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POLLUTION ACCUMULATION AND ENDOGENOUS GROWTH
IN A SUSTAINABLE EQUILIBRIUM

YONG JIN KIM*

This paper presents an endogenous growth model, with a feature of pollution ac-
cumulated affecting production efficiency and preference altogether. This model pres-
ents the links between pollution level, economic growth, government policy and pref-
erence toward pollution.

With this model, the following three implications are derived: (1) As the govern-
ment authority takes a tougher environmental measure, the pollution level, economic
growth rate and R&D share in GNP for a less polluting energy source decrease.
However, with this tougher policy, the optimal tax rate to finance environmental
measures and pollution abatement spending share in GNP increase. (2) The coun-
tries with higher time preference rate show less pollution level, lower economic growth
rate, higher abatement spending share and lower R&D spending share in income.
(3) With a minimal use of calibration about the functions relating pollution and
economic growth, I find that the relative shadow price of economic growth rate, with
respect to one percent increase of pollution level accumulated, is very high over the
broad range of parameter values.

1. INTRODUCTION

‘What is the effect of an environmental policy on economic growth’ is now
emerging as an important question. It is not only because air, water and other
environmental factors are no longer free goods, due to pollution, but also because
it is now becoming a hot issue of Green Round in international trade.

This paper presents an endogenous growth model, with a feature of pollution
accumulated affecting production efficiency and preference altogether. This model
presents the links between pollution level, economic growth, government policy
and preference toward pollution.
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As for the related literature, Nordhaus [1993, 94] focus on the green house ef-
fect on agriculture using DICE model without considering the effect on the eco-
nomic growth. Additionally, Ligthart and van der Ploeg [1994] work on the en-
dogenous growth model with pollution and policy variables. However, they do
not consider the following facts: Pollution accumulates over time, and the accumu-
lated pollution affects the production efficiency frontier. The model of this pap-
er takes these two facts into consideration, and tries to capture the essence of the
Nordhaus’ DICE model. Finally, Bovenberg and Smulders [1995] is similar to
our model in the setup of the model and its implications. However, they do not
introduce the distortionary tax and the distinction of the flow and the accumulat-
ed stock of pollution, whereas our model does.

Because pollution accumulates, as a byproduct in the process of production,
we need another concept, environment sustainability, in addition to the usual
aspects of balanced growth path equilibrium. This sustainable balanced growth
path equilibrium has an additional property that the accumulated pollution level
does not change over time.

With this sustainable equilibrium concept, the following four implications are
derived: (1) As the government authority takes a tougher environmental measure,
the poliution level, economic growth rate and R&D share in GNP for a less
polluting energy source decrease. However, with this tougher policy, the optimal
tax rate to finance environmental measures and pollution abatement spending
share in GNP increase. (2) The countries with higher time preference rate show
less pollution level, lower economic growth rate, higher abatement spending share
and lower R&D spending share in income. (3) With a higher initial capital
stock, the direction of change of the endogenous variables is hard to determine.
(4) With a minimal use of calibration about the functions relating pollution and
economic growth, I find that the relative shadow price of economic growth rate,
with respect to one percent increase of pollution level accumulated, is very high
over the broad range of parameter values.

The rest of the paper is organized as follows: Section II presents a general
equilibrium model and the proof of it’s existence and uniqueness. In Section [,
the implications of the model are pursued. Section IV tries to quantify the results
of the model, using the calibration method. Section V concludes.

. THE MODEL

This section characterizes the solution of the model. Its main characterization
is the proof of existence and uniqueness of the steady state solution. The model
is summarized by the following relationships (1) to (6):

Technology
(1) Y, = f(B)AK. : Production function
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2 B= [; b.e“™ds : Pollution accumulation

(3 b= g( %)ewwﬂh Y, : Pollution flow due to production

@ d=1 ( -%:) : Reduction factor of pollution emission by developing en-
ergy substitute

Preference
(5) ;e (logC. — aB,)dt : Intertemporal utility function.

Government Budget Constraint
@®rY,=R + Z,

where the variables are defined as
Y, = real GNP at ¢,
K, = capital stock at £,
G = (1 — 7 Y, — K; consumption at £,
B, = accumulated pollution level at £,
b, = pollution inflow at ¢,
Z, = government spending on abatement at £,
R, = government R&D spending to develop energy substitute at ¢,
d, = reduction factor of pollution emission due to R&D on new energy de-
velopment to reduce pollution emission at #,
T = the rate of income tax
and the parameters are defined as
0 = dissipation rate of pollution,
p = time preference,
a = preference parameter against pollution.

Additionally, the above functions are characterized as" :

f(0) =1 f(B*)=0, f(B) <0, f(B){0Oand f(B*) = —% for f(B),
where B* is the upper bound for B,

g(0)=1g(1)=0,8712)<0,8(z) > 0and g'(0) = —cC for g(z),

and 100) = —p, 1(1) > 0.1(r) > 0,1(0) = o0 and I"(v) { 0 for I(7).

! With the value imposed on 1(0), = = 1 is allowed, as we can see from (20).
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Equation (1) represents a linear production function with the constant mar-
ginal productivity of physical capital, f(B) 4, affected by the pollution level ac-
cumulated. Through this, the pollution accumulated affects not only the prefer-

ence, but also the production efficiency. The term g( —?,—)exp(—.[; d.dr) in (3)

is the emission-output ratio. We can reduce this emission both by government
spending on abatement and by R&D expenditure on new energy development.

Now to solve the above model at the steady state, we need to define an equi-
librium concept, a sustainable balanced growth path equilibrium.

Definition: A sustainable balanced growth path equilibrium (SBGE) is defined to
be a balanced growth path equilibrium with the constant level of accumulated
pollution over time (B, = 0).

With this equilibrium concept, the model is solved in the rest of this section.
2.1 Consumer Utility Maximization

With the above equilibrium concept, the objective function (5) can easily be

transformed into
I G e

7 log —— + log K, — + = —=

(M 7( og & og aB,) 5 C

To solve this consumer maximization problem, take derivatives on (7) with
respect to G and K, given 7, R, Z and B. Then we have the following Euler
equations, dropping time subscripts.

® 1= C=(-n-A-fB —p

- A

(- A B - <

9 o= X

The sustainable steady state equilibrium condition, B,= 0, gives us

(10) AB:+N=g( ) A'f(Bz)'eAd[' Ko'emAt—B,'é'At=0

=

~|N

S¢(5) A f(B): Ki= B3

with
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(11) TII = d and constant Z ,

Y,
to have the sustainable steady state equilibrium. From (10), we know that the
government abatement spending ratio in GNP increases with a decrease in an
equilibrium pollution accumulation (B), in SBGE. However, the government
R&D investment ratio in GNP moves with the equilibrium growth rate in the
same direction as we can see from (I11). In a word, abatement and R&D spend-
ing have different roles in SBGE.

Now, it is obvious, from (8) and (9), to have

12 & -

K "

Under SBGE, (11) gives us

_,_C _K
(13) rM=d c - K
- R R, .
and let us define » = Y and z = v then (6) yields

(14) r=z+7r.
2.2 Government Welfare Maximization

Using (12) and (13), we can simplify the objective function as

| 1 1 ]
15) —logp + —logK, — — aB, + — II.
(15) o 108p T log o @ p,

This relationship shows the tradeoff between the growth rate and the level of
pollution accumulated. With an increase of time preference, agents want to sub-
stitute from economic growth to the lower level of pollution accumulation. Gov-
ernment maximizes (15) with respect to 7, 2, », IT and B, given K,, p and §,
subject to (1), (2), (3), (4), (6), (8) and (12).

Now, we derive the first order condition with respect to B, considering that =
is a function of B, using relation (8).

_a b N A iR — LA (. T
1 2400 A-gB) - -4 2B 55

= 0.

-~

At this point, we need more information about 50; . Using (4), (6) and
(11), we get
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an m=1(r-g" A.fl(’g) —))=0-0-a- 7B -

Totally differentiating (17), we have

dr _[_1 6 __ _Bdf _ iy
e N brys-dubry-d RAURE EV (ACR VIR

2.3 Existence

Under SBGE, we can summarize the model with the following five rela-
tionships.

(149 r=z+7
® H=0-7-A-fB-K~-p
(100 g2- A-f(B)- K= B+
an »n=n

In addition to these, we need another relationship from the first order con-
dition

(19 ap=(1-4f®) - 4fB® 2 =< >o.

By (6), (8) and (11), we have

Q0) (-7 = l; e

Now, we have a four equation system (6), (10), (19) and (20) with four vari-
ables, B, z, » and 7.
Proposition 1 |

If {(0) = —p and lim g'(z){'(») = 0, then there exists at least one solution to
the above four equation system (6), (10), (19) and (20).

(pf) This maximization problem can easily be analyzed in the IT— B plane.
The indifference curve can be constructed from (5) and the opportunity set is
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also described by (8), (10), (11) and (14) in the /7 — B plane. The upper bound
of B (B) in the opportunity set is achieved with z2=0 by (10). The remaining
question is whether the other restrictions, (6). (8) and (11), can be satisfied. The
relationship between 7 and upper bound of B from these restrictions can be de-

scribed byﬂl%a = A - g(B). The LHS is an increasing continuous function

with # € [0, 1) and covers [0, «). Therefore, the other restrictions are satisfied
with B* and z=0. When z2=0, RHS of (19) is negative valued.

On the other hand, the lower bound of B in the opportunity set is obtained
through (10) when z=1. With z=1, we have » =0, 7=1, B=0and II= —p by
the other relationships (6), (8) and (11). Additionally, if llm g1 =0,

then RHS of (19) goes to infinity. Moreover, we know that I, / and g are con-
tinuously differentiable. This is why there exists at least one solution of B sat-
isfying (19).///

To guarantee that the solution achieves a maximum, we need the second or-
der condition. By (19), we can get SOC as

@1 %’Z _— dT Af(B) — 2dB .

From (6), (10) and (20), we derive

dr _ [ —g71) 8§  B&f - 1 =26f

@) 4p _[(g’(z))‘ (=~ %) Tew (et
2B3f" _ _BOf” _ "
e A —nar J(Z(r)-l- Af)"
1 0 __B&f’ _
[g,(AfK i ) +a -r)Af] l(r) - tas)
-+ 4H.

If 770, d T ¥ 0 is a sufficient condition for (21). But as we can see from

(22), it seems almost impossible to hypothesize a set of simple assumptions guar-

anteeing g; » 0. Therefore, we will go around and present only the sufficient

condition for a local maximum.

Using I(»)=I(r — 2) = I1, FOC (g—g = ap ) and the implicit function the-

orem, we have
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(23) U'vXdr —dz)=dIl=apd B

yielding

(4 $I- -4 +—%

which also gives

dr _ dz I
) 5= -y
dr
dB dB2
Now, let us find the sufficient conditions to have 51; > 0. Define and #, =
% N and #, = -Ed% —f— Then, we have
z'(B) -B
dn. d( z (B ) z - B z 2z \:
) gg=——a5 -zt (%)
=35 (. — 7.+ 1),
’ ’ ” f ‘ B
where 2 =—dd§—, =Z,—;—2andm =g—}zg Z

Therefore, we have only to prove 5, ( 0 to have 2" ) 0.
By (10), we have

dz B _ _(_ g _ fg\ B _1,_
@7) dB z '”"(g’(z)B g’f) z (=),
where 7, = —%—f— IR

Also, (26) gives us
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(28) 77:' = _—B—”L + 772 - 15

2

. _ d»n
where 7, = ﬁ

Using (26) and (27),

dn, . - (I1-7%) . 4z
@) g =n=" """ 4B
i (] _7]/'):
= Gy =+ ) ———— — 7+ 1
7 B s v 7 B 7 7,

By (28) and (29), we derive

(1=’
(30) % = L i(m -7+ 1)+ ———Zm—(r;g'—r;gﬂ- Dl+#7—1
772 77[{ 7’}1
n, 2 (l —77/)77/1
= -2y - —
1 =27, ur

Now, we get the sufficient condition to guarantee the existence of at least one
local maximum solution.

Proposition 2:1If |7, | and |7, | are small enough compared to T at the point

satisfying FOC, then this point achieves a local maximum.
Also, we can have a stronger result of uniqueness with a more strict assump-
tion than in Proposition 2.

Proposition 3:1f |7, | and |7, | are small enough compared to 2 over the

. . . Y
whole range of B and z, then there exists only one unique solution.

(pf) The contour of the opportunity set is smooth and differentiable. There-
fore, we know that, if there exist multiple equilibria, then there exists at least one
local minimum or continuum of maxima. But the latter case is excluded by the
SOC we assumed. Moreover, for the former case, we also know that we cannot
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have any local minimum, due to the fact that % { 0 at any tangent point sat-
isfying the FOC over the whole range. ///

. IMPLICATIONS OF THE MODEL

This section explores several interesting implications of the model. Based on
the comparative statics at the steady state, we try to answer the question: In
which direction endogenous variables move in response to a change in exogenous
parameter values, such as time preference, initial capital stock and the preference
parameter of pollution.

3.1. Change of Preference Parameter «

If the economic agents’ disutility of pollution increases, or the government ta-
kes a tougher measure against pollution, such that « goes up, then the slope of
indifference curve in [7— B plane increases. But the opportunity set does .not
change at all. Therefore, with SOC, as « increases, both /7 and B decrease. Ac-
cordingly, » decreases and z increases due to the relationships (10) and (20).
Also,  increases by (18).

With the increase of a, lower pollution accumulation is valued more that
economic growth. Therefore, government substitutes economic growth for lower
pollution accumulation. Thus, agents will have lower growth and pollution accu-
mulation. To have lower level of pollution, there will be higher government abat-
ement spending. However, noting that government R&D spending is positively
related to growth, we know that government R&D spending decreases.

This exercise implies: As one country becomes more conscious of environ-
ments with the increase of its income, its growth rate will decrease with the in-
crease of environmental taxes and of government abatement spending.

Even in the case the government’s parameter value is different from the econ-
omic agents’, the above analysis still holds. It is because economic agents take
the pollution level as an exogenously given constant. In other words, the term «B
does not affect their marginal condition.

3.2. Change of Time Preference o

With an increase in p, the slope of the indifference curve increases, while the
slope of the opportunity set does not change. However, the opportunity set itself
shifts down as we can see from (8), (10), (11) and (14). So, [T and B decrease as
o increases.

Exactly speaking, the opportunity set can be described by (8), (10), (11) and
(14) as
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Gl) MT=(0-28)—1"UDAFB - p

Therefore, as p increases, the opportunity set shifts down along the [T axis

without changing its slope ZIBZ at any value of B in plane /7— B as in Figure

1. Moreover, as p increases, the ratio of consumption over capital increases, be-
cause of (12).

Therefore, countries with a higher time preference show lower economic gr-
owth rate, less pollution, higher government abatement spending, less government
spending on R&D on energy substitute, and higher consumption ratio to capital.
The intuition behind this exercise is identical to the previous exercise of 3.1. The
exercises with a change in initial capital stock or technology change do not pro-
vide us any easily discernible direction of movement of endogenous variables.

| Figure 1]

D

V. CALIBRATION

Using the estimated pollution model in W. D. Nordhaus [1993], a calibration
work can be performed. We can obtain one number and one functional form, 7,
= —0.0133 and g(z)=a(l —2.532"**). From these two pieces of information
only, it can be figured out what is the trade-off between economic growth and
environmental degradation in equilibrium.

From (18) and (19), we obtain

oIl 1 (1 =7) 11 = Py,
(32) = , ( - z) + : = Ba
6B I'(r ) 1‘7” 14
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(1 _77f)
4
e

whereng=%‘§-§andr/,:%73.

Additionally, from the indifference curve constructed from (15), we have

0K

Gy K - _

- -1
orr— p-

Therefore (33) yields

-1 o
p OB
B

(34

S8

From (32), (33) and (34) in addition to the above two pieces of information,
the following numbers are generated.”

z 7 7y e e mLEL DAY
e
0.001 00133  —10133  —0104  —03464  0.0097
0.005 -0.235 0.0216
0.01 ~0.365 0.0277
0.05 -2.99 0.0169
0.06 ~17.30 0.0083

Because all the necessary numbers for calibration are not ready at hand, we
cannot go further than this table. And the above table reads as: If the govern-
ment is maximizing the welfare, and if 2= 0.01, then the shadow relative price of
one percent increase in pollution with respect to economic growth rate is at most

0.0216. When z=0.05, its relative price is at most 0.0277. This relative price

means ﬁ, where Ps is the shadow price of one percent increase of pollution,
n

\ , 1 -
ZIfwea:asumel(r)z(),then—gﬂz ___(____77f_)_2

- Mg

B
* Within this range of z, SOC is satisfied locally.
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and P, is that of one percentage increase in economic growth rate.

The fact, that these prices are low over the reasonable range of z, means that
one percentage increase of economic growth rate is valued much higher than one
percent increase of pollution in equilibrium. These relative prices can play the
role of a bench mark, when we plan an environmental policy, vis-d-vis economic
growth, if all the calibration numbers are measured correctly. Nordhaus [1993]
estimated g(z) and f( B) considering only the effect of green house gases on agric-
ulture. This is why the cost of pollution is measured to be very small such that
excessive pursuit of economic growth at the cost of poliution will be considered
optimizing."

To have the exact estimates of the effect of pollution on preference and tech-
nology, extensive empirical work is necessary. However, the ecosystem is so much
complicated that it is almost impossible to do this job. However, if we can have
rough estimates for #», and 7,, we can calculate a benchmark number for an en-
vironmental policy as above.

V. CONCLUSION

The model is set up to describe a mechanism of the interaction between pol-
lution accumulation and economic growth. The preference of this model is shown
to have a linear trade off between them. but its contour of the opportunity set is
rather complicated, due to the complex process of pollution accumulation.

The model is shown to have the following implications: (1) Countries with
tougher government measure against pollution or with higher time preference
rate, have lower pollution level, lower growth rate, higher government spending
on abatement and lower government spending of R&D for less polluting energy
sources. (2) Calibration shows that the shadow relative price of one percent in-
crease in pollution with respect to one percentage increase in economic growth
rate, is very small. However, we should be more cautious to take (2) for granted.
because more exact estimation of calibration numbers are needed to be done.

In the future, the current research can be extended to the model with: (1) ad-
ditional variables, such as government consumption and investment, (2) simu-
lation with more exact calibration, (3) comparison among different countries, bas-
ed on the result of the model, using cross-country data. and, finally, (4) different
equilibrium concepts, for example, such as B = constant.

*Nordhaus shows the simulation result that the welfare difference between optimal policy and no
control policy is 0.039% of consumption. This difference is large in absolute size, but rather small rela-
tive to the economy size.
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