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AN EQUILIBRIUM MODEL OF SEARCH
WITH BELATED INFORMATION

DONG HEON KIM*

In this paper I develop a simple equilibrium model of search with belated infor-
mation in which a nondegenerate wage offer distribution is endogenously determined.
The main results of the model are that an increase in search costs leads to a de-
crease in the equilibrium unemployment rate and quit rates, if the hazard function of
the productivity distribution is monotonically increasing.

1. INTRODUCTION

There are several equilibrium search models in the literature that generate a
nondegenerate wage offer distribution. Typically, job quits are not permitted in
the models [see, e.g., Albrecht and Axell (1984)] or on-the-job search is assumed
to generate voluntary quits {see Burdett (1990) and Mortensen (1990)).

An equilibrium model of turnover with belated information was first devel-
oped by Berninghaus, Lippman and McCall (1986). They analyze both the quit
behavior of workers and the firing behavior of firms. However, in their model the
wage offer distribution is exogenously given.

Unlike previous studies, in this paper we allow for the possibility of quits by
assuming that, if the job turns out to be uncongenial, the worker quits into un-
employment and searches anew. This paper is the first attempt to develop an
equilibrium model of quits with belated information in which a nondegenerate
wage offer distribution is endogenously determined.

The model provides a search-theoretic explanation for industry wage differ-
entials as equilibrium phenomena and several stylized facts about industry wage
differentials. The model predicts that workers in more profitable (or capital-inten-
sive) firms will obtain higher wages. It is well-known in empirical labor economics
that industry wage differentials are positively correlated with profitability and the
capital-labor ratio (Groshen 1991, Montgomery 1991). In the model, as labor for-
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ce size is increasing in the wage offered, large firms pay more for homogeneous
workers than do small firms. This is called the employer size-wage effect in the lit-
erature. Brown and Medoff (1989) show that the employer size-wage effect is sig-
nificant and that quit rates decline with employer size. In addition, the model
predicts that quit rates are negatively associated with wages across industries. All
these implications seem to be consistent with recent evidence on industry wage
differentials.

The paper is organized as follows. Section 2 develops a basic framework for
the analysis that generates two-wage dispersion and labor tumover in equilib-
rium. I show the existence of equilibrium and, once equilibrium is characterized,
the effects of a change in search costs are examined. An increase in search costs
leads to a decrease in the equilibrium unemployment rate, if the productivity dis-
tribution possesses a monotonically increasing hazard rate property. In this sim-
ple equilibrium model of quits, I show that the quit rate falls as the cost of sear-
ch rises. This result seems to be important in that the comparative statics exercise
is performed taking account of the induced change in the wage offer distribution.
The model is generalized in section 3 to generate discrete equilibrium wage dis-
persion. Section 4 contrasts the results and implications of the general model with
those of the BM (Burdett-Mortensen) model. The BM model gives rise to a clos-
ed-form solution for the equilibrium wage (offer) distribution, and the wage (of-
fer) distribution has a strictly increasing density. This peculiar property has been
criticized by Van den Berg and Ridder (1993) and other authors. The model in
section 3 is flexible in predicting the form of the wage offer distribution so that
the wage offer density need not be strictly increasing, but the hazard rate of the
wage offer distribution is monotonically increasing, as the simulation results show
in the next section. In section 5 I perform some simulation experiments to show
that for a broad range of parameter values in the model there exist nondegener-
ate wage offer distributions. Section 6 discusses the contributions and limitations
of the study, and suggests future research directions based upon this study.

. THE BASIC MODEL

Workers are homogeneous. The total number of workers in the market is L.
There exists a constant death probability of ¢ per period (0 ( ¢ ¢ 1). Thus 1 —¢
is the survival probability each period. There is a flow of ¢L workers into and
out of the market per period to maintain a “continual flow of ignorance.” De-
note the wage offer by the random variable W and the value of the nonwage
characteristic by the random variable Y. Y is called the congeniality of a job.
Thus, a job offer is composed of a pair (w, y), where w is the wage rate and y
the congeniality which becomes known to the worker exactly one period after he
or she has accepted the job. Workers are risk neutral. I term the sum of the
wage rate and congeniality of a job the reward rate: # = w + . To keep the
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analysis simple, assume that HY) = Cov(W, Y) = 0 and Prob (Y = a) = Prob
(Y = —a) = 1/2, where a is a positive number. In words, the expected value of
the nonwage characteristic from a random job match is zero and W and Y are
uncorrelated. If Y = a, then the job is said to be congenial. If Y = —a, the job
is said to be uncongenial. The worker obtains one offer per period at a constant
search cost ¢. Search costs are incurred at the beginning of the period and offers
are received at the end of the period. If the worker accepts the job, he or she sta-
rts working immediately and the total value of . is revealed after one period. If
the total value of % is unacceptable, a quit into. unemployment occurs and search
resumes. The worker keeps the job for the duration of his or her lifetime if the
total value of # is acceptable. The worker seeks to maximize the expected present
value of rewards, net of search costs.

Under the assumptions it can be shown that there are two reservation wages,
w, and w, [see, e.g., Lippman and McCall (1981)]. The lower reservation wage,
w, 1s the wage at which the value of employment is equal to the value of contin-
ued search. The higher reseration wage, w;, is the smallest wage at which no quit
occurs after acceptance.

With only two reservation wages, there can be at most two equilibrium wage
offers [see Mortensen (1990) for a formal proof]. In this model only two wages
are offered in equilibrium. The low wage is equal to the lower reservation wage
and the high wage is equal to the higher reservation wage. Let ¥ denote the frac-
tion of firms offering the low wage (0 ( ¥ ( 1). Then all workers draw a wage of
w, with probability ¥ and a wage of w, with probability 1 — 7. Thus, (w, w,
¥) characterizes an equilibrium distribution.

To summarize, the worker’s decision process is as follows. When the worker
enters the market at the beginning of period 0, the worker is randomly matched
to a firm. If the firm is a high-wage firm, the worker starts working immediately
and keeps the job for the duration of his or her lifetime. If the firm is a low-wag-
e firm, the worker survives with probability | — ¢ to evaluate the congeniality of
the job at the end of period 0. If it is congenial, i.e. Y = a with probability 1/2,
the worker keeps the job for the duration of his or her lifetime. If it is uncon-
genial, i.e. Y = —a with probability 1/2, the worker quits the job at the end of
period 0. At the beginning of period 1, the worker incurs search costs ¢ to draw
a wage at random from the wage offer distribution. While unemployed, the wor-
ker enjoys the value of non-market time b. With probability 1 — & the worker
survives to receive an offer at the end of period 1. Thus, if a new worker is in-
itially employed by a low-wage firm, it takes one period to evaluate the nonwage
characteristic of the job, and with probability 1/2 the surviving worker quits into
the unemployment pool and searches anew for one period. In this framework it
takes exactly two periods for unfortunate workers to change jobs.

We are now in a position to characterize the equilibrium conditions for w,
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and w,. Let V(w,) be the maximum expected rewards when an unemployed wor-
ker has just received an offer of w, Denote the value of continued search by S
and the value of accepting w, by M(w,). Then

Ww) = max{S, Mw)} (1)
where
+Y
Mw) = BwtY)+(1—0)Emax S <5 ) @
and
w,
S=b-ct+(1-9){A~715+ 75] (3)
Then the following equilibrium conditions for w, and w, are easily derived :V
e ppp e (1= Ty _
w, = b=+ [473 }[1 5(1+0)] @)
wy,=b—c + [ug‘l——éL}x. (5)
gy = [ 2 — 1-46
Note that w, wI—-( B )aorwh-w1+a+( s )oc. ©)

To close the model we specify the behavior of firms in the market. The total
number of firms in the market is M. Firms are assumed to live forever. Each
firm has the following linear production technology:

Q= A,

where Q is output, A is a productivity index, and / is the number of workers. Fo-
llowing Albrecht and Axell (1984) and Eckstein and Wolpin (1990), we allow for
heterogeneity among firms. Firms are heterogenous in terms of productive ef-
ficiency. Specifically, the productivity A is distributed across firms according to
the distribution function &Q&) and let #(1) denote the corresponding differentiable
density function. As a normalization, take the support of A to be [0, 1]. Then the
profit of a firm with productivity index A is Aw;d) = (A — w)l(w), where [(w) is
the labor force of a firm that sets its wage at w. Firms with A < w, will not op-

! All derivations are provided in Kim (1994) and available upon request.
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erate, thus a fraction 1 — &w),) of all firms is active. Let A* be defined by Xw, ;
A" = Kw,A*). That is, A* is the critical value of A which makes a firm indiffer-
ent between offering w,; and w,.» Firms with w, ( A < A* will offer w,, while fir-
ms with A* { A < 1 will offer w, Then we get the following equilibrium con-
dition for 7 :

_ Q(A-*)_Q(wl)

where

w,.l(wh)—wzl(wz)

N ) —Tw) ®

2 1

It can be easily shown that [(w) = 110 [ l U J and
1- 77(1 -6

1 L . )
lw,) = , where u = ————————is the ratio of workers
h) 1_L'y(1_5)2 # cre # M[]._CD(W/)] o

2
to active firms. Note that

_1-4 lw) 145
l(wh)—l(wl) = 2 l(wh) or l(wh) = 2 . (9)

Then A* can be simplified as follows :

wilw,)—w,lw,) - w wi—w)lw,)
l(wh)_l(w1) - {w)—1w,)
e pe—(]— a(+d)
=b—c 7(1 )Y + 50—5) ° (10)
where we used (5), (6) and (9).
It can be shown that the equilibrium unemployment rate is

*

u = _ (1)

Note that the equilibrium unemployment rate is increasing in ¥ (the fraction of

2 For the following analysis I implicitly assume that 0 { 2* { 1. Simulation work in section 5 shows
that this assumption is satisfied for a broad range of parameter values in the model.
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firms offering the low wage). In this model only workers matched to low-wage fi-
ms are allowed to quit into the unemployment pool depending on the con-
geniality of the job. Thus, it is intuitive that an increase in the fraction of firms
offering the low wage leads to an increase in the equilibrium unemployment rate.

We are now in a position to analyze the effects of a change in the cost of
search on the equilibrium unemployment rate and the equilibrium wage disper-
sion. From (4), (5), (7) and (10) we have

dw, o dy

c = —1—7(1 —5)%’ (12)

Dby _ i _gydl (13)

dc 0 dc »

di* _ ag )d)’

dec 1 7(1 d dc » (14)
and

POV LRI 1 + aw, _

¢( dc Hw) dc dc 0 -®&w)l+7 ¢ w) dc = 0. (15)

I state and prove the main propositions in this model and then discuss the implic-
ations of the results.

Proposition 1. An increase in search costs leads to a decrease in the equilibrium
unemployment rate, if the hazard function of the productivity distribution is mon-
otonically increasing.

Proof. Substituting (12) and (14) into (15) yields

ar _ 1-7)w,)—G*)
dc M(l*)_(1—‘}/)¢(w,)}%(1_5>+u_q)(uh):|

Note that ¥ = %@é%u)i It is easy to show that [#(i*)—(1 =Y)d(w))]

is positive if the productivity distribution 1) possesses a monotonically increas-
ing hazard rate property.” This implies that d¥/dc < 0. Then from (11)

3 The hazard rate is defined by #(1) = ¢(x) / [1 — D)) .
The condition that £(3) is increasing in A is called the monotone-hazard-rate condition.
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du ___250-8) _d¥ .
de.  R-vQ-6FF dc 7

d d o
Proposition 2. dbzl = du;h = ‘fzf < 0, if the productivity distribution pos-

sesses a monotonically increasing hazard rate property.
Proof.

dw, dw.  g;*

dec = dc ~ dc

(1=7)w) =4 ]
#G) (1 =V ) 1 = 5)+[1 ~ (0]
L - =7)w)l-5-(1-6)

L pan-a —Y)Mw,)]%(l—é)ﬂl—@(w,)]]- 19

If the monotone-hazard-rate condition holds, the second term on the right-hand
side of (16) is positive, but less than one.

—1—%(1—6)[

Proposition 3. The expected probability of a quit falls as the cost of search rises,
if the productivity distribution possesses a monotonically increasing hazard rate

property.

Proof. The expected probability of a quit is ¢ = %7. From proposition 1, I

showed that % { 0 if the monotone-hazard-rate condition holds. Then, %72— =
1 dy
2 dc (0.

Proposition 2 shows that a change in search costs has the same quantitative
effect on the two reservation wages. As the cost of search rises, workers reduce
their reservation wages. This has two effects on the number of firms offering the
low wage. Some firms become active since they are now capable of earning posi-
tive profits in the market. However, some firms originally offering the low wage
switch and offer the high wage since the higher reservation wage has been red-
uced. The analysis shows that the direction of the net effect depends on the shap-
e of the productivity distribution. Specifically, the monotone-hazard-rate con-
dition ensures that the fraction of firms offering the low wage (¥) decreases in
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equilibrium. Note that in this model only workers matched to low-wage firms are
allowed to quit into the unemployment pool depending on the congeniality of the
job. Thus, a decrease in the fraction of firms offering the low wage leads to a de-
crease in the equilibrium unemployment rate (proposition 1) and a decrease in
the expected probability of a quit (proposition 3).

lI. THE GENERAL MODEL

In the previous section I assumed that the random variable Y can take only
two values to simplify the analysis. The outcome of the assumption is that the
model generates two-wage dispersion in equilibrium. In this section I relax the as-
sumption and allow for more than two outcomes for Y to generate discrete equi-
librium wage dispersion.

Suppose that Y takes # values. Without loss of generality I assume that each
value is equally likely and that the expected value of Y is zero. That is,

po (Y- 251520} -k

wheren > 2,7 =0, 1,2, ---, z—1, and « is a positive number.

Let V(w,) be the maximum expected rewards when an unemployed worker
has just received an offer of w,, where w; is the lowest reservation wage. Denote
the value of continued search by S and the value of accepting w, by M(w,).
Then

V(wy) = max { S, M(w,) }, an
where
M(w,) = E(w,+Y)+(1 —8)Emax ( S, ﬂ;i) (18)
- w,+ n—-1-27
=wo+1;‘5 [ ) max(S, [ ’25—1 ]a )]

In a similar way we did in the previous section it is easy to show that

w, =8 S~ T (199)

and
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(19b)
where j =1, 2, -+, n—1.
In equilibrium the set of wage offers is equal to the set of reservation wages.

Wages are in discrete levels such that w;-, { w; ( w,., and workers sample ),
with probability ¥, 7= 0, 1, 2, .-+, #—1. The value of search is therefore

S=b—c+(1-5) [ns{é ¥, M@w,) ] | (20a)

where

wjll"é —{—+1}
M) = 54120 [ =i in—GHL) Jo (20b)

From equations (19) and (20) we can get the equilibrium conditions for the 7 res-
ervation wages.

Let A, be defined by IT(w, ;1) = Mw;r), 7 =1, 2, -+, n—1. That is, A,
is the critical value of A which makes a firm indifferent between offering w,_, and
w;. Firms with A between A; and A,:, offer a wage w,. Denote the lowest pro-
ductivity index associated with an active firm by A, Then by definition A= w,
(the lowest wage). Then we get the following equilibrium condition for ¥;:

_ (D(ljﬂ )—'(D(lj)

yf - > fi = ’ 1’ s T, T

1-o(,) ory=012",n"2 (21a)
where

willw,)—w, . [w,-,) .
l/ = b f = 1, 'y ..'5 -
lw,)—1w, ) ory=1 2 n-l (21b)

n—1

and J; vi=1l. 21¢)

Thus, (w;, ¥;),j=0, 1, 2, ---, n—1, characterizes an equilibrium wage offer dis-
tribution. In principle the equilibrium variables of the model can be obtained
from the equations (19), (20), and (21).

4 When # is large, ¢ should be sufficiently close to zero to ensure exactly 7 reservation wages.
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To perform comparative statics I consider the case of % = 3, which is analyti-
cally tractable. Assume that Prob (Y = a) = Prob (Y = 0) = Prob (Y = —a) =
1/3. In this case there are three reservation wages, W, W., and w,. In equilib-
rium only three wages are offered. Let ¥, denote the fraction of firms offering
the 7 wage (0 ( 7, ( 1). Then all workers draw a wage of w; with probability ¥,
where 7 =/, m hand ¥, =1 — ¥, — 7,. The lower reservation wage, W, Is
the smallest acceptable wage at which a quit occurs with probability 2/3 after ac-
ceptance. The medium reservation wage, w.., is the smallest wage at which a quit
occurs with probability 1/3 after acceptance. The higher reservation wage, W, 1s
the smallest wage at which no quit occurs after acceptance. Then it can be shown
that

w, =b-c+| ﬂ:;ﬁ]%+(l SO A A L R

W, = b—ct] 7—"‘(13—_13—)—2—}%+(1 ~1=7=7) % (23)
wy = b=c+| y—"‘(l?)_—‘”z}—g—m —1=7=V) % + o 24)
law) = LE2- [ 1—[%y,+%—ym} a7 . 25)
lw,) = 2“;5 [ 1_[%%_*"%%} 1—o) ] » 26)
foo = | 1_[%7,+%ym} 1-o) J. 27
A =b—c+ [ “%’J}%m ~001 =7~V (28)
h=bct | L”%ﬁ]%+(1—5)(1 V=YY (29)
y, = Q)= 0w)

1-ow,) - (30)
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_ ‘D(/lz)—‘b(il)
T 1-ow,) 31)
and
_50-8)@Y. + 7.
YT 3Ty, Fra-ey - (32)

With the above equations we can analyze the effects of a change in the cost
of search on the equilibrium unemployment rate and the equilibrium wage dis-
persion. The results are the same as those we derived in the previous section.
That is, an increase in search costs leads to a decrease in the equilibrium unem-
ployment rate and quit rates, if the productivity distribution @A) possesses a
monotonically increasing hazard rate property.

IV. DISCUSSION

In this section I contrast the results and implications of the model with those
of the BM model, and discuss the theoretical importance of the results found in
this paper. As noted before, in the BM model the wage (offer) density is strictly
increasing. According to Van den Berg and Ridder (1993), the simple BM model
makes “embarrassingly precise predictions of the form of the wage offer and
wage distributions, which are clearly at odds with our knowledge of these distrib-
utions” (p.244). There is not much a priori intuition on the shape of the wage of-
fer distribution. But, concerning the wage distribution, it is plausible that it res-
embles the observed earnings distribution. Thus we expect its density to be dec-
reasing on most of its support, to be skewed to the right. As criticized by Van
den Berg and Ridder (1993), the wage offer and wage distributions in the BM
model violate all of these features. This need not be the case in the model in this
paper, as the simulation results show in the next section.

As Pissarides (1993) points out, the implication of the increasing wage density
is that large firms pay more than small firms. Burdett and Mortensen (1989) me-
ntion that the critical feature of their model is the positive relationship between
employer (labor force) size and wages. Indeed it is generally found that large fir-
ms pay more for observationally equivalent workers than do small firms. There
are several explanations for the positive relationship between employer size and
wages. Brown and Medoff (1989) mention six explanations: large firms (1) hire
higher quality workers; (2) offer inferior working conditions; (3) make more use
of high wages to thwart unionization; (4) have more ability to pay high wages;
(5) face smaller pools of applicants relative to vacancies; (6) are less able to mon-
itor their workers. Interestingly, none of these explanations can be used to ex-
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plain the positive relationship between employer size and wages suggested by the
BM model. In the BM model high-wage firms have become big by paying high
wages, and so attracting more labor. This does not seem to be a convincing stor-
y. Without allowing for heterogeneity among firms it is not easy to explain why
some firms pay more for similar workers than do others. The model in this pap-
er also suggests the positive relationship between employer size and wages simply
because labor force size is increasing in the wage offered. However, the model’s
implications for such relationship are strikingly different from those of the BM
model. In the model firms are heterogeneous in terms of productive efficiency
and each firm earns different profits depending on its productive efficiency. Thus,
the model implied that wages are higher in firms that are more profitable (or ca-
pital-intensive). Dickens and Kats (1987) and Krueger and Summers (1988) find
that industries with high capital-labor ratios tend to pay higher wages. Most stu-
dies reviewed in Groshen (1991) find a positive relationship between industry wa-
ges and profit rates.

Compared with the theory of on-the-job search, the theory of search with be-
lated information has been tangentially treated in labor economics. Furthermore,
most of the important relationships, such as the relationship between search costs
and turnover, are known to be ambiguous even in a partial equilibrium frame-
work (Wilde 1979). In this paper I have developed an equilibrium model of job
search with belated information, and have shown that the quit rate falls as the
cost of search rises under a fairly general restriction on the productivity distri-
bution. The analysis shows that we can make positive predictions regarding the
relationship between search costs and turnover in an equilibrium search model.

V.SIMULATION

Throughout the comparative statics analysis in section 3, I implicitly assumed
that 0 { 4, { A, { 1. That is, the equilibrium As are in the interior of the support
[0, 1] to guarantee that the equilibrium wage offer distribution is nondegenerate.
The purpose of this simulation exercise is to show that this is indeed the case for
a broad range of selected parameter values in the model. To simplify the numeri-
cal analysis, I assume that 6 = 0 and &}) = A, 0 < A < 1.» There are eight
equilibrium variables and eight equilibrium equations. The parameters to be spec-
ified in the model are a, ¢, and ¢. Tables 1 and 2 present the equilibrium vari-
ables as functions of the level of search costs for selected parameter values of a
and &. Specifically, starting with ¢ = 0, I compute the equilibrium values of the
endogeneous variables in the model for increments of 0.05 in ¢ up to ¢ = 0.4.

5 The uniform distribution is particularly simple and legitimate to use for our purpose since it sat-
isfies the monotone-hazard-rate condition.
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[Table 1] [« = .05 and ¢ = .05]

c 0 05 .10 15 20 25 30 .35 40

w; 552 524 494 462 429 395 359 323 .25
w, .59 567 537 505 472 438 403 366 328
wy 646 617 587 555 522 488 453 416 378
At 646 617 587 555 522 488 453  4l6 378
A J54 725 695 663 630 596 560 524 486
Y, 208 196 184 173 163 154 145 138 130
Y om 241 227 213 200 189 178 168 159 151
u 013 012 .01l 010 010 009 008 .008 .007

[Table 2] [« = .15and ¢ = .1]

c 0 05 10 A5 20 25 .30 35 40

w, 283 261 238 215 191 166 .140  .114  .087
w, 395 373 351 327 303 279 253 227 200
Wy 545 523 501 477 453 429 403 377 350
A 545 523 501 477 453 429 403 377 350
A, 895 873 851 827 8O3 779 753 727 700
Y, 366 355 345 334 324 315 305 296 288
Vo 488 473 459 446 433 420 407 395 383
u 055 052 050 .048 046 044 042 040 039

This simulation confirms the comparative-static results. As the level of search
costs rises, the equilibrium variables in the model fall monotonically and they are
in the interior of the interval [0, 1] for a wide range of selected parameter values.
Table 2 provides an interesting example. In the table the fraction of firms offer-
ing the medium wage (7,) is greater than the fraction of firms offering the low
wage (7,). However, the fraction of firms offering the high wage 1 — ¥, — 7,)
is even smaller than the fraction of firms offering the low wage (V) for the low
levels of search costs (up to .30 in this particular example). This is different from
the BM model in which the equilibrium wage (offer) density is strictly increasing,
This example shows that the equilibrium wage density need not be strictly in-
creasing, but it is still possible that the wage offer distribution satisfies the mon-
otone-hazard-rate condition.
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VI. CONCLUDING REMARKS

The theory of search with belated information has been tangentially treated in
labor economics. It has been well-known that the theory could be applied to
other markets, such as product and marriage markets. However, seminal work
has provided few, if any, unambiguous predictions even in a partial equilibrium
framework. For example, Wide (1979) suggested that there is no systematic re-
lationship between search costs and quit rates. Moreover, equilibrium search mod-
els have not been fully developed in this literature.

My analysis consistently shows that in this type of search models it is suf-
ficient to impose a mild restriction (the monotone-hazard-rate condition) on the
forms of the underlying distributions describing the degree of heterogeneity in the
market to get unambiguous comparative-static predictions. Indeed, it is rather
unfortunate that we need a restriction on either the wage offer distribution (Kim
1995) or the productivity distribution (Kim 1994) to get unambiguous results.
However, we note that the monotone-hazard-rate condition is satisfied by many
familiar distributions in economics and generally assumed by economists in their
theoretical models.

As a referee points out, this model does not explain observed equilibrium sear-
ch behavior. That is, only a single search is required in equilibrium (Reinganum
1979). The model could be further developed by allowing for heterogeneity amon-
g workers in terms of either search costs or productive skills. It is an interesting
question that we could get a fairly general wage offer distribution in an equilib-
rium model of quits with belated information in which a continuous wage offer
distribution is endogenously determined.
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