the consistency and thus
the small sample properties of our estimator are remained as a further research topic.
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Then, a stacked form of (11) can be given as:

z,=Wy+éenxa,], (13)

where ZPZ(zP_”,zP_M,... 2 ) w=W_W,

YT panrz
X=(X,X
variable (IV) estimation of ¥ as:

7" I/Vn/z)" ‘9:(‘972"82717'”’gmr)v and

.7
-,X,.)". For estimation of model (13), let us define an instrumental

2"

F=W' PWY'W Pz, [+ 4 )xa,], (14)

assuming |W'P,W |#0 almost surely where P, = XX'X)'Xx'.
Then, the asymptotic property of the IV estimator in (14) can be derived as:

Theorem 3.6 Suppose Model (1) is stationary and (u,) is an i.i.d. process with a finite
fourth moment. Then

n'"*vec(y —y)] —<—>N(0, HDH")

w'XxX X'X _ X'W _W'X X'X_
as n—>0 where H=plim[lal ®( ( )" )" ( ) l} and
n n n n n

D= plimEE @ plim XX
n

n

A Wald test on the null hypothesis H,: B,.,, =0 is also possible indirectly. This
null implies that model (9) does not have unobservable variables with a finite order.
So the IV estimator of coefficients in (14) may be consistent. To test this null, we

further assume

=0.

h+1.1

Assumption3.7 £, , =0 implies that S

Assumption 3.8 may be justified because the two terms share the common term
htl

a A, )P_,., A, which approaches to zero as s becomes larger (or exactly

q.tfl( = qq.t—]
zero, c].f., Example 3.5) under the situation of Corollary 3.2. Under Assumption 3.7,

it is sufficient to test another null H: B,,.,, =0 to check the original null.

For construction of the test statistic on the alternative null, note that the

1
yeeey

. . . . B .
coefficient S, is matched with the variables Z , ., =(z,,,,%,,,,

z )" . Then, the following test statistic can be defined:

pt—h—m
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t =n[Cvec(y)]'var (CH ' DHC')il Cvec(y)

n

where Cuec(y) = vec(f,,,,,) with
0 I 0 0 0
ZT’:};ILLH”' X(HZL”H ) zr:/rﬂa"’
C= Z ''''' . rX(HZLl“k ) z’:, 4

and its limit distribution as;

Theorem 3.8  Suppose Assumption 3.7 holds. Then, under the null H, :,BPHU =0,
we get

T, — >y

Z Im .
a, a,
L izl

IV. CMD Estimation of Model Parameters

Now the autoregressive coefficient as a =vec(e,,,,...,a, ) 1s estimated using a
CMD estimation. A CMD estimator of ¢ is defined by a solution to the following
problem:

min 7 () (15)

a

where vec(a) eR™* and 7(a) = veely —y(a)|'vec[y —y(ar)] . So, the difference
between 7 and y(a) is made to be as small as possible.

The consistency of the above CMD estimator ¢ that is a solution of problem
(15) is given as:

Theorem 4.1 Suppose Voecly(a')| has a full column rank, where a €(a,a)

and VZ/ECD/(CC*)] = 2elrel a=a

= is the gradient of y at a . Then a—L>a,

where @ isa true value of .

h+m—1
Note that (i) a semi-inequality (1+Z:l_:1 a,_)a, >mk’ +k which represents

that the number of elements in ¥ should be larger than or equal to the number of
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autoregressive coefficients in equation (1) and (ii) vec[y(cr)] should include all
elements of ¢ are necessary conditions for Vzec[y(a')] to have a full column

rank in Theorem 4.1.

Then, the above CMD estimator has following limit distribution:

Theorem 4.2  Suppose a—Lt->a . Assume G'G is nonsingular where G =
Voec|y(@)]. Then n"*[vec(d)—vec(@)]——N[0,(G'G)"'G' HDH'G(G'G)"].

Now, suppose all elements of « are identified. Then the variance of the error
term X in equation (1) can be estimated assuming «, =% or the dependent

variables in (11) are all observable. To accomplish this, from equation (9), we derive

z 0
_ Rel foxs(m-1)k RS
/9; =Ece,'= lel B0 0 0 B+ 0, Zp, for t=im,i=123,.. (16)
R (m-1kxk (m—1)kx(m-1)k

h=1
=>" R'IR
i=0 fck

I
where R =p,=I, and R'=40,, 'X(Ok j fori=1,2,...h-1.

kxk (m=1)kxk

Now, from the vectorization of (16), we get

vec(@)=[Y." (R '®R,")]vec(S) (17)
ki x1 = xR K x1
or
vee(Z) =D (R 'OR, ) vee(Y) (18)

assuming ZS(R,' '®R.") is notsingular.

Note that R' is a function of the VAR coefficient &, and thus a plug-in
estimator R.'(&) is conformably defined. Now, we define the estimator of X as:

vee(®)=[Y." (R (&) ®R (&))" vee(QY) (19)

I
from (18), where R,(&)‘Eﬂq;,z(d)QH 'X[Ok ] for i=12,...h-1, é=2-Wy
(m=1)kxk

This estimator is consistent as:
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Corollary 4.3 Suppose a—L—>a and z::;(R, '®R.") is not singular. Then
vec(T)—L>vec().

Example 4.4 Assume that VAR (1) model in Example 3.4 holds. An IV estimation

is next defined as
7y=W'PW)'W'P,z

where W, =(Lz,,,'2,,,%.,)" [1+2k+k)x1] and X, =(,z,,, ',zP'H ey
2,5 )'[(1+3k+5%)x1]. Note that a necessary condition for rank in Theorem 4.1
is satisfied as k(2% + %) = k(k+1) forall % >0.

Define a Wald test for the null hypothesis H,: 3,, , =0

n

A A A AN
T =n[Cuec(7;)]'var(CH'DHC') Cvec(f)—d))(,;l

which checks whether VAR order is one or not, where m=1, A=3, a,, =k,

> 4., =2k+k and

0 .0 00
kx(14+2k +4£) !

: 0 } 0
C= kx(1+2k +4) i ’

0

0 0 e 0 0 \

hix(1+2k +k) !
H=nl,@W'PW)' W' X(X'X)", é=2-Wj and D=22® XX
n n

a(]l + a12a22a02

2
(1 i +a;,)a,

k
vec(a,
vee(a,,)

Note zecly(@)]= vec(a,,a,,)

vee(a,,0y,)
vec(a,,a,,0,,)
vec(as,at,,)

2
vec(a,a,,)

vee(a,,)



58 The Korean Economic Review Volume 32, Number 1, Summer 2016

from equation (10) and its Jacobian matrix is derived as

Vy(a)

day,',a,, ' vec(a,) vec(ar,,) svec(er,) svec(a,,) ']
(hy+ho +4k ko +3 5 +15 WXk +hy +2kiky +hT 4R )

G=

1 1 1
IIQ a,0,, 91 /x(/)/ &y Oy ®I/<| () ®la12
ko ke fodk ke hxkiks ki
0 I, +al, 0 0 0 (a,'®I ), ®I, +I, ®a,)
) 22 ) 02 ) 22 ) 22
bR E e hoh kb et
0 0 I, 0 0 0
Kixk KExky & KExkk, Kixhk, KX}
Kk
0 0 0 I ke 0 0
T bk, hkaxkike hakoxk
1
kﬁg/« k.z(x)/@ kf(x)/cf L z® % % o1, /(E(x)/é
_ Kixhy Kixhiky
0 0 0 I, ®a, 0 a,'®I,
Rk hbkxk k] ol hkoxhike o
1 1 1
0 0 0 I ®a,m, a)a,®I a, 7® a,
K Kxk Kk, Kt
2 [ 1
MOXk M(y)% MOX/Z I, ®a, M,(x)% (,'®1, )@, ®], +I; ®a,,)
@k thoka thexk hkxhk, e hakoxk
0 0 al'®I I, ®a,)(a,'®I, +1, ®a,,)
2 22 ky 12 22 k ) 22
Khdh kkck ko hhoxtoky oty g A
2 2
0 0 0. 0 0 (a,,") ®I,{7+0522'®0122+I,Q ®a,,
Ky Kxk, Rxk Bxky Rxkit, L e

using the following properties (Liitkepohl, 1993);
(i) if 0 isan mxl vector, A(0) is nxp and B(J) is pxgq,then

Ovec(AB) —( ®A) Ovec(B) “(B'®I) Ovec(A) ,
00"’ ! 00' 00'
.. Ovec(A") P ;] Ovec(A)
() F = Ty e [FEE,

(i1) vec(ABC)=(C'® A)vec(B) and vec(AB)=(B'®I)vec(A) = (I ® A)vec(B).

: : 1 ' ' 1 1
Then, usual inferences on the coefficients [, ', &, ,vec(a,,) ,vec(a,,) ,vec(er,)',
vec(at,,)'] including a Granger causality test may be conducted. Finally, the

estimator of error variance is obtained as:

N 2 AL A » A
vee(2) =D, (R QR)+1, 1" vec(C) 20)
" &12 1 " __ aAlZ 2 1 _IMA
where R'=| 7 |0,,', R'=| . »,0,.," and Q=—¢'¢e ]
2 2 n

Remark 4.5 (a) Note the CMD estimator of autoregressive coefficient « is
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determined by a solution of problem (15) and thus, if any, its possible bias may
closely depend on the bias of 7. We may readily show that the asymptotic bias of
IV estimator 7 dueto f,,#0 (i.e., the coefficient for unobservable variable in
equation (9)) is given as:

' 1 1

P X X'X X
X ) plim W (plim )" plim
n n

. ~ _ . q—h 1
Pllm(ﬂ/ 7/) (P hm ﬁq}:.z (21)

=o(h™)

where the second equality comes from Corollary 3.2 and all other terms are O, (1).
Therefore, note a proportional increasing of 4 with the sample number 7 deserves

the consistency of y as:
y=r=0,0) 22)

if A=7° where & >0 is a constant. At least we may reduce the possible bias of
7 by increasing 4 while its marginal effect (and the sensitivity of estimated
parameters) is decreasing. Increased VAR order m requires conformably increased /
to reduce possible bias of model estimators. For instance, note 2= for VAR (1)
model while 42>z for VAR (m>1) model (c.f., Lemma 3.3). The increase of
‘non-stationarity’ of model may reduce the rate of decrease of B, , and thus
requires conformably increased /4 (c.f., Corollary 3.2).
(b) To select the dimension %, order 7 and lag length 4 of VAR model, conventional
Akaike and Schwarz information criterion of forecast precision may be considered.
If we assume that unobservable variables do not exist in (1) and Gaussian error
distribution, Schwarz criterion (SC) is strongly consistent while Akaike criterion
(AC) is not. See Liitkepohl (1993, pp. 128-138) for the details including small
sample properties of these. These criteria depend on a penalty through the addition
of unnecessary parameters (in its second term) while those may not decrease
In(|Z|) (in its first term). Note our estimator 3 is consistent as a maximum
likelihood (ML) estimator even if it is not an ML estimator itself. Therefore we
expect that AC and SC may work in our modeling structure.

However, those may not be directly applied to our case because our estimator is
not a maximum-likelihood estimator with a Gaussian error distribution. To select
the order m and lag length /4 of VAR model, we recommend use of the 7, test. For

n

instance, a larger 7,2>1 implies a large tail in a observable form when it is compared

with VAR (1) model (c.f., Lemma 3.3). ]
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V. Generalized Impulse Response Analysis and
Model Selection

After the estimation of VAR model, we may conduct the generalized impulse
analysis from Pesaran and Shin (1998), which yields unique impulse response

functions that are invariant to the ordering of variables:
. /2 i .
yi)=0,"k'2e;,i=12,..,n (23)
which measures the effect of one standard error shock to the j-th equation at time ¢

on the expected values of z at time z+7, where e; is a kx1 selection vector
with unity as its j-th element and zeros elsewhere, where

K =oK_ ‘oK ,+.+ta kK., . (24)
kxk
with x, = I, and x, =0 for 7<0.
Note we may write the recursive form solution of (24) as:
K,=c¢'Ae, (25)
because
K; o Q, ” K., K,
Kia I Oy O i-2 -1
I _ : : N
K, =¢ o= 0y I : : and i |=e
Kifmﬂ O/Tk I}( O'I{/T K-zfm K—nH—l

from (24) for the second equality and definition where ¢ =1, for m=1 and

kxk
If(
e = for m=>2.
mhxk 0(

m=1)k

Now we derive the asymptotic distribution of the generalized impulse functions:

Theorem 5.1  Suppose that (u,) is an i.i.d. process and model (1) is stationary where

E|u' |<o. Then ORI (z')—")N(O, ¥, (z')r‘l"j(z')') where

vec(X &) vec(X g")
r =F tv ! t' ! ", a, =vec(a,,
[0+ X ek WO+ S0, k4R ] vecl(g,6,") = Q] )\ vec|(¢€,&,") — €]
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_ *\] = Ovecly(@)]
w@,) , G, =Vecy(a,)]==57

P A E(ﬂ‘l_]517.17"'31}(.1’1‘1.2’12-2"”’

a,=a, Bxmi?

A

1.mk? ’ﬂ’z.m;{Z 2

"ﬂ}(.m;ﬁ ) with

h-1 h-1 6 ! 8 ! h-1
-3, R '(a)@R,(zX))]{Z ( R (@) ®R,'(a)+R/'(a)®I;me)ﬂ[z (R, () ® R, (0))] " vec(Q)

=0 5% =0
and
e LEZOIEOK) 10,y e, ®e)1
7 o_ﬂ
L i . ;. Ovec(A) _
TR IA”][®A( G'GY'G'H 0
E®eN, (4) ]—a%, G,'G)"G, Qe

(AG,'G)"G," +[D. 7 (R'ORNMU, ® plime'W / n)+(plime'W / n®I)KNH [Y.(R,'OR,["

=0 =0

where K is a communication matrix such that vec[(y —y)'|= Kvec[(y — )].

Remark 5.2 Note the variance term in the asymptotic distribution of the
generalized impulse functions in Theorem 5.1 is complicated. Thus, with a small
number of samples, we may use a bootstrap approach to compute it to construct a

confidence interval. [

VI. An Application for Global Impact of
Monetary Policy Shock

In this section, dynamic analyses are conducted using a semi-global VAR model
of the interest rate and GDP for the US, Japan and Euro area (17 countries). The
monetary policies determining the interest rates in these countries are usually
conducted monthly (or nearly so). Note that GDP is observed quarterly, while
consumer price index (CPI) and industrial production index are observed monthly.

Here, we aim to analyze the dynamic effects of monetary policy with a monthly
frequency. This would enable the policy makers in central banks to undertake more
sophisticated reactions to the turbulence of financial economic markets than would
be possible using quarterly models. This can provide an advantage if we consider
the wild variation of the financial economy in recent days. Further, the global
structure enables analysis of the effects of recent global expansionary monetary
policies on the international economy on a monthly basis.

All variables were real-adjusted by CPI and log-differenced, except the interest
rate. Data were obtained from Fred 2 of FRB, Saint Louis, and from the Statistical
Data Warehouse of the European Central Bank. The GDP was seasonally adjusted;
the interest rate indicated ‘interest rates for government securities and government
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Bonds’; CPI was the Consumer Price Index for all urban consumers for the US, the
harmonized index of consumer prices for the 17 Euro-area countries, and consumer
price index of all items for Japan. The interest rate and CPI were not seasonally
adjusted, while the industrial production index was seasonally adjusted. The sample
periods for all available data were from January 1996 to January 2014 by quarter,
and from January 1996 to March 2014 by month. This left a total of 73 samples,
with 42 parameters."

A VAR (1) model was considered as a base case', for which the observable
representation is given as:

zz = ﬁ(] + ﬁl.z—lzp.t—l + ﬂz.t—zzp.z—z + ﬂS.z—Szz—S + gz

where 2z, and z,_; are composed of the real GDP growth rate and changes in

the real interest rate, while 2,,, and z,,, are just composed of changes in the
real interest rates, respectively,
| G 0,00, | % RR4P
ﬂut - I 2 ’ ﬂth - ) ﬁplz - 5
Iy +ay))a, 21 2%

LT | o d P h
ﬂpa,z = 1253 (a21 azz)s ﬁqu = an ﬂqz.t = a,, where
2 ay ay
4y a4
(a, ' a,)' = (a,,a,,4,a,,8.,a,.) , &, =|a, a, a
01 » &0 01> %025 %35 %45%s5%6) > Gy o G 4y s
a3 43 A3
ay 45 g 4y Gy 4y Ay Qs dyg
A, =|ay ays ay |, O, =|a; a, a; | and @, =|ay ay a
A3y G35 A g1 g g sy Qg5 s

Then, an IV estimation can be defined as:
7=W'PW)'W'P,z

where W, =(,z,,,'z,,,,%.) [13x1] and X,=(,3_"%,,,2,,5,%.,)" [16x1].

Further, the estimator of error variance may be computed as:

¥ The transformation matrix from 219 monthly data points to 73 quarterly data points was
I, @(0 0 1) when the third element was selected from among three months in a quarter. The
Gauss codes and data are available at ‘http://blog.naver.com/yunyeongkim/Gausscode’.

" Tt is considering a curse of dimension; i.e., we will have 78 parameters to be estimated in the case
of a VAR (2) model with just 73 sample numbers. Of course, this primary specification will be tested
later.
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vec() =Y (R'OR)+1,1" vec(QY)

A A

D! ay, 5ot Q| A A | A
where R'=| ,° [(0 1)), R'=| " |a,(0 I,) and Q=—¢'¢.
& 3x6 a 3x6 71
2 2
Then, a Jacobian matrix may be computed as:
G= Vy(a)
da,, '\, vecla,)) ,vec(ar,,) vec(a,,) ' vec(ar,,) ]
78x42
1 1 1
13 alZaZZ 390 399 aﬂZ aZZ ® 13 aOZ ® alZ
3x3 3x3 3x9 3x9
2 U U
39; I, +a, ;99 g(X)9 399 (a,'®1 )ex,,'®I, +1, Bay,)
3x3 3x9
R 0 0 0
9x3 9x3 9x9 9x9 9x9 9x9
0 0 0 1, 0 0
9x3 9x3 9x9 %0 9x9 9x9
0 0 0 I.®« a,'®1 0
9x3 9x3 9x9 3 %9 12 Zlgx() 3 9x9
“lo 0 0 I,®a 0 a,'®I
9x3 9x3 9x9 3 9%9 2 9x9 21 %
X! 9x9
1 1 1
993 993 999 I, ®@a,a, a,'a,®I o, ®a,
9x9 9x9 9x9
2
0 0 KU ®a,, 0 (0, ®I )(a,'®I, +I, Ba,))
) ) 9x9 9x9
2 1
993 9(33 999 9(39 4, ®I, (I, ®a,)a, ®I, +1, ®a,,)
9x9 9x9
0 0 0 0 0 a,)®I, +a,,'®a, +1, ®a,
93 93 9%9 9x9 9% (@) o T2 2 Th 2

9x9
where
la,, o, \vec(a,)) ' vec(ar,,) ,vec(ar,,) ' vec(ar,,) ' 1=
42x1
(@155 5 B3 5 By s By 5 o 5 By 5 By By 5 iy 5 By 5 By 5 s 5 B 5 B 5 By 5 sy 5 By 5 By 5 By 5 By

1
Ayys Qs s Ay By oy s Gy s 5 s s Ay sy s o 5 g s Gy s sy s By s Gy s s Qs 3 s 5 sy i |

According to the 7, test on the null hypothesis that the interest rate does not
Granger cause the GDP, the null hypothesis cannot be rejected at the 5% level
(critical value = 3.84). See Table 4 for the results.
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[Table 4] Granger causality test results

US GDP EU GDP Japan GDP
H, :a, =0 H :a. =0 H :a =0

US interest rate = 0% > 0451 ) 0 % >
0.029 0.000 0.061

EU interest rate = H,:a,=0 015 =0, H,:a,=0,
0.006 0.015 0.125

H, :a,=0, H, :a,=0, H :a,=0,

Japan interest rate = 07 0553 0 %3

0.001 0.429 0.023

Note: The underlined value is a computed test statistic of the null hypothesis coefficient.

A test was also conducted to check the null hypothesis of VAR (1) vs. alternative
VAR (2), which gave rise to the statistic 0.345. Therefore, the null hypothesis again
cannot be rejected at the 5% significance level (critical value = 3.84).

Finally, the monthly VAR model was estimated, and the generalized impulse
analysis was conducted

172

yim=o0," a"%e

¥/ 7o

where j=1,2,...,6 and n=1,2,...,10 in a VAR (1) model which measures the effect of
one standard error shock to the j-th equation at time # on the expected values of z at
time z+4n.

The impulse response analyses revealed several facts. First, the shock of
increasing the real interest rate change in the US positively affected the real GDP
growth rate of the US (computed by the log difference) for roughly three months.
This was followed by a slight negative effect.” Similar patterns could be observed
for the EU, but not for Japan; i.e., while the shock of increasing real interest rate
change in the EU positively affected the EU real GDP growth rate, as in the US,
this was not true in Japan.'® The shock of increasing the real interest rate change in
the EU negatively affected the rate of change of the real GDP in the US."”

To check the robustness of these results, a similar impulse response analysis was
also conducted in a semi-global VAR model for the US, EU and Japan, composed of
the same real interest rates and monthly real industrial production index change
rates. Note that the industrial production index is often used as a substitute for the

GDP (which is only observable quarterly), while the former usually does not cover

> A possible explanation for the positive response of the GDP to increase in the real interest rate
may be that the increase is accompanied with foreign capital inflow and induced augmentation of
economic activity.

' Tt seems that increase of the Japanese interest rate does not attract foreign investors as in the case
of the US, which is expected considering the relatively small size of the economy.

7 We suspect that this is also related to competition between the US and EU in the foreign capital
market.



Yun-Yeong Kim: Dynamic Analyses Using VAR Model with Mixed Frequency Data through Observable

65

[Figure 1] Comparisons of Generalized Impulse Response: GDP and Industrial Production
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"® The dotted lines are 40th and 60th quartiles and solid line are median of impulse responses from

300 bootstrap resamplings computed by GAUSS 7.0.

% The dotted lines are 95% confidence intervals computed by Eviews 7.1.
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the service sector.

In this experiment, similar patterns in the impulse response locus for the US and
the EU area were observed, with differences only in the Japanese interest rate shock.
See Figure 1 for the results. For instance, the shock of increasing the rate of real
interest change in the US positively affected the rate of change in the US real
industrial production index. Further, the shock of increasing the real interest rate
change in the EU also negatively affected the change rate of the US real industrial
production index. These results were also observed when the mixed frequency VAR
model was employed.

VII. Conclusion

In this paper, dynamic analyses were generalized using a VAR model for mixed
frequency data. Estimation of the model was possible through a representation of
the observable variables of the original model using the backward substitution of
unobservable variables by the lagged observable variables. In this representation, the
dependent and explanatory variables of the equation were all observable. The order
of the representation may be exactly finite for a VAR (1) model, and approximately
finite for a stationary VAR model, in the sense that largely lagged variables have
near-zero coefficients. A standard test was suggested for the order selection. The
autoregressive coefficients and error variance matrix may be estimated by the CMD
using the lagged variables as instruments. It was possible to carry out conventional
dynamic analyses with the VAR model after model estimation.

Several important topics remain subjects for future research. First, the developed
method may be applied to a non-stationary VAR model including an error
correction model under standard regularity conditions. However, the distributions
of estimators and test statistics are non-standard, as that requires simulation works.
Second, small sample performances depending on the model parameter selection
need to be evaluated. Finally, comparing forecasting performance with other
alternatives including Bayesian and MIDAS is necessary.
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Appendix A: Proofs of Theorems

Proposition 3.1: (a) To show this, suppose P. =(e,e¢,,...,e,), where ¢, denotes
an mk-dimensional unit vector of which the i-th element is one and all other
elements are zeros. Note that EE is a matrix in which the diagonal elements
from the first to the a-th elements are ones while all other elements are zeros.
Similarly, 0.0, isa matrix in which the diagonal elements from the a+1-th and to
the mk-th elements are ones while all other elements are zeros, where
0, E(eml,...,emk). Thus, the resule BF, '+0,0,'=1,, can be obtained. Even if
the unit vectors of P are arranged in a different order, the same result holds.

(b) Note the observability structures are repeated with frequency 7 under

assumption. Therefore, the claimed result holds. |

Corollary 3.2: Note that we may write (9) as

h
zp.z = ﬂ(].t + Zi:l ﬁpi.tzfz.t—i + ﬁqh.zzq.t—/z + Eh.t
h 0 h-1 o
- ﬂﬂvt + 21:1 ﬂ/ﬂ'-tzﬁ-t—f + Z]':/,H 'Bpfltzﬁ-t—j + 21:1 Iqu,th.t—i + Z/:/, IBq/,th.t—j + Ups

after repetitive substitution. Further note

Z/:M ﬂpj-tzprj < MZ/:M' ﬂp/’»t |

for an M(>0) because Z,, ; is an O/(1) variable. However, note that

ZiHJ B, | is o(h™") from following facts (a) and (b):

/’ZMH' ﬁﬁ/-t |: hzj':hﬂl aﬁq-H (Aqq-t*Z - .Aqq-t*jﬂ )qu-t*j |
<h | aM.H | Zj:/lﬂl (Qx—l 'AQFZ -2 'AQ,,3 -3 'A' . 'AQI—]#ZQtf]#Z 'AQt*J#l) | | qu‘z—j |

(a) . .
< }l | apq,z—le—l ' | Zj:h+1| A]_l | | qu_z—j |
w
= | a/:q,t—th—l ' | | }IA}’ | z]’:ll AJ | | qu.t—j |’
where the second inequality holds because the zero elements of O, 0, ' in

A40,,0,,'4--A0, ,,,0, ,,,'4 just drive the elements of A’ closer to zero,
where O, .0, .' is an identity matrix (mkXmk ), except for some zero diagonal
elements.

) KB, 0
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because (i) zw | A’| <oo form the stationarity assumption, and
e
Al 0

(i) hA" =h] : N J ' >0

for a conformable matrix J from the Jordan canonical form for equality and (a),

where
JINEAPY "
1 1 1 7; _ 1 1
h h }Z h s
A= A Al | fori=12,.r.
r=2
L O l‘h -

Similarly note that
Zih qu/'.th.t—i = 0,,(/171)
and thus
S = it D B Ly €40, ()

h—=1
where &, = Zz':l ﬂqz’,thJ—i +u[’" : -

Lemma 3.3: Note that Z, =z under VAR (1) in equation (1), and z, is
observable with a frequency of 7 from the assumption. Thus, equation (9) is
revised as z;:ﬁo.;"'zll-z:lﬁpg,zp‘,,i+ i3y, TE,, after replacing & by 7.
However note B, =0 from A _, =0 using O, =0 where P_ =1, .

Therefore the claimed result holds. [
Theorem 3.7: Note from the definition

nl/zycc(j;_y)=|:[al ®(W X(X X),l X W)71 w X(X X)lj|nl/ZZ/€C(X'8). (26)

n n n n n
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nvec(X'e) ——>N(0, D) 27)

using an MDS central limit theorem (c.f. Hamilton, Proposition 7.9), because (x,)
is an i.i.d. process with a finite fourth moment. Finally, (26) and (27) above prove

the claimed results from Slutsky’s theorem. [

Theorem 4.1: Note:

(1) 7(a)=0 forany «;

(i) 7—>7(@);

(iii) We claim that plimz(@¢)=0 if @ is a CMD estimator. If plimz(a)>0,
this contradicts with the claim that & isan « which minimizes the continuous
function 7(@),because plimz(@)=0 from plim[y—y(&)]=0 using (ii);

(iv) So we claim a—£—>a& . If it is not, then a—L—>a where a@#a. In this
case, plimz(a)>0 because

plim (@) = plimvecly — y(@)]'veely - y(@)]
= plim{vec(y — y(@))+ Vevecly(a )@ — &) } {vec(y — y(@)) + vec [ Vy(a ) (@ - @)}
= plim(@ —@)'Vvec|y(a )] vec| Vy(a' )| (@ —aQ)
= plim(a@ —&)'Vec[y(a")]' Ve y(a' ) (@ —a) >0

from Taylor’s expansion for the second equality, from (ii) for the third equality,
a—L—>a for the fourth equality, and Voec|y(a')]'Voecy(a')] is positive
definite because Vwec[y(ar')] has a full column rank from the assumption for the
final inequality. Therefore, & is not a CMD estimator from (iii). Consequently, if
a is a CMD estimator, then the claimed results hold. ]

Theorem 4.2: Note y(cr) is continuously differentiable in the neighborhood N of
@ , where G(a) is continuous at @& . Further, note that #n"’vec[y—
y(@)]—>N(0, HDH') from Theorem 3.6. Therefore, the claimed result holds

from Theorem 3.2 in Newey and McFadden (1994). |

Corollary 43: Q—2>Q and @—L—>a show the claimed result, because R,

is a continuous function of « . ]
Theorem 5.1: Note that
(e Z®I,),(c,2 ®K,)—%0fl//f(i)(e‘/ ®c))] Ué’f(’%, - K;)
iy . " W £
Y@ -y () =—22 o | +0,(1)
! ’ Ner vec(Z—-X) !

kX1

[(€Z®I),(c Z®K) Lo, i), ®c)]
_ ok ko «

O
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—@ ‘ O
®2)[Y. (4) ®4'] i;; Gecld) 6y, S,

(AG,'G)'G," +[X " (R'ORI'[(I, ® plime'W / n)+(plime'W /n®I)K]) [Y.. (R,'OR,")I"

[ nvee(7 ~ ) ]

+o,(1)
1/ \/;)Z/EC(&"E —nQY) °

r

(28)

from Pesaran and Shin (1998; Appendix A.14) for the first equality, and following
results (a) and (b) for the second equality;

(a)

\/;vec(lel.—lci) ay;c(’( \F(Of 05)+0 1)

v

@O Y 4y e

:|8U€C(A)(G G) G \/71166’ 7/ 7/) +0 (1)
oa

v

by the Taylor series expansion for the first equality; and using

Ovec(k,) o _, 81/66(Ai)_ ey i1 i o s | Ovec(A)
e —(e®e)[z. (4') ®A} S

v

because vec(k.)=(¢'®e")vec(A') from (25) and Liitkepohl (1993, p. 471) for
differentiation; and expanding wec(y—y) in the first order condition of
minimization problem (15) around ¢, gives

Jn(@, -a,)=—G,'G,)"'G," Nnvecl(7—y)1+o,(1), (29)
for the second equality (c.f., Newey and McFadden, 1994; p. 2145).

(b)
JneeE=2)=n ([ X R @@ R@) -2 (R @RI Joec()

X R OR ) [m(fz) —m(Q)}
=-A(G,'G,)"'G," Nnvec|(7 )]

+HY (R ORI [M+[(1®plim£'W /n)+(plime'W /n®I)K]x/;uec[(};—j/)]j+op(l)

N

from equation (19) for the first equality and following results (i) and (ii);
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(1)
JHIE R @OR @ -[X (R @RI frect@) = AVn(@, ~a,)+0, ()

0A4”" LO0A
=—A"——=A" for a matrix 4 from
i ax].

Liitkepohl (1993, p. 471) where x; is aj-th element of a vector «,, .

by the Taylor series expansion and using

(i1)
vec(g'€ —nQd)

In

(&'W / n®I)Wnvee (y = 7)'|+0,(1)

\/;[z/ec(fl)—vec(Q)} = +(I, ®8'W/7?)\/;1/€C[(7_7?>]+

&'e _[e+W(y-plle+Wy -yl and (y=N'W'W(y—y)
n n Jn

for the first equality where K is a communication matrix such that vec[(y —7)']
= Kveel (y=P)].

Now we get the claimed result as

because Q=

=0, ()

ORI (z')—d>N(0, ¥, (z')r‘l’j(z')')

from (26) and (28) using the central limit theorem for a martingale difference
sequence (c.f. Hamilton, Proposition 7.9) and Slustky’s theorem because

" vec(X'€)
vec(e'€ —nQ))

j—d>N(0, I,

K vec(X.g,") j[ vec(X,g,") j} . ( vec(X,g,") j
where T'=E using E, | =0
vecl(g,e,") — Q] )\ vecl(g,&,") — Q] vecl(g,8,") - Q]
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