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8  
I. INTRODUCTION 

 
In standard Arrow-Debreu general equilibrium models, nonsatiation 

assumption is usually imposed to get an equilibrium existence result, 
because otherwise, no equilibrium may exist. However, the satiation of 
preferences arises as a natural phenomenon when preferences on financial 
assets are considered, in particular, in capital asset pricing models or 
when the choice set is compact (e.g., choice variables are probability 
distributions on a finite set). There exist interesting attempts to address 
the existence issue with satiable preferences, which are roughly divided 
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into two approaches. The first one is to employ a weaker notion of 
equilibrium, and the second one is to impose conditions on economies 
with taking advantage of the conventional notion of equilibrium. An 
example of the former approach is the study by Mas-Colell (1992). This 
study introduces ‘equilibrium with slack’ or dividend equilibrium, in 
which agents are given positive dividend from outside to attain an 
equilibrium. While this equilibrium is weakly efficient, slack variables are 
considered inconsistent with decentralized markets. In Cornet et al. 
(2003), the notion of dividend equilibrium is applied to production 
economies with a continuum of agents. Polemarkchakis and Siconolfi 
(1993) enforce consumers to spend all the income in the weak 
competitive equilibrium, even though a consumer would be happier 
otherwise. Indeed, a weak competitive equilibrium may be inefficient and 
the enforcement is an unnatural device in competitive markets.  

In contrast, Kajii (1996) and Won and Yannelis (2005), who follow the 
second line of research, keep the conventional competitive equilibrium as 
their equilibrium concepts. It is assumed by Kajii (1996) that agents are 
endowed with a positive amount of fiat money which does not affect 
agents’ welfare directly. However, a consumer is allowed to trade his 
endowments with money, but may end up with having money of no 
further use in a competitive equilibrium, which is an uninteresting aspect 
of the model.1 Instead of injecting outside money into the economy, Won 
and Yannelis (2005) impose a condition on the primitives of an exchange 
economy while preserving the notion of standard competitive equilibrium. 
In fact, their condition characterizes the state of income distribution that 
is sufficient for the existence of a competitive equilibrium.  

Even though the transitivity axiom is necessary to the utility 
representation of preference relation, in reality, an individual’s 
preferences may not satisfy the transitivity axiom. It is well known that 
transitive preferences fail to explain important anomalous phenomena 
such as preference reversal.2 As shown in May (1956), we can easily 
construct an example where preferences do not exhibit transitivity. 
Consider preferences on consumptions in 3R . Suppose a person prefers a 
____________________ 

1 On the other hand, in a dynamic monetary economy with infinite horizon, this idea seems 
plausible for dealing with economies with satiable preferences. 

2 Loomes et al. (1991) detect the preference reversal phenomenon through experiments. 
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consumption bundle to another if two components of the former are 
greater than the two corresponding components of the latter. Then, he 
prefers (1, 2, 3) to (3, 1, 2) or (3, 1, 2) to (2, 3, 1). But he does not prefer 
(1, 2, 3) to (2, 3, 1), which means that his preferences are not transitive. 
Moreover, when a household as group decision maker is a consumer, then 
its preferences may not be transitive, due to the aggregation problem of 
individuals’ preferences. Considering the possibility of nontransitive 
preferences, Sonnenschein (1971) introduces a model of demand without 
transitivity, which is incorporated by Mas-Colell (1974), Gale and Mas-
Colell (1975, 1979), and Shafer and Sonnenschein (1975) into general 
equilibrium theory for economies with nontransitive preferences 
satisfying nonsatiation.  

The purpose of this paper is to show the existence of equilibrium in a 
production economy where preferences are allowed to be nontransitive 
and satiated. We extend the approach of Won and Yannelis (2005) to a 
production economy by adapting their condition.3 Unlike Won and 
Yannelis (2005), the standard excess demand approach is modified to take 
into account the effect of satiation on equilibrium.  

This paper is organized as follows. In the next section, a production 
economy is introduced where preferences need not be transitive and are 
possibly satiated. In Section 3, we provide an equilibrium existence 
theorem for the production economy.  

 
II. THE MODEL 

 
We consider a production economy with n consumers, indexed by 

},,1{ nIi …=∈ , and m firms, indexed by {1, , }j J m∈ = … . Let AR  be 
the commodity space of the production economy. The set, AR⊂iX , is 
the consumption set for consumer i, and AR⊂jY  is the production set 
for firm j. Let iIi XX ∈Π=  and jJj YY ∈Π= . Let jJj YY ∈∑=0  denote 
the aggregate production set. Consumer Ii∈  owns ijθ  share of firm 

Jj∈ . The preferences of agent Ii∈  are denoted by i , which is 
____________________ 

3 Even though Won and Yannelis (2005) deal with an exchange economy, their framework is 
much more general than mine in other respects, since they assume that consumption sets are 
unbounded and preferences are nonordered and interdependent. 
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reflexive and complete. We define a upper contour correspondence 
iX

ii XR 2: →  by =)( ii xR { ' : ' }i i i i ix X x x∈ . For a point ii Xx∈ , we define 
the preference correspondence : 2 iX

i iP X →  by =)( ii xP { ' : ' }i i i i ix X x x∈ ; , 
which is the set of consumption bundles of consumer i being preferred to 

ix . Observe )(\)()( 1
iiiiii xRxRxP −= .4 Recall that i (or iR ) is complete 

if  )(\)( 1
iiiii xRXxP −=  for every ii Xx ∈ . Consumer i is endowed with 

a consumption bundle ii Xe ∈ . Thus the production economy is defined 
as : (( , , ), ( ), ( ))i i i ij jX e Yθ=E .  

Let 1: (0)BΔ =  be the set of price vectors, where )0(1B  is the closed 
ball centered at 0 with radius 1. The profit function R→Δ:jπ  of firm j 
is defined by ( ) :j pπ = sup jYp ⋅ . The income function :iM Δ→R  of 
consumer i is defined by ( ) :iM p = )( pep jijJji πθ∈∑+⋅ . Let us define 

the budget correspondence iX
i 2: →ΔB by ( ) :i p =B { : ( )}i i i ix X p x M p∈ ⋅ ≤  

and the open budget correspondence iX
i 2: →ΔDB  by =:)( pi

DB  
{ : ( )}i i i ix X p x M p∈ ⋅ < . 

Let us define the attainable set by =−∑×∈= ∈ )(:),{(: iiIi exYXyxA  

}jJj y∈∑ , and let XA  be the projection of A onto X , iX~  be the 

projection of A onto iX  (for every Ii∈ ), and iY~  be the projection of 
A onto iY  (for every Ji∈ ). A competitive equilibrium for E  is a triple 

Ayxp ×∈ })0{\(),,( AR , such that (1) ( )i ix p∈B  for all Ii∈ , (2) 
0)()( /=∩ pxP iii B  for all Ii∈ , and (3) =⋅ jyp sup jYp ⋅  for all Jj∈ . 

Let us define the augmented preference correspondence ii XP :~
iX2→  

by =)(~
ii xP :')1{( ii xx αα +− (0, 1],α ∈ )}(' iii xPx ∈  and similarly ii XR :~  

iX2→  by ( ) ( )i i i iR x c P x=� �A .5 It is obvious that ⊂)( ii xP )(~
ii xP  for all 

ii Xx∈ . We need the following assumptions for the main results. 
 

Assumptions: For every Ii∈  and Jj∈ ,  

____________________ 
4 For any correspondence Y

i X 2: →ϕ , in general, the lower section XY 2:1 →−ϕ  of ϕ . is 
defined by )}(:{)(1 xyXxx ϕϕ ∈∈=− . For instance, )}(:{)(1

iiiiiii yRxXyxR ∈∈=− . 
5 For a set in AR , c SA denotes the closure of , int S the interior of , coS the 

convex hull of , and coS the closed convex hull of . 
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A1. iX  is closed, convex, and bounded from below in AR .  
A2. )( iii xcoPx ∉  for every i ix X∈ .  
A3. iP  is lower hemicontinuous on iX .  
A4. iP  is open-valued on iX .  
A5. i  is complete.  
A6. jY∈0 .  

A7. 0Y  is a closed convex set in AR .  
A8. }0{)( 00 =−∩ YY .  
A9. 0)( Y⊂− +

AR .  
A10. >)( pMi  inf iXp ⋅  for every }0{\Δ∈p . 
 
Most of the assumptions follow those of Gale and Mas-Colell (1975, 

1979). It is assumed that the preferences are complete but need not be 
transitive. Assumption A2 is a weak convexity assumption and implies 
that iP  is irreflexive, i.e., )( iii xPx ∉ .6 It is also noted that, if this 
assumption is satisfied, then iP~  and iR~  are convex-valued. Assumption 
A3 is suggested by Gale and Mas-Colell (1979). One can notice that 
Assumption A4 implies that iP~  is open-valued on iX . Assumptions A6 
to A10 are standard in production economies. In particular, Assumptions 
A8 (irreversibility) and A9 (free disposal) are needed to guarantee that 
each attainable production set is compact.7 It is also noted that our 
assumptions on production are mostly stronger than those of Cornet et al. 
(2003), who adopt a different notion of equilibrium from this paper, while 
our assumptions on preferences are not.  

 
III. EQUILIBRIUM EXISTENCE 

 
To handle the difficulty with satiation, for each XAx∈ , we define the 

following index sets: }0)(:{)( /≠∈= ii xPIixI  and ( ) \ ( ).s
iI x I I x=  

That is, )(xI s  denotes the set of agents who are satiated at the allocation 

XAx∈ , at which agents in )(xI  are not satiated.  

____________________ 
6 Due to this, we do not have to assume the irreflexivity of preferences. 
7 Just after Example 3.3 in Section 3, we will come back to this point. 
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DEFINITION 3.1: A production economy E  is said to admit the price 
support at satiation (PSS) if each Xx A∈  with 0)( /≠xI s  has the property 
that whenever there exists AR∈p  such that ii xpxp ⋅≥⋅ '  for all 

)(xIi∈  and )(' iii xPx ∈ , it holds that )( pMxp ii ≥⋅  for all )(xIi s∈ .8 

 
Let XAx∈  be any allocation with 0)( /≠xI s . The economy E  admits 
PSS whenever AR∈p  supports ix  for all )(xIi∈ . The price p keeps 
the value of the satiation consumption ix , not less than )( pM i , for each 

)(xIi s∈ . In fact, the role of the PSS condition is to exclude the cases 
where the satiation consumption bundles for some consumer may be 
optimal inside the budget set at candidate equilibrium prices. As 
exemplified below, the presence of satiation consumptions may cause the 
non-existence of equilibrium. To ensure the existence of equilibrium with 
satiable preferences, it turns out indispensable to impose the PSS 
condition on the economies under study.  
 
EXAMPLE 3.1: For simplicity, we consider an economy where there is a 
single firm with 2Y += −R , and there are two consumers whose 
endowments and shares of the firm are given by )2/1),1,2/1((),( 11 =θe  
and )2/1),1,2/3((),( 22 =θe , respectively, with 2

+= RiX  for every i =1, 
2. The utility functions of consumers are given by: 
 

)()(3),( 22
1 bababau +−+= ,  

)(
2
1)(),( 22

2 bababau +−+= .  

 
It is easy to check that consumer 1 is satiated at )2/3,2/3(1 =s , while 
consumer 2 is satiated at )1,1(2 =s . One can verify that there is no 
equilibrium in this economy. An equilibrium price must be a price 
supporting some efficient allocation. In this economy, there is a unique 
____________________ 

8 A similar condition for an exchange economy can be found in Won and Yannelis (2005). On 
the other hand, the related assumption (LNS (i), p.871) of Martins-da-Rocha (2003) can be 
rewritten in our setting as: For every )(xIi s∈ , it holds that 

jijJjii yex θ∈∑+≥ , 
jj Yy ∈∀ , 

Jj∈∀ . Moreover, he adopts the free disposal assumption and therefore prices are nonnegative. In 
this case, the PSS condition trivially holds because for every A

+∈Rp , it holds that )( pMxp ii ≥⋅  
for every )(xIi s∈ . 



GUANGSUG HAHN: EQUILIBRIUM IN PRODUCTION ECONOMIES  421 

normalized price, (1/ 2, 1/ 2),p =  that supports efficient allocations. 
Therefore, the optimal production choice of the firm must be )0,0(=y . 
Observe that the price, p, supports the preferred set )( 11 xP  of consumer 1 
at 1 (1, 1)x =  but makes the value of 2e  greater than that of 2s . This 
fact implies that this economy does not satisfy the PSS condition.9 

 
When the PSS condition is satisfied in an economy, we can find a 

competitive equilibrium in the economy, as the following example 
illustrates.  

 
EXAMPLE 3.2: We consider an economy which has the same 
environments as the economy in Example 3.1. [except that two 
consumers’ endowments and shares of the firm are given by 

)2/1),2/3,1((),( 11 =θe  and )2/1),2/1,1((),( 22 =θe ]. Consumer 1 is 
satiated at )2/3,2/3(1 =s , while consumer 2 is satiated at )1,1(2 =s . 
Recall that since there is a unique normalized price )2/1,2/1(=p  that 
supports efficient allocations, the optimal production choice of the firm 
must be )0,0(=y . Observe that the price, p, supports the preferred set 

1 1( )P x  of consumer1 at 1 (1,1)x =  but makes the value of 2e  not greater 
than that of 2s . Hence, the PSS condition is satisfied. Moreover, one can 
show that there is an equilibrium * * *( , , )p x y , where:  
 

)2/1,2/1(* =p , ))4/3,4/3(),4/5,4/5((),( *
2

*
1

* == xxx , )0,0(* =y . 
 
While the PSS condition is indispensable to the equilibrium existence, 

as shown above, it may not be a necessary condition, as shown below. 
 

EXAMPLE 3.3: Consider an economy where there is a single firm with 
2
+−= RY , and there are two consumers whose endowments and shares of 

the firm are given by 1 1( , ) ((1/ 9,17 /12),1/ 2)e θ =  and =),( 11 θe  
((17 / 9, 7 /12),1/ 2) , respectively, with 2

+= RiX , for every 1, 2i = . The 
____________________ 

9 We can construct an example with a nontrival production set. Indeed, we take 
∈= ),{( 21 yyY 2R : )}1ln( 12 +−≤ yy  instead of 2

+−= RY . Moreover, we assume =),( 21 θθ  
)6/5,6/1(  while keeping the other characteristics of the economy the same as before. By similar 

arguments to those in Example 3.1, one can show that no equilibrium exists and the PSS condition 
fails. 
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utility functions of consumers are given by: 
 

}3,2/14min{),(1 babau −= , 
)()(),( 22

2 bababau +−+= .  
 

Consumer 1 is satiated nowhere, while consumer 2 is satiated at 
)2/1,2/1(2 =s . One can verify that there is a competitive equilibrium 

),,( *** yxp  where:  
 

)4,3(* =p , * * *
1 2( , ) ((4 / 5, 9 /10), (6 / 5,11/10))x x x= = , * (0,0)y = . 

 
Now we take the allocation ( , ),x y  where ),2/1,2/1((),( 21 == xxx  
(3 / 2, 3 / 2))  and )0,0(=y . Then the price (3,1)p =  supports the 
preferred set )( 11 xP  of consumer 1 at 1x . But the value of 2e  becomes 
greater than that of 2s  at the price p. Therefore, this economy does not 
satisfy the PSS condition.  
 

One may recall that 0YYco jJj =∑ ∈  [See Debreu (1982)]. Now we 
consider the economy (( , , ), ( ), ( )).i i i ij jX e coYθ=E  Consider an 
attainable allocation ( , )x y  (i.e., ( ) ).i i i j jx e y∑ − = ∑  Since iX  is 
bounded from below, there is AR∈ib  such that ii bx ≥ , ii Xx ∈∀ . 
Therefore, one has ≥∑ jj y )( iii eb −∑ . Due to Lemma A.2. of Smale 
(1982), Assumptions A8 and A9 imply that the set jY~  of the attainable 
productions of producer j in the economy E  is bounded for every Jj∈ . 
Since E  and E  has the same total production set 0Y , it is true that ix  
is an attainable consumption in E , if and only if ix  is an attainable 
consumption in E . Therefore, it is easy to see that, for every Ii∈ , the 
set of iX~  of the attainable consumptions of consumer i in the economy 
E  is bounded, since iX  is bounded from below. Consequently, in the 
economy E , iX~  is compact for every Ii∈ , and jY~  is compact for 
every Jj∈ .  

Take a compact convex set K  in AR , such that KX i int~ ⊂ , Ii∈∀  
and KYj int~ ⊂ , Jj∈∀ . Define ˆ

i iX X K= ∩ , Ii∈∀ and ˆ
j jY coY K= ∩ , 

Jj∈∀  and let iIi XX ˆˆ
∈∏=  and iJj YY ˆˆ

∈∏= . For preferences on iX̂ , 
we define KxRxR iiii ∩= )(~)(ˆ  and KxPxP iiii ∩= )(~)(ˆ . We consider the 
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production economy ˆ ˆ ˆ ˆ(( , , ), ( ), ( ))i i i ij jX R e Yθ=E . Observe that an alloca-
tion (x, y) is attainable for the economy E , if and only if it is so for the 
economy Ê . Therefore, the attainable set of consumer i in Ê  is again 

iX~ .  
It also needs to be noted that since KX i int~ ⊂  (for every Ii∈ ) and 

KYj int~ ⊂  (for every Jj∈ ), the economy E  satisfies the PSS 
condition, if and only if the economy Ê  satisfies the PSS condition.  

We denote jJj YY ˆ
0̂ ∈∑= . Define the profit function R→Δ:ˆ jπ  of 

firm j by jj Ypp ˆsup)(ˆ ⋅=π . Since jŶ  is compact, one sees that jπ̂  is 
well defined and is continuous on Δ . Let )(ˆ)(ˆ peppM jijJjii πθ∈∑+⋅= , 

Ii∈∀ . Then iM̂  is also continuous on Δ. Let us define the supply 
correspondence 

ˆ
: 2 jY

jη Δ→  of firm j is defined by ˆ( ) : { :j j jp y Yη = ∈  
}ˆsup jj Ypyp ⋅=⋅  and define the total supply correspondence 0̂2: Y→Δη  

by )()( pp jJj ηη ∈∑= . It is obvious that correspondences jη ’s and η  
are upper hemicontinuous with nonempty compact convex values.10 

To proceed, for every Ii∈ , we introduce a set:  
 

.
||).||1()(ˆsuch that),0(  toconverging

ˆ})0{\(in)},{(sequence a exists thereˆ
⎭
⎬
⎫

⎩
⎨
⎧

−+≤⋅
×Δ

∈=
nn

i
n
i

n
i

i
n
i

n

iii ppMxpx
XxpXxC

 
Given this set, we can define the modified budget correspondence 

iX
i

ˆ2:ˆ →ΔB  by: 
 

ˆ ˆ{ : ( ) (1 || ||)}, if \{0},ˆ ( )
, if 0

i i i i
i

i

x X p x M p p pp
C p

⎧ ⎫∈ ⋅ ≤ + − ∈Δ⎪ ⎪= ⎨ ⎬
=⎪ ⎪⎩ ⎭

B  

 
and the modified open budget correspondence iX

i
ˆ2:ˆ →ΔDB  by: 

 
ˆ ˆˆ ˆ( ) \ ( \ ( ))i i i ip X c X p=D AB B . 

 
The individual demand correspondence iX

i
ˆ2: →Δξ  of consumer Ii∈  

is defined by: 
____________________ 

10 See Lemma 1 of Debreu (1982). 
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}0)(ˆ)(ˆ:)(ˆ{)( /=∩∈= pxPpxp iiiiii BBξ . 
 

One can easily verify the following claims.  
 
LEMMA 3.1: For every Ii∈ , the following hold.  

(1) Under Assumption A10, the correspondence iB̂  is continuous with 
nonempty compact convex values on Δ.  

(2) Under Assumption A10, the correspondence D
iB̂  has open graph 

with nonempty convex values on Δ. 
(3) Under Assumptions A4 and A10, the correspondence iξ  can be 

expressed as:  
 

}0)(ˆ)(ˆ:)(ˆ{)( /=∩∈= pxPpxp iiiiii
DBBξ . 

 
Then, by the following lemma, the correspondence iξ  is upper 

hemicontinuous with nonempty compact convex values for every Ii∈ . 
 

Lemma 3.2: Under Assumptions A1-A4 and A10, the individual demand 
correspondence iξ  is upper hemicontinuous with nonempty compact 
values. Furthermore, if A5 is assumed, then iξ  is convex-valued.11 
 
PROOF: Take a sequence {( , )}n n

ip x  with )( n
i

n
i px ξ∈  which converges 

to ( , ).ip x  Then, by (3) of Lemma 3.1, )(ˆ n
i

n
i px B∈  and 

ˆˆ ( ) ( ) 0.n n
i i iP x p∩ = /DB  To show 0)(ˆ)(ˆ /=∩ pxP iii

DB , suppose to the 
contrary that there exists a choice )(ˆ)(ˆ n

i
n
iii pxPy DB∩∈ . Since iP̂  is 

lower hemicontinuous, and D
iB̂  has an open graph, the correspondence 

ˆˆ : 2 iX
i i iP X∩ ×Δ→DB  is lower hemicontinuous, where it is defined by 

ˆ ˆˆ ˆ( )( , ) ( ) ( )i i i i i iP x p P x p∩ = ∩D DB B .12 Thus, there exists a sequence { n
iy }, 

such that )(ˆ)(ˆ n
i

n
ii

n
i pxPy DB∩∈ , a contradiction.  

Thus, it is obvious that iξ  has compact values. To show that iξ  is 
nonempty-valued, fix p, and define iX

ii X ˆ2ˆ: →ψ  by ( ) :i ixψ =  

____________________ 
11 To my best knowledge, the current version of maximum theorem is new to the literature. The 

closest result is that of Walker (1979) but he assumes that Pi has open graph in our context. 
12 This is due to Lemma 4.2. of Yannelis (1987). 
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)(ˆ)(ˆ pxP iii
DB∩  and ˆ: { :i i iU x X= ∈ ˆˆ ( ) ( ) 0}.i i iP x p∩ ≠ /DB  Observe that 

iU  is open since iP̂  is lower hemicontinuous and D
iB̂  has open graph 

in iX̂ . Then i

i

X
iUi U ˆ2:| →ψ  is lower hemicontinuous with nonempty 

convex values. According to Michael (1956), there is a continuous 
function iii XUf ˆ: → , such that )()( iiii xxf ψ∈  on iU . Let us define 
the correspondence iX

ii X ˆ2ˆ: →ϕ  by: 
 

{ ( )}, if ,
( ) ˆ ( ), if .

i i i i
i i

i i i

f x x U
x

p x U
φ

∈⎧ ⎫⎪ ⎪= ⎨ ⎬
∉⎪ ⎪⎩ ⎭B

 

 
Then iϕ  is upper hemicontinuous with nonempty compact convex 

values. By Kakutani’s fixed point theorem, There is a point )( **
iii xx ϕ∈  

If ii Ux ∈* , we have )(ˆ)()( ****
iiiiiii xPxxfx ⊂∈∈ ψ , a contradiction. 

Therefore, )(ˆ* px ii B∈  and 0)(ˆ)(ˆ * /=∩ pxP iii
DB , i.e., )(* px ii ξ∈ . Hence 

iξ  is nonempty-valued.  
In addition, suppose that Assumption A5 holds. To show that iξ  is 

convex-valued, take 1 2,i ix x  in )( piξ . Let 21 )1( iii xxx ααα −+=  with 
]1,0[∈α . Suppose that there exists some )(ˆ)(ˆ pxPy iiii B∩∈ α  for some 
]1,0[∈α . Since )(ˆ py ii B∈ , we have )(ˆ 1

iii xPy ∉  and )(ˆ 2
iii xPy ∉ . One 

can notice that if i  is complete, then iR̂  is complete.13 Thus, we have 
)(ˆ\ 1

iiii xPXy ∈ )(ˆ 11
ii xR−=  and )(ˆ\ 2xPXy iii ∈ )(ˆ 21

ii xR−= . That is, 1
ix  

and 2
ix  belong to )(ˆ

ii yR . By virtue of convexity of iR̂ , one obtains 
)(ˆ

iii yRx ∈α  [i.e., )(ˆ 1 α
iii xRy −∈ ]. This implies that )(ˆ\ 1 α

iiii xRXy −∉  
)(ˆ α

ii xP= , a contradiction. Thus, it is shown that 0)(ˆ)(ˆ /=∩ pxP iii Bα  for 
all ]1,0[∈α , and therefore, one can conclude that iξ  is convex-valued. 

Q.E.D 
 
The excess demand correspondence 

AR2: →ΔZ  is defined by:  
 

∑
∈

−−=
Ii

ii pepp )(}){)(()( ηξζ .  

 
Then by Lemma 3.2, the correspondence ζ  is upper hemicontinuous 

with nonempty compact convex values. Furthermore, ||)||1( pnzp −≤⋅  
____________________ 

13 That is, )(ˆ
iii xPy ∉  if and only if )(ˆ

iii yRx ∈  for every 
iii Xyx ˆ, ∈ . 



THE KOREAN ECONOMIC REVIEW Volume 23, Number 2, Winter 2007 426 

for every )( pz ζ∈ . 
Since Δ  is compact, the upper hemicontinuity of the correspondence 

ζ  on Δ  implies the existence of a compact and convex subset Z of AR  
such that Z⊂Δ)(ζ . Define the correspondence Δ→ 2: Zμ  of the 
‘auctioneer’ by:  

 
}sup:{)( zzppz ⋅Δ=⋅Δ∈=μ , 

 
which is the set of maximizers of the function zpp ⋅6  in Δ . It is 
straightforward that the correspondence μ  is upper hemicontinuous 
with nonempty compact convex values.  
 
LEMMA 3.3: Under Assumptions A1-A10, there exist )( ** px ii ξ∈ , 

Ii∈∀  and )( ** py jj η∈ , Jj∈∀  such that −−∑= ∈ )( **
iiIi exz  

0* =∑ ∈ jJj y .  
 
PROOF: We consider the correspondence ZZ ×Δ→×ΔΨ 2:  by:  
 

)()(),( pzzp ζμ ×=Ψ . 
 

The set Z×Δ  is nonempty, compact, and convex. Moreover, the 
correspondence Ψ  is upper hemicontinuous with nonempty compact 
convex values. It follows from Kakutani’s fixed point theorem that Ψ  
has a fixed point ),( ** zp , such that )( ** zp μ∈  and )( ** pz ζ∈ . The 
relation )( ** zp μ∈  means that *** zpzp ⋅≥⋅ , Δ∈∀p , and the relation 

)( ** pz ζ∈  implies that ||)||1( *** pnzp −≥⋅ . We will show that 0* =z . 
Suppose to the contrary that 0* ≠z . Then it holds that *|| || 1p =  and 

0** >⋅ zp . However, one knows from the second relation that 0** ≤⋅ zp , 
which is a contradiction. Thus one obtains 0* =z .  

Hence, there exist )( ** px ii ξ∈ , Ii∈∀  and )( ** py jj η∈ , Jj∈∀ , 
such that −−∑= ∈ )( **

iiIi exz 0* =∑ ∈ jJj y . 
Due to Lemma 3.3, we are ready to provide the equilibrium existence 

theorem.                                               Q.E.D 
 

THEOREM 3.2: If the PSS condition is satisfied, under Assumptions 
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A1-A10, the production economy E  has a competitive equilibrium.  
 
PROOF: Take the fixed point ),,( *** yxp  obtained from Lemma 3.3. We 
will show that this is indeed a competitive equilibrium. 
 We claim that jj Ypyp ˆsup *** ⋅=⋅ , for every Jj∈ . Suppose to the 
contrary that, for some Jj∈ , there is jj Yy ∈ , such that ***

jj ypyp ⋅>⋅ . As 
we noted, KYy jj int~* ⊂∈ . One can find )1,0(∈α , such that *:j jy yα α=  

Ky j ∈−+ )1( α . Since jj Ycoy ∈α , we have jj Yy ˆ∈α . But ***
jj ypyp ⋅>⋅ α , 

which contradicts the fact that jj Ypyp ˆsup *** ⋅=⋅ . This implies that 
)()(ˆ ** pp ii ππ =  and hence )()(ˆ ** pMpM ii = .  

We will show that *|| || 1p =  and )( *** pMxp ii =⋅ , Ii∈∀ . This will 
be done by proving the following three claims.  

 
CLAIM 1: ||)||1()( **** ppMxp ii −+=⋅ , )( *xIi∈∀ . 
 
PROOF: Since )(ˆ ** px ii B∈ , we have ||)||1()( **** ppMxp ii −+≤⋅ . We 
need to show ||)||1()( **** ppMxp ii −+≥⋅ . Since )( *xIi∈ , we can take 

)( *
iii xPx ∈ . Then )(ˆ)1( **

iiii xPxx ∈−+ αα  for α  close to 0. Therefore, 
one has ])1([ **

ii xxp αα −+⋅ ||)||1()( ** ppMi −+> . As 0→α , we have 
* * * *( ) (1 || ||).i ip x M p p⋅ ≥ + −  This proves that +=⋅ )( *** pMxp ii  

||)||1( *p− , )( *xIi∈∀ .                                  Q.E.D 
  
CLAIM 2: )( *** pMxp kk ≥⋅ , )( *xIk s∈∀ . 

 
PROOF: We will show that 0)(ˆ)( ** /=∩ pxP iii B , )( *xIi∈∀ . Suppose to 
the contrary that for some )( *xIi∈ , there is some ∈ix )(ˆ)( ** pxP iii B∩ . 
Since Kxi int* ∈ , it is easy to see that *)1(: ii xx αα −= ii Xx ˆ∈+α  for α  
sufficiently close to 0 and therefore )(ˆ *

iii xPx ∈α . Moreover, observe that 
)(ˆ *

iii xx B∈α . Thus )(ˆ)(ˆ ** pxPx iiii B∩∈α , a contradiction.  
Now, for each )( *xIi∈ , take )( *

iii xPx ∈ . Since 0)(ˆ)( ** /=∩ pxP iii B , 
one has ∉ix )(ˆ *piB , i.e., * * * * * *( ) (1 || ||)i i ip x p M p p p x⋅ > ⋅ + − = ⋅ . 
From the PSS condition, we obtain )( *** pMxp kk ≥⋅  for every 

)( *xIk s∈ .                                             Q.E.D 

 
CLAIM 3: *|| || 1p =  and )( *** pMxp ii ≥⋅ , Ii∈∀ . 
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PROOF: Claim 1 and Claim 2 provide us: 
 

||)||1()( **** ppMxp ii −+=⋅ , )( *xIi∈∀ , 
)( *** pMxp ik ≥⋅ ,           )( *xIk s∈∀ . 

 
Summing up these over I gives ||)||1(|)(| **** pxIzp −⋅≥⋅  with 

equality holding when IxI =)( * , where |)(| *xI  denotes the number of 
consumers in )( *xI . Since 0** =⋅ zp  and *|| || 1p ≤ , it follows that that 

*|| || 1p =  and )( *** pMxp ik =⋅ , Ii∈∀ .                     Q.E.D 

 
To complete the proof, we need to show that 0)()( ** /=∩ pxP iii B , 

.i I∀ ∈  It trivially holds for all )( *xIi s∈  because *( ) 0.i iP x = /  
Therefore, we will show that 0)()( ** /=∩ pxP iii B , )( *xIi∈∀ . Suppose 
to the contrary that for some )( *xIi∈ , there is some )( *

iii xPx ∈  
)( *piB∩ . Since Kxi int* ∈ , it is easy to see that *)1(: ii xx αα −= ixα+  

iX̂∈  for α  sufficiently close to 0 and therefore )(ˆ *
iii xPx ∈α . Moreover, 

observe that )(ˆ *px ii B∈α . Thus )(ˆ)(ˆ ** pxPx iiii B∩∈α , a contradiction. 
Therefore, we have 0)()( ** /=∩ pxP iii B , )( *xIi∈∀ . Hence ),,( *** yxp  
constitutes a competitive equilibrium.  

 
IV. CONCLUDING REMARKS  

 
The PSS condition plays a crucial role in showing an equilibrium 

existence. In fact, this condition is an adaptation of the condition S5 in 
Won and Yannelis (2005) to a production economy, which is quite 
classical, except that preferences may be satiable. However, the economy 
of Won and Yannelis (2005) is much more general than the one in this 
paper, in that the consumption sets are unbounded, and preferences are 
non-ordered and satiable. This means that neither paper encompass the 
other. The completeness of preferences is assumed in this paper. This 
assumption together with the weak convexity (A2) allows demand 
correspondences to be convex-valued, and therefore, the excess demand 
approach can be applied.  

The plausible future work is surely to generalize the result of this paper 
by assuming nonordered preferences and weakening the assumptions A8 
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to A10. It seems that the approaches of Debreu (1962) and McKenzie 
(2002) would be helpful to this line of research.  
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