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THE DECOMPOSITION BY FACTORS IN DIRECT AND
INDIRECT REQUIREMENTS: WITH APPLICATIONS TO
ESTIMATING THE POLLUTION GENERATION
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Gim and Kim (1998) showed the general relation between the two different
notions “of direct and indirect input requirements of commodity i to support a
unit of final demand of commodity j, v, and that to produce a unit of gross .
output of commodity j, %, in the open static input-output model. In this paper, .
we show that y% can be decomposed into the direct and the technical indirect
effects, v} into the direct, the technical indirect, and the interrelated indirect
effects, and the element of the Leontlef inverse. c; -into four dtﬁerent parts as

the final demand, the direct, the technical mdlrect and the interrelated indirect
effects.
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1. INTRODUCTION

Jeong (1982, 1984) pointed out and showed that the notion of direct and
indirect input requirements to support a unit of final demand and that to
produce a unit of gross output are not the same. Recently, Gim and Kim (1998)
proposed and showed the general relation between 7/, and %, which represent

the direct and indirect input requirements of commodity to support a unit of
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final demand of commodity ; and the direct and indirect input requirements of
commodity i to produce a unit of gross output of commodity ;, respectively,
in the open static input-output model. The relations were shown to be y;=
cavh and o= c;y%, i#j, where the element of the Leontief inverse c;
represents the direct and indirect output requirements to support a unit of final
demand.! ,

In this paper, we expand »% and show that it consists of two fundamental
components as the direct effect and the technical indirect effect which comes
from only the purely technical relation between inputs and output. In
consequence, we show that the cumulative indirect effect can be decomposed
into two different parts as the technical indirect effect and the interrelated
indirect effect which only means the interrelated interdependence effect excluding
the technical indirect effect from the total cumulative indirect effect. We also
demonstrate that the notions of % and the decomposition? we obtained in this
study can be used for analyzing how the total amount of pollution is generated;
that is, by what factors and by what amount from each factor.

. THE DECOMPOSITION OF THE DIRECT AND
INDIRECT REQUIREMENTS

Since the Leontief inverse C is equal to (/—A)~!, where I is the identity
matrix and A is the technical coefficient matrix, it follows that

cu-A=1I | (1)

Also, the Leontief inverse can be expressed in the power series form (Waugh,
1950)

C=I+A+A*+ -+ A"+ )

' OQosterhaven and Stelder /(2002) introduced the new concept of net multiplier which accepts
sectoral outputs as entries instead of exogenous final demand to avoid double-counting impacts
and overestimation of the importance of a sector’s output. This net multiplier is found by
multiplying the traditional Leontief multiplier by the sectoral final output ratios. An alternative net
multiplier is also proposed by de Mesnard (2002).

® The decomposition in this paper is based on factors and is not directly related to
input-output structural decomposition analysis(SDA). However, see Rose and Casler (1996) for
various publications on SDA.
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and has been viewed as a term that consists of three different parts: the final
demand( ), the direct effect( A), and the cumulative indirect effect( A%+ A®
+ ).

The specific expression for each element c¢; can be obtained from (2) and is

given by

=8+ a;+( 2 | @ing it i 2 a,,za,ma,,,-f- -+ 2 ﬁ:

n=1 rn=1

ZIW et @ @ gt ), 3
where
R o)

for 4,;=1,2,...,n.

Now, the elements of the total requirements matrix for a unit of final demand
I'’=(y}) are given by

vi=ci—1, vh=cy i#i, Q)

and in Gim and Kim (1998), the elements of the total requirements matrix for a
unit of gross output I'=(y%) are shown to be

1 Cij
7:1_ 1- C_,, =a;t i .i*i—éi'— Qjis (6)
Cij Cik
ﬁ;:*ci=(a,y+ k=x,§ k*‘—g‘:akl)(l"au) 1' Z#:]’ (7)

for 7,7=1,2,...,n. To obtain a specific expression and decomposition for each
7% in terms of gq;, we describe two approaches below: one by expanding (6)
and (7) and the other by considering the interrelated interdependence of the
sectors.

Starting with »=2 and considering only through the second-round indirect
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effect( k=2 in (2)) for convenience of illustration, the elements of the Leontief
inverse ¢, and ¢y, for example, can be obtained from (3) as

Cep=14ay+(apay+ apanay) + (anan + ananay + apagan + anapan);
cn = ag+ (ag an+ ayanay) +(anay + anayan + ax apasn + apanas).

From (6) and (7) we obtain »f,=a;+(c;p/cp)an and 7§1=421(1“011)_1,
and the expansion of (1) yields four equations, one of which is —cjap+

c12(1— ag)=0. From this equation, we obtain c¢jy/c;;, and using the fact that

(l“di,‘ —1=1+d,','+a%,'+"' for (l“aii)>0, we have

_ _ -1
Yh=ant ap(l—ax) au

_ 2 )

= ayn+ apayn t+ apanas t+ apapan t -

_ -1
75 = an(1—ay)

_ 2 3

=ayptayantanantayant+-.

For  y%, the term g, is the direct input requirement(direct effect) and the
other terms (ajpay, apaxas, ...) indicate the purely technical relation between

inputs and output; that is, they are indispensable indirect effect in production.
More specifically, a, induces the indirect input requirements; it is connected

technically with the element g,,, and it is also technically connected with @y
which, in turn, is connected with g4),. In consequence, aay + apapas + -+
represent the total amount of the indirect effect, which we will call the technical
indirect effect. Comparing ¢;; with »f;, we see that ¢, contains an additional
part  (ayay+ anayan + aganan + anapay). We will call this the interrelated
indirect effect. Similar interpretation can be given for .

For »=3, we have, from (3) and after rearranging,

cn=1+ay+(apan + apapan + ajzanay + aas + apapas + apayaz)

+(anan + ayanan + apayan + agayan + ayapan + anapaz); (8)

e = an+t(ayan+ ananan + ananan + anay + as aas + anapas)

+(agay + anayan + ax apay + apanay + agapan + anapas). )
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The expressions for »% and % can be obtained from (6) and (7) as

c c

rh=ant—2ay+—2 ay, (10)
cn cn
c _

75 =(ant sz a)(1—ay) ", (11

and the expansion of (1) gives nine equations, two of which are

—cpaptcep(l—ayp)—cpan=0, (12)
—cnap— cpagtc(l—ap)=0. 13)

Dividing (12) and (13) by ¢, and rearranging, we obtain a linear system of

equations

(1= ap) 2 4,58 _,

22 32 =ap

cn cn ’
C12

C13
—ang—-t(l—ap)—" =ajy,
1 Ci

and solving for cjy/c;y and c¢y3/ ¢y, we get

%5— =lan(1- ap) + anepll (1 - az)(1 - ag) — anan] ™, (14)
%ﬁ" =[ap(l—an) + apaxll (1 — axp)(1— agp) — apasz] -1 15)

Notice that (1— az)(l—ag) —amas in (14) and (15) can not be a negative
value or zero. It follows that ag+ ap— apas+ anap<l, and this enables us

to write

[(1—ap)1 — ap) — apap] ™'

=1+ (apt an—anay + anay) + (an+ an— anan+ anap)’+ . (16)
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Substituting (16) in (14) and (15), and then substituting these two equations in
(10), and simplifying and collecting terms with only through the second-round
indirect effect, we obtain

7h=an+ (apan + apanay + apanay + apas + anapaey + apagnay). (17
Similarly, solving for c¢y/cy, using an appropriate set of equations which can

be obtained from the expansion of (1), and simplifying (11), we obtain
75 = an+ (anan + ag anan + anasan + apay + ag apas + ananas).  (18)

Hence, as in the case with #=2, both »f and »§ consist of two parts: the

direct effect and the second part of (17) and (18), respectively, which we will
call the technical indirect effect. Also, by comparing, we see that c¢;; and ¢y

contain an additional part; the last part in (8) and in (9), respectively. We will
call this the interrelated indirect effect. In this manner, the expression for any
other »% can be obtained. In fact, it will turn out to be the expression given in
(19).

For the above approach the amount of work increases rapidly as the size of
the matrix and the number of the round effect increases. However, without
expanding (6) and (7) the general expression for y% can also be obtained by

considering the interindustry interdependence, which reflects the complete
technical relation of production.

For »% with n sectors, g, is the direct input requirement and the other
elements in jth column of A, ay,ay,...,ax-1 @i+ ---» @n» induce the
technical indirect input requirements. Each one of these «,;, »=1,2,.., i—1,

i+1,...,n, is technically connected with the elements in the corresponding
column 7 (determined according to the first subscript of ,;), and hence it

should be premultiplied by the elements in that corresponding column #, of A.
Consequently, the resultant terms have the form «,,a,;=1,2,..,n, and
the terms with #»,= will become the first-round indirect effect(a; a,,, where
r#1). For the terms with »,=;, further premultiplication is necessary since
each element ¢,, is technically connected with the elements in column », of

A. Then, after the second premultiplication, the resultant terms have the form
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@ yrs@ yr@ gy ¥3=1,2,...,m, and the terms with s3=7; will become the
second-round indirect effect (a;.a,,a,;; Where %1, r,#i). For the terms
with 3=, further premultiplication is needed since each element «,, is
technically connected with the elements in column r; of A. In like manner,

the process can be continued to obtain the third-round indirect effect, the
forth-round indirect effect, and on and on. Then, the sum of the direct input
réquirement a;, the first-round indirect effect, the second-round indirect effect,

and so on, yields »%. The general expression for each of the elements of I?

with 7 sectors can be formulated and is given by

g __
ri=a;+( 721 i@ ,; + 5: ﬁl Air,@ 7,7, A 7
=

n=1 n=
n#+i nFi  mFEi
SR ID NP D MRS R OB (19)
nFEL rFEl rEl

where £ stands for kth-round and for 4,7=1,2,...,%.
Then, (19) can be written as

752 ai/'+ tif ’

where ¢, is the second part in (19). We call ¢, the technical indirect effect.
As a consequence, each element of the Leontief inverse c¢; can be written in

the following form:
Cii= 6,’j+ (l,'j+ f,’j"‘ i (20)

where §; is given in (4), q; is the element of the technical coefficient matrix

A, t; is the technical indirect effect defined above, and »; is given by

ri=aa;+( 2 @in,@ i T 2 Qi@
=1 =1
n¥Fi

+ ( 2 i:]air;;a rir@ 7,il i + 21 glaina 7iQin@ rj

H=1 = =
r#Fi
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+ 2 2 QiQir,Q y,r,Q r,j) + ey (21)
n=1 n=1
nFE rFEl

for 7,7=1,2,...,n. That is, »; is just the difference between the third part of

the right-hand side of '(3) and the second part of the right-hand side of (19)
(ry=(c;—0;—ay)—t;. We call »; the interrelated indirect effect. It
represents the interrelated interdependence indirect effect which consists of terms
that are not technically connected in production.

Since %= c;—&;, the expression for each element of Y can be obtained

from (20) and can be written as
7’,,';'=lej+ t,‘,‘+ Vijs (22)

for ¢,7=1,2,..,n. As a consequence, the difference between the two different
notions y}; and »% is the interrelated indirect effect »; given in (21), and the
total cumulative indirect effect in (3) is decomposed into two parts as ¢; and

¥

. SIMPLER FORMS AND MATRIX NOTATION
FOR THE DECOMPOSITION

Denoting 7, A, 7, and R as the identity matrix, the direct effect, the
technical indirect effect, and the interrelated indirect effect, and letting their
elements as §;, a;, t; and r;, respectively, we have

I*=A+T; 23)
I"'=A+ T+R; (24)
C=I+A+T+R. (25)

Note, however, the computations of ¢; using the second part in (19) and #;
using (21) might be tedious. Below we present simpler forms for ¢; and #; in
terms of y and %, since y} and »% can be also computed from (5), (6),
and (7). Combining (23) and (24) gives
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R=I"-T*.

Hence, from (5), (6), and (7),

L 1)2
Viiz(Cii"l)“(l“L)=M‘=(Cﬁ—1)(l—“1‘)=7’{;7§ (26)

Cii Cii Cii

for the diagonal elements and
ri= Cif—% =(Cii_"l)%=7ifi7/§ @7
for the nondiagonal elements, and using (23), we have

ti=ri—ay, 4i=12,..,n. 28)

Moreover, if we denote K as the diagonal matrix that contains only the
elements of the diagonal of (, then from (5), (6), and (7), I'*=K'I".
Hence, the above can also be written as

T=K 'I'-A and R=U-KHI'. (29)
IV. APPLICATION TO ESTIMATING THE POLLUTION GENERATION

In this section we apply the results obtained in the previous sections to the
environmental Leontief model(Leontief, 1970)3, which is an input-output model
augmented by pollution-generation - and pollution-abatement sectors. For the case
with the tolerated level of pollution(the amount not eliminated) are given
exogenously as a negative variable —d, (Leontief, 1970; Miller and Blair,

1985), the well-known augmented Leontief model for »=3 can be written as

l—ay —ay —ay, \|[x d
—ay l—an —ay||x|=| d | (30
—ay —ap l—au|\x, —d,

* The decomposition can also be applied to the waste input-output model for a single
region(Nakamura and Kondo, 2002; Kagawa er al., 2003) and to multi-regional input-output

models for waste(Kagawa et al., 2004).
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where g, is the output of pollutant p per unit of output of commodity 1, a,
is the input of commodity 1 per unit of eliminated pollutant p, a, is the
output of pollutant p per unit of eliminated pollutant p, =x, représents the total
amount of pollutant p eliminated, and o, represents the amount of pollutant »

not eliminated. Then, in this pollution model the Leontief inverse C, becomes

Ci1 €12 Cip
Ca Cxp Cyp
Cn Crp Cpp

Cr=(I-A) "=

b

and by (5), (6), and (7), I'» and I% the total requirements matrix for a unit

of final demand and that for a unit of gross output for this Leontief model,

become
1— 1 C12 L1y
c 1 c c (5] cn i
1 12 1p c c
21 1 2
I'o=| cu cn—1 ¢ and rg=| —% 1-—— £
c ¢ co—1 Co C C2
Pl ” 73
Sl e 1— 1
Cop Cop Cop

When the example given in Miller and Blair (1985, p.247) is applied to the
linear system of (30), we obtain the following specific pollution-activity-
augmented Leontief model:

0.85 —0.25 —0.10100.0 59.4
[ —0.20 0.9 —0.20)(100.0]=[ 73.8 ]
—0.05 —0.04 1.00 6.0 -3.

Here, the technical coefficient matrix for this pollution model is given as

Ap=

OO O
O D =
[SaResNG) |
OO O
OO
> o1t
OO O
[ N
OO O
—_—

The amount of pollution tolerated by society, —d,, is entered as —3.0, and
the term x,=6 is a measure of the total amount of pollution eliminated; that

is, the total amount being produced is 9 units. Since it is presumed that the
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pollution-abatement sector does not generate pollution in the process of
eliminating pollution- from other sectors and the final demand, the term 1—gq,,

is 1.00. Then,

1.2684 0.3420 0.1952
Cp=0.2828 1.1378 0.2558],
0.0747 0.0626 1.0200
0.2684 0.3420 0.1952 0.2116 0.2696 0.1539
I'»=10.2828 0.1378 0.2558 |, and I'%=|0.2485 0.1211 0.2248].
0.0747 0.0626 0.0200 0.0732 0.0614 0.0196

Using (26), (27), and (28) or using (29), we have

0.0616 0.0196 0.0539
0.0485 0.0711 0.0248
0.0232 0.0214 0.0196

0.0342 0.0167 0.0310
0.0015 0.0012 0.0004

and Rp=

0.0568 0.0724 0.0414
Tp= }

It can be checked that

CP=I+AP+ TP‘I‘RP,
[‘;=Ap+ Tp'*‘Rp,

and
[ﬁa: Ap+ Tp

hold.

For the analysis of the economic impact, the term Cpg)=0.0747, for
example, is the direct and indirect output units of pollutant p to support one
dollar’s worth of final demand of commodity 1. However, by the results of the
decomposition, it can be viewed that the total amount of pollution generation of
pollutant p (0.0747) is generated by the direct effect(0.05), the technical indirect
effect(0.0232), and the interrelated indirect effect(0.0015). Also, I'% enables us to
estimate the total pollution generation associated with only the interindustry
technical ~relation between inputs and output. Hence, I%3,=0.0732, for
example, can be interpreted notionally as the direct and indirect input units of
pollutant p to produce one dollar’s worth of gross output of commodity 1.
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This amount is actually generated by the two effects: the direct(0.05) and the
technical indirect effect(0.0232). Note that I'f)=0.0196 are the only indirect
input units of pollutant p to abate one unit of eliminated pollutant p. In this
case, however, there is no direct input units by the presumption.

V. AN APPLICATION TO ESTIMATING THE WASTES GENERATION:
THE CASE OF KOREA

In this section we again apply the results obtained in the previous sections on
a practical problem to the environmental Leontief model, which is an
input-output model augmented by waste-generation. The waste-generation data
shown in Table 1 is obtained from the ministry of the environment of Korea
(2002). The data includes domestic and industrial wastes. Industrial wastes
consist of combustible, incombustible and specified wastes, but domestic wastes
by industry is excluded from this data. The sectors in this data and the sector
classification in the 2000 input-output tables of Korea (2003) have been
rearranged to make 15 sectors out of the 28 basic sectors(see Appendix A), for
the convenience of illustration. The transactions are at producers’ prices in one
million Korean Won. The amount of wastes is measured in kg per day, which
is generated to produce one million Korean Won.

The augmented Leontief model for »=16 can be written in compact matrix

form as
0 X1 d1
PO || x dy
(1- A) E —| %, (3D)
0 X15 dys
Ay T Qg v T aAusi 1 Xw 0

where a,; is the output of waste w per unit of output of commodity ; and
corresponds to the last line in Table 1, x, represents the total amount of waste
w generated, and ¢, represents the final demand of commodity ;. We denote
the above expanded coefficient matrix given in (31) as (I—A,).

Computing C,=(I—A,)” ! and the corresponding matrices I%, IY, and
T, and showing only the bottom rows of these matrices gives the following
table:
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[Table 2] Data Obtained from the Bottom Rows of C,, I'%, T,, and R,

i=1 2 3 4 5 6 7 8
Cu 07308 13642 16568 25885 41031 17024 47.7400 7.9449
7% 07308 13642 16568 25885 4.1031 17024 477400 7.9449
tui 07138 09652 12828 16705 24251 15364 94990  4.8289
> 0 0 0 0 0 0 0 0

i=9 10 11 12 13 14 15 16
Cui 33693 55162 32693 65139 09789 11532 22951 1
7% 33693 55162 32693 65139 09789 11532 22951 O
tu 31493 39042 13533 64309 09319 10302 09901 0
i 0 0 0 0 0 0 0 0

Note that the inputs from the other sectors to waste abatement are not
available and so the values of the elements in the last column of the matrix
(I—A,) in (31) are all zero. This causes #,,=( for all ; in this particular
case. As we discussed in the previous example, the “waste multipliers” c¢,,; give
an indication of the effects on wastes generation. Moreover, due to the results
obtained in this paper, I enables us to estimate the total waste generation
associated with only the purely technical relation between inputs and output.
Hence, %,=0.7308, for example, can be interpreted notionally as the direct and
indirect input units of waste w to produce one million Korean Won worth of
gross output of commodity 1. This amount is actually generated by the two
effects: the direct(0.017) and the technical indirect effect(0.7138). Consequently,
an implication of the above results is that by decomposing wastes generation
into factors, one can establish more effective methods for abatement of wastes
generation by approaching and examining factor by factor.

Before leaving this section, we further point out that the matrix I® can also
be applied in the calculation of energy intensity(or the total energy requirement)
measured in physical units for a unit of gross output. Up to date, the Leontief
inverse has been used to compute the energy intensity for a unit of each
sector’s gross output. Recently, however, it has been shown that no identical
meaning can be placed between the notion of total energy requirement for a
unit of final demand and that for a unit of gross output. Hence, the concept of
I'* and the decomposition of it into two different effects will provide us more
elaborate analysis on the results and meaningful values, which coincide with the
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definition of energy intensity.
VI. CONCLUSIONS

In this paper, we showed that % can be decomposed into two different parts
as the direct and the technical indirect effects, . into three different parts as

the direct, the technical indirect, and the interrelated indirect effects, and the
element of the Leontief inverse c¢; into four different parts as the final demand,

the direct, the technical indirect, and the interrelated indirect effects. By applying
the decomposition results on a pollution and waste generation models, we were
able to obtain (or at least to expect) how the total amount of pollution and
waste generation were produced; that is, by what factors(such as the direct, the
technical indirect, and the interrelated indirect effects) and by what amount from
each factor. The decomposition results can also be applied in many different
areas such as in environmental and energy input-output models, intensity analysis
of resources, impact analysis for one unit of output, etc.
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Appendix A: Sector Classifications (15 Sectors)

15 Commodity Sectors 28 Commodity Sectors

1. Agriculture, Forestry and Fishery . Agriculture, Forestry and Fishery

2. Mining . Mining

3. Food and Beverages
4. Textiles and Leather

1

2

3. Food and Beverages

4
5. Lumber, Paper and Publishing 5. Lumber and Wood Products

6

7

8

. Textiles and Leather

. Paper, Printing and Publishing

. Petroleum and Coal Products

6. Petroleum and Chemicals " Chemical Products

7. Non-metallic Mineral Products 9. Non-metallic Mineral Products

8. Metal Products and Machinery 10. Primary Metal Products
11. Metal Products
12. General Industrial Machinery

9. Electronic and Electric Equipment 13. Electronic and Electric Equipment
14. Measuring, Medical and Optical Instruments
10. Transportation Equipment and 15. Transportation Equipment
Other Manufactured Products 16. Other Manufactured Products
11. Electric, Gas and Water Services 17. Electric, Gas and Water Services
12. Construction 18. Construction

13. Commerce, Restaurants and Hotels |19. Commerce
20. Restaurants and Hotels

14. Transportation and Communications |21. Transportation and Warehousing
22. Communications and Broadcasting

15. Finance and Public Service 23. Finance and Insurance

24. Real Estate and Rental

25. Public Administration and Defense
26. Education and Medical Service
27. Social and Other Services

28. Others
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